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Abstract

Soon after the discovery of orthonormal wavelets, in particular the com-
pactly supported ones, these wavelets have been used for non-parametric
function estimation. At first, only linear estimators were considered, but
then non-linear shrinkage estimators of wavelet coefficients have also been
studied.

In the literature, two main models are present. In the first model,
the target functions are members of some smoothness class and for this
class the minimax properties of estimators are investigated. This approach
is facilitated by the fact that some smoothness spaces can naturally be
described by norms of sequences of wavelet coefficients.

In the second approach the risk of an estimator is compared to the risk
of an “ideal” estimator. This “estimator” is “ideal” because it has some
knowledge of the wavelet coefficients of the function to estimate, so it is
not really an estimator. The quality of estimation is then measured by the
size of the ratio of the estimators risk and the risk of the ideal estimator.

First both models have been mainly studied for Gaussian noise. Later
the first model was investigated by others for other types of noises. The
second model was investigated by Gao for non-Gaussian noise.

In this thesis I will consider both types of approaches for non-Gaussian
noise. The content of this thesis is as follows: In the first two chapters 1 give
a short introduction to wavelets and their use in non-parametric function
estimation. The third chapter is about the ideal estimator approach for
non-Gaussian noise. The fourth chapter deals with the function space
approach: an addition to known results is obtained and the performance of
wavelet thresholding for median filtered data is investigated. The subject
of chapter 5 is an extension of Stein’s unbiased risk estimation for general
classes of infinitely divisible noise in the location model. Stein’s unbiased
risk estimate is the basis for a very adaptive thresholding estimator. The
last chapter presents a comparison of the thresholds in the two approaches
and a connection to kernel estimators.
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1 A short introduction to wavelets

In this chapter I want to give a short introduction to wavelets. A crude but
plain definition is as follows: A wavelet is a function ¢» € L*(IR) N L'(IR) with
[ ¥(x)dz = 0 such that the functions

Yin(r) = V2y(Px — k), jkeZ,

form an orthonormal basis of L?(IR). (In the sequel: if ¢ is a function, then
¥, denotes the function v/2i1)(2/ - —k).) Like the discrete Fourier transform,
wavelets are a mean for decomposing functions in elementary building blocks.
The Fourier transformation decomposes a periodic function into the building
blocks (exp(ikz))rez, these building blocks are only localized in the frequency
domain, i.e. the Fourier transforms of the building blocks are the measures d(-),
which are concentrated around k. But for all ¢, ftt_tc | exp(ikz)|?dx = 2¢ for all
k, i.e. the energy of the building block is uniformly distributed over the interval
[—m, 7).

Whereas for wavelets the building blocks ;5 are localized in the frequency
domain and in the time domain. The energy of 9, is concentrated around

277k, i.e. f;__jj((:jcc)) |V (x)Pdz ~ 1 if ¢ is “big” enough. A word on notation:

a ~ b means “about the same”, a/b is approximately 1 and a,, ~ b,, means a,, /b,

tends to 1. For most wavelets %\k (the Fourier transform of ;) is concentrated
around 2/¢,, and —27¢y, where ¢y, only depends on . In fact many wavelets are
first constructed in the frequency domain first. Figure 1 shows a Meyer wavelet
and its Fourier transform. For this wavelet its Fourier transform is concentrated
around 0.7 and —0.7, i.e. ¢y = 0.7.
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Figure 1: A Meyer wavelet and the modulus of its Fourier transform

Wavelets remind us of the windowed Fourier transform, which is discretized in
time and frequency, i.e. the building blocks are K (z — k) exp(ijz) where K(-) is
the window function. But for wavelets the size of the window changes with the
frequency.



Thus one interpretation of |(f,v;x)|> is “the amount of the L? norm of f
contributed by the frequencies around c¢,27 at the time or place k/277. Wavelet
bases became practical and popular with the development of the multiresolution
analysis by Mallat and Meyer ([34], [36]) and the construction of wavelets with
compact support by Daubechies ([8]). Here we will mostly use compactly sup-
ported wavelets, since they have certain advantages over other kind of wavelets or
wavelet-like decompositions which make them suited for statistical applications.

A multiresolution analysis is a increasing sequence of closed subspaces of
L2(IR)

---‘/j—l C‘/j C‘/j—I—l'-' CLQ(IR)

such that there exists a function ¢ with V; = sp{¢(2/x — k), k € Z}, ¢ is called
the scaling function or the father wavelet of the multiresolution analysis. The
spaces (V}),ez and the function ¢ have the following properties:

e (¢(- — k))rez is an orthonormal basis of Vp, this implies that (v/27¢(2/z —
k))kez is an orthonormal basis of V.

e NV; = 0 and UV, = L*(IR).

These conditions imply that the spaces V; are dilations of each other, i.e. f(z) €
Vi < f(2x) € Vj41. Further each Vj is invariant under translations of integer
multiples of 1/27. Now let W; = V;,; & V;. W, can be viewed as the increment
in information when going from an approximation in V; to one inVj,;, i.e. from
coarser to finer approximation. From the properties of the (V}) it easily follows
that L*(R) = @,z W;. Given these conditions on (V;) and (W;), there exists
a function ¢ € L*(IR) such that (¢(- — k))rez is an orthonormal basis of Wj.
Since L*(IR) = @,z W; the functions ¢;; constitute an orthonormal basis for
L*(IR). Sometimes we will refer to the functions in W; or V; as the details of
size 277, If we talk about coarse levels, then we mean the wavelet and scaling
coefficients corresponding to the spaces V; or W; where j is small, i.e. coefficients
which describe the large details of a function. Analogously we mean by fine levels
the coefficients for the spaces V; and W; with j large, i.e. the coefficients which
describe the small details. Figure 2 might help to visualize this terminology.
Since Vo C V4, there are (gx)rez € 2 and (hy)rez € £* such that

d(x) = V2 (2w — k)

keZ

and

U(x) = V2> ged(2x — k),

keZ

and moreover g, = (—1)¥h;_;. These relations are the scaling identities. The
scaling function and the wavelet have the properties that [ ¢(z)dz = 1 and
that [ v(x)dz = 0.



theinput signal

Figure 2: The discrete wavelet transform

With the multiresolution approach it is possible to construct smooth wavelets
with exponential decay or wavelets which are piecewise polynomials of order &
and in C*1 (thus functions in V; are splines). Further there are efficient methods
for computing the wavelet coefficients (f, ;) for a given function f. The best
known example of a wavelet basis based on a multiresolution analysis is the Haar
basis. The scaling function is ¢(x) = 1j1)(x) and the wavelet is ¢(z) = 1 for
x €10,1/2), ¥(x) = —1 for x € [1/2,1), ¥(z) = 0 elsewhere. Vj is the space of
functions which are constant between the integers. Until recently this was the
only known orthonormal wavelet basis with a compactly supported wavelet. In
1988, Daubechies published a method for constructing wavelets with compact
support, built from a multiresolution analysis ([8]). There is a large family of
wavelets with compact support, but there is a trade off between the regularity,
i.e. smoothness of these wavelets and the size of their support. The Haar wavelet
has the smallest possible support, but it is not continuous. Since these wavelets
have compact support there are only finitely many non-zero coefficients h; in
the scaling identity. Also the support of ¥ and ¢ are intervals of integer lengths.
These properties of compactly supported wavelets are the base for a very efficient
analog of the discrete Fourier transform. Let ¢ and ¢ be the compactly supported
scaling function and wavelet of a multiresolution analysis. The support of ¢ and
¥ is [0, N — 1] and the length of the filter (h;) is N. Then

N-1

Gik = hidji10k+i
i=0

and
N-1

Yik = Z(_l)ihN—l—i¢j+l,2k+i .

=0

Now let f be a function with support [0, 1], we denote the scaling coefficient
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(jk, ) by ¢k and the wavelet coefficients (1; 5, f) by d;,. We assume now that
we are given the coefficients cj, 1 for some jo > 0. So we are given the projection
of f onto Vj,. If f is continuous one can view the c;, » as an approximation of
V2790 times the values of f at the places k/27, since the integral of ¢ is one and
the support of ¢, is [k/27°, (k+ N —1)/2%]. Another way we might get the c;, &
is to sample f at the places k/2% and to compute the linear combination of the
®j,.x Which interpolates the samples. Starting with the level jo means that we are
not interested in details of f with a spread in time smaller than O(1/2%). Since
f has support [0, 1], only those ¢, with —N +2 < k < 2% — 1 are non-zero.
Because of the scaling identities it is now easy to compute the c;, 1 and dj,—14:

N-1 N-1
%
Gtk = ) Picjonrs and djg 1k = (=1) hy1iCjo an s
=0 =0

Let n = 20+ N be the number of ¢, x which are non-zero. The computation of the
coefficients for the level jo — 1 takes O(Nn) time and again only 2071 + N ~ n /2
of the c¢j,—1 % and dj,—1 are non-zero. We can repeat this scheme and at the
level j only 29 + N a n /27077 coefficients are non-zero. We will do this until we
reach the level 0. To compute each coefficient we need only O(N) time. Thus to
compute all the coefficients ¢ and d;r, 0 < j < jo—1, —N+2 <k < 27 —1
we need O(2°) = O(n) time. This transformation is called the fast wavelet
transform, see Mallat [34], it is called the cascade algorithm there.

Note that we do not need to compute the coefficients for jq levels, we can stop
earlier at some level j;. Then we have a decomposition of f into Wj,—1,..., W},
and Vj,. Often a further decomposition of V}, is not needed. For example a
simple smoothing operation is to project f onto Vj. When using wavelets for
compression, most of the information of a function is in its projection on Vj, and
so it is not likely that it is easy to compress the coefficients d;x, j < j1.

The inverse transformation, i.e. computing the c;, ; from the d;; and coy is
also simple, the problem is solved if we can compute each c;; from the d;_q
and c¢j_1 . Using the orthonormality properties of the wavelet and the scaling
function it is easy to show that:

Pj = Z hej 1 (k02 + Z hN—l—Z(_l)gwj_L(k_g)/Q, k even,

¢ even ¢ even

and

Ojk = Z he@j 1 (k—eyy2 + Z hn—1—e(=1) ;1 (k—0)2. K odd.
¢ odd ¢ odd

Thus computing the inverse of the fast wavelet transform takes again O(n) time.
Note that o
2903 (N—1)
Gjk = Z Wjo—j it2i0-kPjo is (1)

=0
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Figure 3: Two Daubechies wavelets
and
2/0=3(N-1)
Yik = E Ujo—j,i+27'0—jk¢jo,i> (2)
i=0

where u.. and v. . only depend on the filter (k). This claim about the length of the
filters (u;,—;) and (uj,—;) can be proved via a simple induction argument. Later
we will see that max; |uj, ;| = O(2907)/2) and max; |v;,_j;| = O(2W0=9)/2).

Also note that the fast wavelet transform is actually a repeated discrete fil-
tering method. This method is known in signal theory as subband coding. If the
first & 4+ 1 moments (orders 0 to k) of a wavelet with compact support of a mul-
tiresolution analysis vanish, then there are coefficients (@), i € Z, 0 < m <k
such that 2 = ). ami¢(x — i), where the convergence is understood pointwise.

Figure 3 shows two Daubechies wavelets, corresponding to discrete filters of
respective length 4 and 16, thus their support is respectively of length 3 and
15. The first wavelet is Holder continuous of order at least 0.5 and the second
derivative of the second wavelet is Holder continuous of order at least 0.4. For
more information on the regularity of these wavelets see [9, ch.7]. The tradeoff
between size of support and regularity is clearly visible.

The advantage of wavelet bases over other kinds of bases, like the Fourier basis
or orthogonal polynomials, is that they are unconditional bases for a variety of
function spaces. Often the norm of the function space is equivalent to a sequence
norm of the wavelet coefficients (see [36]). First, by definition there is the space
L*(IR) itself as well as the other LP(IR), p > 1 spaces. It is possible to decide
f € LP by only looking at the wavelet coefficients d;x only. Although L*(0,1)
does not have an unconditional basis, special adaptions of wavelet bases to the
interval [0, 1] form a Schauder basis (see [9, p.304]). The Sobolev spaces

Ho={ € *(R): [ FO)VT+ 22 < o0}
(={f € L}(R) : f s times weakly differentiable , || f¥||s < oo} if s € IN)
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can be characterized by

;= {f € L*(R) : ) [(f, vy (1 +2%%) < OO}

Jk

if v and ¢ are in H,. This is not too surprising if we remember that %\k is
concentrated around c¢,2? and take a look at Figure 1. A large class of function
spaces are the Besov spaces. This class includes the Sobolev spaces. The def-
inition of these spaces without wavelets is rather complicated. I will only give
the elegant characterization of these spaces in terms of wavelet coefficients. A

function f is in the Besov space B}, m >0, 1 < p,q < oo if and only if

q\ 1/q

1/p 1/p
<Z (o k., f>|p> + Z 9i(m+1/2-1/p) <Z (4, 1, f>|p> < 00
k k

Jj=0

(3)
where ¥, ¢ are in C", r > m with their derivatives up to order r rapidly decreas-
ing, i.e. faster than any inverse polynomial. For our purposes the parameter
q is not important. The parameter m characterizes mainly the decay of the (2
norm of the levels, while p characterizes the distribution of this #2 norm inside
the levels. For example if p = 1, a € IR" and ||al|; < 1 then |lals > 1 only if
ar = 1 for one k and a; = 0 elsewhere, i.e. the /?>-norm is concentrated in one
coefficient. This is different for p > 2, if ||a||, = 1 then |[a|s > n'/27/? only if
a=(1/¥n,...,1/¢n), i.e. the £* norm is uniformly distributed over all coeffi-
cients. It is clear that By', = Hp,. A path of Brownian motion is in B;,/fo almost
surely for all 1 < p < oo, this is claimed in [23, p.105] (no proof there), it can
be proved via the wavelet characterization of Besov spaces and some tedious but
simple computations. The space of functions with bounded variation is a subset
of B} , and a superset of Bf , see [13]. Another example is the Bump Algebra,
let g¢.s(7) == exp((z — t)?/(25%)), the set of functions with

f(x) = Zaigtiasi(x)7 HaHl < 00,
i=1

is the space By, (see [36]). Note that for the spaces B with m < 1/p, point
values f(t) are not well defined. For example if m < 1/p and ajo = 277/ and
ajr = 0 elsewhere, then Zj’k,(|aj’k|2j(m+1/2_1/p))q < oo but »_;, a;x; does not
converge at 0 if 1(0) # 0. On the other hand, if m > 1/p then B}, C cm-1r if
m — 1/p is not an integer, this is a consequence of (3) and the results of chapter
9.2 in [9]. If m —1/p is an integer, then B} is a subset of a space slightly larger
than C™~1/P,

Wavelets are useful to study the local regularity of functions, see [9, p.300]

for the characterization of local Holder continuity. Further with wavelets one can



even characterize spaces of piecewise polynomials. If the length of the support of
the wavelets is IV, then at any level, only N coefficients are affected by a single
node! So f is piecewise polynomial of order less than k and v is a wavelet whose
first £ moments vanish, then at any level at most N times the number of nodes
wavelet coefficients are non-zero. The characterization of function spaces via a
sequence norm of the wavelet coefficients, have in common, that the coefficients
for the finer levels are more heavily weighted. This is another reason why the
wavelet coefficients of smooth functions tend to zero quite fast.

The notion of wavelet we considered is rather strict, namely that for a func-
tion ¢ the functions (¢;,) form an orthonormal basis of L*(IR). There are no
compactly supported wavelets which are symmetric, this is considered to be
a drawback in image analysis. A remedy for this deficiency are biorthogonal
wavelet bases for L?(IR), i.e. functions ¢, € L*(IR) such that (¢;x) and ()
are biorthogonal bases of L*(IR) i.e.

F=> fmin=> (fbu Vf €L} (R).
7,k

Ik

Further 1, 1, as well as the Jj’k are unconditional bases of L*(IR). It is possible to
construct compactly supported biorthogonal wavelet bases from a multiresolution
analysis. In this case there is a scheme similar to the fast wavelet transform,
but in general it is not an orthogonal transformation. Even more general than
biorthogonal wavelets are frames. The function ¢ € L*(IR) induces a wavelet
frame if for some A, B > 0,

AN (Fi)® < AP < BY (frtbin),
J.k J.k

forall f € L*(IR). Then thereisa ¢ € L2(IR) with f = 3., (f, ¥yu) k. () is
called the dual frame of (;;). The difference with biorthogonal wavelet bases,
is that frames are not necessarily bases. It is quite easy to construct general
wavelet frames, but the reconstruction of a function from its wavelet coefficients
is more complicated.

Dropping the orthonormality and then the basis property gives greater free-
dom in the choice of the wavelet. One can tailor the wavelet to a specific applica-
tion. But the advantage of orthonormal wavelet bases is that the orthogonality
facilitates norm computations and it implies that the discrete wavelet transform
is itself an orthonormal mapping.

The multiresolution analysis and wavelets are tools to construct orthonormal
bases of L*(IR), but in most cases one is only interested in functions on a bounded
interval [a, b] and the functions are not necessarily 0 at the interval boundaries.
The simplest solution is to consider the function f1p,; instead. But this leads
to Gibbs phenomena at the interval boundaries, unwanted high frequencies are
introduced into the signal.



In practice one extends f to the left of a by f(a) and to the right of b by f(b)
or mirrors f at a and b. Another option is to use wavelets which are adapted to
an interval ([9, p.333]). There are variants of the fast wavelet transform which
are based on wavelet bases for compact intervals. These variants are orthonormal
transformations from IR?” to IR*’. An example is the discrete wavelet transform
which is based on periodized wavelets. I will explain them for the interval [0, 1].
For j > 0and 0 < k < 27, ¢, and ¢, are replaced by

ﬁr(as) = ij,k(x + i) and ¢5]”e,:(x) = Z@,k(x +1)

i€Z i€Z

and the ¢f’5 (= 1) and ¢?}" are an orthonormal base for L*([0, 1]). Tt is easy to see
that the multiresolution properties are preserved. Unfortunately these periodized
wavelets are adapted to periodic functions. If the function is not periodic, then
the wavelet coefficients at the borders are bigger due to these discontinuouties
at the borders.

Another option are the wavelets on the interval described in [7]. These are
better adapted to the boundaries of the intervals, but they are computationally
more complicated. There are variants of the fast wavelet transform for these
wavelet bases. These variants are orthonormal transformations from IR*’ to
IR?"°. The restriction on the size of the input to be a power of two is clearly
a drawback. Note that we are not so much interested in the wavelet bases
themselves but in the induced fast wavelet transform, i.e. a transformation for
IR"™; but this will become clearer in the next section.



2 Wavelets and non-parametric estimation

An underlying idea in non-parametric curve/surface/signal estimation is that the
function to estimate has some redundancy; this is often reflected by assuming
that it belongs to a particular class. To name but a few, the class could be a
bounded subset of a Sobolev space, or it could be the piecewise constant functions
with a limited number of discontinuities. In other words, the prior assumption
is that the function is “nice”. Being nice does not mean smooth like infinitely
differentiable, but rather that there is not too much information in this curve. It
could be discontinuous but only at a limited number of places; and in this sense
sin(1000z) is less nice than sign(z). Moreover, often the function to estimate
is assumed to only have one mode or to be monotone. Of course, there are
many exceptions to that type of assumption, for example, sound recordings or
images. An image might consists of a smooth blue sky, not so smooth clouds
and rather unsmooth trees. The redundancies of images and sound recordings
are not that easily translated into mathematical terms. To tackle this type of
problem, wavelets can be extremely useful as shown by various authors (see [25],
[26], [27]).

Indeed, the heuristic for the use of wavelets in non-parametric estimation is
that the expansion of a “nice” function in a wavelet basis is sparse, i.e., only a
few of the wavelet coefficients are big and the rest is small and thus negligible.
Thus in order to estimate the function, one has to guess the important wavelet
coefficients, estimate them and discard the rest. Assuming that the wavelet
coefficients are zero or negligible for fine levels is like making the assumption of
smoothness. A different point of view is that one is not interested in these fine
levels anyway, because they cannot be used.

The Fourier basis is an orthonormal basis of L?([0,1]) and it is possible to
apply the above scheme to Fourier coefficients (see [20], where an adaptive linear
estimator is used). It is well known that the n'* Fourier coefficient of a function
in C* is of size O(1/n*). But the Fourier basis expansion is rather sensitive to
discontinuities, a discontinuity in the functions affects all Fourier coefficients.
The wavelet expansion is more robust, discontinuities affect only those wavelet
coefficients ¢;; where the discontinuity is in the support of 1;;. Assuming that
the support of v is [0, N], there are only N affected coefficients at each level.
So if we consider a wavelet basis adapted to an interval only about log,(n)N of
the first n coefficients are affected by a single discontinuity. Figure 4 shows this
clearly.

From now on we use an orthonormal wavelet basis from a multiresolution
analysis adapted to an interval. Non-parametric estimation via wavelet methods
is then usually divided in two parts. The first part transforms the data into
something which can be inputed into the fast wavelet transform, i.e. noisy ver-
sions (denoted by ¢j, ) of the scaling coefficients c;, x, with jo large. Then the
fast wavelet transform is applied to this data, and gives noisy versions of the the
wavelet coefficients d; (denoted by d;x and called the empirical wavelet coeffi-
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cients). In the second part, estimates d/]\k of the d;; are computed using the gjk
and using the heuristic that the wavelet transform of the signal is sparse and that
the noise is uniformly distributed over the empirical wavelet coefficients. From
these estimates, estimation of the origina,l function can easily be obtained.

How we do we compute these “noisy” versions ¢, 5 of the ¢;, 7 In a density
estimation framework, one has n iid random variables Xi,..., X,, and has to
estimate the Lebesgue density f of X;. The ¢;; respectively the empirical wavelet
coefficients are

Gk =1/nY din(Xi) and djp = 1/n Y (X))

Note that E¢;(X;) = [ f(@)¢;r(x)dzr = (f, djk) = Cjg, thus ¢ = cjp + €5k
with Fe;, = 0 and Va?"(e],k) = (l/n) Remember that because of the fast
wavelet transform we only have to calculate the ¢;, , via these formulas.

In a regression framework, we observe data Y; = f(X;) + e;, where the e; are
iid random variables representing the observation error and the X; are either iid
random variables, independent of the e;, or are deterministic design points, the
simplest case being when the design points are equidistant. There is a approach
developed by Deylon and Juditsky for this case, see [11]. This approach has the
drawback that the joint distribution of the ¢j, i is complicated, making it hard
to compute properties of the empirical wavelet coefficients.

In a more complex situation, one is given n pairs of random variables (X;,Y;)
and wants to estimate E(Y|X). In particular, given (f(x;) + e;,x;), we might
want to estimate f where the (z;, ¢;) are iid random variables with E(e;|x; = -) =
0, and where the corresponding conditional probabilities P%!*=t might heavily
depend on ¢. But this situation is very complicated. In general it is impossible
to compute the distribution of the noise in the wavelet coefficients. In the above
problems, a simpler framework which can be seen as a first order approximation
is to assume that the ¢;,; are given and of the form ¢;, , = cj ., + ex, where
the ey are iid random variables (thus assuming independent noise!). Although
this might seem rather naive, it is close to the equidistant design case, where
Y = f(zr) + eg is given. Indeed, assuming for simplicity that f is defined on
0,1] and that zj, = 27k, k=1,...,n = 2% we have

i =27 [ 6(200 — ) f(a)do IR = )2 (@)
R

since f]R ¢(z)dr = 1, and if f is continuous at x;. This approximation is even
better if we use a wavelet basis with a scaling function ¢ with vanishing moments
of order 1 to k (except order 0), i.e., using coifflets (]9, p.258]).

Another way to view the regular design situation is to assume, since the
f(xy) are close to the cj, x, that the discrete wavelet transform of the f(xy) has
the same properties as the true wavelet coefficients of f, i.e., it is sparse. The
continuous function f is then estimated by interpolating the estimates of the

11



f(zx). Thus estimation and interpolation are separated. The errors incurred
by these approximations and discretizations are negligible in comparison to the
“real” estimation errors. This scheme works well in practice and most other
schemes for equidistant designs are not really needed.
Assume now that we obtained (by some preprocessing) noisy observations of
the Cijo.k (:3 fk)
Ciok=fe+er k=1...2"=n,

where the e, are iid random variables which represent the noise or observation
error. Applying a fast wavelet transform W, to the data (c;, x) gives:

Wi = (Walf)jr + (Wale))jk =: wik + 2k

For the transformed data, we write w.. rather than d.. since the coefficients do
not exactly correspond to the wavelet coefficients; the reason being that we have
to take care of the boundary effects and also do not compute the whole “triangle”
of coefficients but stop at some level (and replace the top d; s by the ¢, s).

The mapping W,, being orthonormal, if the e, are uncorrelated, so are the z; x;
and if the e; are iid N(0,0?) random variables so are the z;;! This fact greatly
simplifies the Gaussian iid case. Often one tries to reduce the estimation with
other kinds of noise to the case of Gaussian noise by some asymptotic reasoning;
or one just postulates Gaussian noise.

Another consequence of the orthonormality of W, is the fact that |[W,z||3 =
|z||3, for z € R". Thus if W, is an estimator for w;; and f the equivalent
estimator for f then R

1 = FIE = 3 @0 — wial”
4k

Since the wavelet transform of a “nice” function is sparse, we expect only
a small fraction of the wavelet coefficients to be big and the rest to be small
and thus negligible. So if a w;, is small, it is reasonable to regard it as mostly
noise and to set w;y to zero. If it is big, it is reasonable to keep it; and this is
known as hard thresholding. Soft thresholding shrinks everything towards zero
by a certain amount, thus reducing the variance of the estimation at the cost of
a higher bias. These two policies were studied by Donoho and Johnstone [14],
[15], [16]. They correspond to respectively applying the operators

TY (z) = 21z

and
T3 (x) = (Jz] = X)ysgn(z),

to the noisy wavelet coefficients (here and in the sequel sgn(z) := z/|z| for x # 0
and sgn(0) = 0.) In both cases A is called the threshold and it usually depends on
the index (4, k). Other shrinking schemes have been proposed (see [2], [6], [10])
but, all in all, the asymptotic performances of the different shrinking estimators
do not vary much.
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It can be shown that in the case of normal iid noise, soft and hard thresholding
are not admissible (see [2] for a discussion of other shrinking schemes). This is
not a surprise, if one considers the variety of possible shrinking estimators.

The Figures 5, 6, 7 show the soft, hard thresholding estimator and

TV () = a1qgsay + 2(J2] — A/2)15gn(x)L{jz1<n},

with their respective risk functions for Gaussian noise. T} is a special case of the
semisoft thresholding estimator of Bruce and Gao [3]. The parameter A for each
estimator was chosen such that for each estimator the risk [(7}(z+a)—a)*®(dx)
at a = 0 is about 0.0004 where ® is the standard Gaussian distribution. The
parameters are A\g = 3, Ay = 4.1 and \); = 3.3. T/{” has the advantage of having
a smaller bias for large values than soft thresholding and of being continuous,
unlike the hard thresholding estimator. Donoho and Johnstone were the first to
apply nonlinear shrinking to wavelet coefficients, there is a variety of papers by
them and others, especially on minimax estimation, see [6], [10], [14], [15], [25],
[26] and [27].

Soft and hard thresholding were known before, although they were called
differently for example in Bickel [4] and originate in a paper of Efron and Morris
[19].

More important than the type of shrinking procedure is the amount of shrink-
ing applied to each empirical wavelet coefficient. The thresholds could be the
same for all the coefficients or could depend on the level. Further the thresholds
depend on the expected sparseness of the wavelet coefficients. In practice the
choice of thresholds should be data driven.

Obviously the thresholds should depend on the type of noise and on the
variance of the noise in the initial data. For Gaussian noise we do know the
exact distribution of the noise in the wavelet coefficients; it is iid Gaussian. If
we use a transform that is not orthogonal, for example a fast wavelet transform
based on biorthogonal wavelets, then the multivariate distribution of the noise
is uniquely determined by its covariance matrix, and it is straightforward to
compute this matrix. In fact, the fast wavelet transform is only a filtering scheme,
so one can use other filtering schemes which correspond not only to biorthogonal
wavelet bases, but also to wavelet frames (or the “lifting approach” see [40]). Of
course, the noise in the coefficients is no longer uncorrelated, but for filtering
schemes it is quite easy to keep track of the correlations. (See [30] for a fast
method to compute the covariance matrix.) More generally, the core of wavelet
thresholding is to apply a linear transformation to discrete data = signal + noise.
Since we expect the signal to be concentrated in a few coefficients, it is easier
to estimate the transformed signal and then to transform back. So one actually
only needs invertible linear transformations which transform “nice” signals into
sparse signals.

In real life the assumption of Gaussian noise is not often given. For large
datasets one can rely on the central limit theorem and one gets the same asymp-
totic results as in the Gaussian case, but this will not do for small datasets,

13
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Figure 7: T and its risk function for A = 3.3
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(see the dissertation of Gao [21]). Matters get worse if the requirement of in-
dependence in the initial noise is dropped, often the initial data to which the
wavelet transform is applied is already the result of preprocessing (when dealing
with irregular spaced design, random design, density estimation), then the noise
is neither identical distributed nor independent. In particular, for heavy tailed
noise the thresholds are sometimes too small. So far only few results deal directly
with non-Gaussian noise (see [21], [28], [29]).
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3 Donoho and Johnstone’s oracle

3.1 The basics

In the usual denoising setting by wavelet thresholding, one assumes that the
target functions are members of a fixed subset, e.g. a ball of a smoothness
class such as a Besov space which can be characterized by the sequence of the
wavelet coefficients. For this target set of functions one then computes a minimax
threshold and tries to prove that the risk for this threshold is close to the minimax
risk in the class of all estimators ([6], [10], [14], [15], [17], [42]).

Another approach to denoising introduced by Donoho and Johnstone ([17])
is the following method: Given noisy wavelet coefficients, i.e. the true wavelet
coefficient plus a random term which represents the noise and assuming that one
has knowledge of the true wavelet coefficients, an ideal estimator is to set a noisy
coefficient to zero if the variance o2 of the noise is greater than the square of
the true wavelet coefficient; otherwise the noisy coefficient is kept. Of course,
the mean square error of this estimator is the minimum of % and the square
of the coefficient. Under the assumption of independent normal noise (see also
[24] for normal correlated noise), these authors show that the soft thresholding
estimator achieves a risk at most O(logn) times the risk of this ideal estimator.
Moreover, no estimator is asymptotically better. In contrast to the smoothness
class approach, this scheme does not try to minimize the maximal mean square
error for a fixed class of functions, but tries to minimize the quotient of the mean
square error and of a functional of the function itself. This functional depends on
the wavelet coefficients and measures how easily the estimation can be performed.
It is clear that it is more difficult to denoise a signal whose energy is uniformly
distributed over the wavelet coefficients than to denoise a signal whose energy is
concentrated in a few big wavelet coefficients. This ease of estimation is measured
by the mean square error of the ideal estimator.

The “ideal method” does not require any a-priori knowledge on the function
to be denoised, but might not be optimal if a smoothness class information is
available. For many “smooth” functions “most of” the wavelet coefficients are
rather small and only a small part of the wavelet coefficients is big. This means
that the risk of the ideal estimator is small and this, in turn, implies that the
risk of soft thresholding is small for these functions. It is clear that this method
is applicable to other sparse estimation problems, not just in the wavelet area.

We assume the regular design situation, i.e. we have the observations

Xi:fi—i—ei, 2:1,,n:2m

To this data we apply a discrete wavelet transform W, : IR" — IR" which is
adapted to an interval by boundary corrections or by periodizing the wavelet
basis, in any case W,, is an orthogonal transformation.

Let Y = W,(X) be the empirical wavelet coefficients, let § = W,,(f) and
let z = Wy(e). Thus Y; = 0; + z;, i = 1,...,n and the respective mean square
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errors in estimating 6 and f are equal. Assuming some knowledge of the true
wavelet coefficients 0, consider the following estimator for 6;: 0, =Y if 03 > g?
and 0; = 0 if 6? < % In plain words, an empirical wavelet coefficient is kept
if its contribution to the energy of the function is greater than the variance of
the noise, otherwise it is discarded. The performance of other estimators (in
particular of the soft thresholding estimator 7% (z) = (|z| — A)ysgn(z) when
applied to Y') will be compared to the benchmark

B,(0,0%) :=o”+ > min(6},0?), (5)
=1

which is the mean square error of 6 plus o2. Since the mean square error of 6 is
0 if # = 0, o%is added. This is close to assuming that at least one 6? is greater
than the variance o2. Notice that B, (,0?) is small in comparison to no? (the
total variance in the signal X, i.e. the sum of the variances of each component)
if 0 (the wavelet transform) is sparse. In fact B, (0, 0?) is itself a measure for the
sparsity of §. The additional summand o2 is a measure of our expectation of the
sparsity of the signal. As we will see later, in the Gaussian case the additional
summand o? can be replaced by o?logn and neither the threshold nor the ratio
of the optimal thresholding and the benchmark do change much, the asymptotic
behavior is the same. Of course changing the additional summand to tune the
estimator is contrary to our faith not to make any prior assumptions about the
signal.

A note is necessary: let f be a function defined on [0, 1] and W™ be a wavelet
transform based on the wavelet ¢, then it follows from identity (4) that

So if in the following the thresholds are increasing with n, it is important to
remember that the true wavelet coefficients are also increasing with n, whereas
the variance of the noise in the coefficients remains constant.

If the e; are iid normal random variables, then the z; are normal and in-
dependent since W, is an orthogonal transformation. This is the original case
investigated by Donoho and Johnstone. The following result from multivariate
decision theory is theirs and is crucial for their results.

Theorem 3.1 LetY; =0,+z;,i=1,...,n, n > 3, where the 0; are parameters of
interest and the z; are 1id normal random variables with mean zero and variance

% Let \, = 0+/2logn, then
B|T3 (V) — 0|
sup 5
perr  Bu(0,0?)
In his thesis, Gao [21] proves a similar result for iid random variables with ex-
ponential tails. In fact, a stronger result of this type holds for a wider class of

distributions. But we still require the z; to be identically distributed random
variables.

< (14 2logn).
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Theorem 3.2 LetY; =0;+z;,i=1,...,n, n >4, where the 0; are parameters of
interest and the z; are identically distributed random variables. Their distribution

w is symmetric about 0 and Ez2 = 0. Then, the equation

2 [ (@ = N2ude)) (n41) = N 4 o2, (6)
g )

has a unique positive solution A\,. Moreover,

E|TS (V) —0]? B|TY(Y) - 0]
Ay = : f >
S B0 N SR T Bu0.oy)
where A, = (A2 +0%)/(c*(1 +1/n)).

Proof: The proof is similar to the proof of Theorem 3.1 in [15]. For A\,a € IR,
set

pha) = E|T5(z1+a)—af
= [+ @)+ al = V). @Piu(do)

For A > 0, set A :=sup,cp %#5&)‘ Then

> EITH(Y; —0|2<AZ 2/n +min(6?,0%)) = AB, (0, 0?).
=1

The function p(\, 00) = lim, .o p(A,a) = 0% + A\? is continuous and increasing
on [0, 00), whereas p(X,0) =2 ["(x — X\)*u(dx) is continuous and decreasing on
the positive part of the support of u, it is zero outside the support. Hence \,,
which is the unique solution of

p(A,0) _ p(A, 00)

o2/n o2+ 02/n’

s and Ay = p(h,00)/(0%(1+ 1/n)) is equal to
the minimum of this term.

We now claim that

MINIMizes SuP,e 0,00} 5

p()\n,a) p()‘ma‘)

216111% o?/n + min(a?, 0?) - ae{0,00} 02 /1 + min(a, 02)’

In the following let A be fixed and ¢, be the Dirac measure with mass at a and
(r—a+N)? :x€(—o0,—)
fra(z) = (T3 (2) —a)* = { a® cx e (AN
(r—a—MN? :xe[)\oo)
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If A>h>0,a>0 then

p(\a+h) =(/ﬁﬁu@w*@Mxm>
_ / Frosn( + ) # 6.)(dz)
> /fmuwu*@xm»:pua»

where the inequality holds since

{(wa—l—)\)z tx € (—00,—A — hl
Proasn(z+h) = (a+ h)? cx€(=A—h,A—h)
(r—a—MN? :x€[\—h,o0)

> fralz).

Thus p(A, a) is increasing in a on (0,00) and decreasing on (—o0,0) since  is
symmetric. Therefore

p(A, a) _ p(A ) (: p(%—@@))'

a,|a|>0 02/n + min(a?, 02)  o2%/n+ 02 o?/n+ o?
We claim a? + p()\, 0) > p(), a). Indeed,

{a2+(33+)\)2 c 2 € (—o0, =

a’+ fro(z) = a? cx € (=M

a’?+(x—N)? :z€e[N0)

{(x—i—A)Q s x € (=00, —A—d]
a? rre(=A—a,A—a)
(x—XN)? z€[X—a,00)

= fialz+a).

Thus
a’+p(\0) = /a2 + fro(x)p(dx)
> [ fralo+ ol

— [ hale)(ux ()
= p()‘> a)‘
For the moment assume p(\,,0) > 02/n, then for a € [—0, 0],

) @+ p(,0)
o?/n+a?> — o%/n+a?
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(P(An, 0) — a?/n)
o2 /n + a2

< 14 (p()\n,o) —02/n)

o?/n
p(An, 0)
o%/n

- 1+

Therefore we conclude,

sup p(An, @) B p(An, )

el 02/n+min(a?,0%)  ,efome} 02 /n+a® "

It remains to show that if n > 4, then p(\,,0) > o2/n.
Remember p(\,,0)/(0%/n) = (624 A2)(14+1/n)o?), this implies, p(A\,,0) > o?/n
and A2 > 02 /n are equivalent. We have

p(X,0) = Eg(21) = g(Ez)) = g(0*) = Eg(Y?) = py(,0),

where g(z) = (v/]z| — (g is convex !) and Y has the distribution 1/2(0_, +
dto)- Hence p()\ 0) > py()\ 0). But this implies that A, is greater or equal than

the solution A, of py (A, 0)(n + 1) = A2 + 02, Thus it is enough to prove that for
n >4, \2 > 0?/n. For n =4, )\, is the solution of

(0 —N)?5 =\ + o

It easily follows that Ay = /2. Thus A2 = 02/4 and since ), is increasing
A, > 0?/n for n > 4.
We now show that, A\, is the optimal threshold, this is easy, since for A > 0

we have
e (2050, 1000

o EITS0) =012
o2 (n+1)o

perr  Bn(0,0?)

v

> Ay,
where the second inequality holds since )\, was chosen to minimize the second
term and A,, is the minimum of this term. O

If the z; have a distribution with compact support [—a, a], then limy_,, p(A,0) =
0. Thus A\, — a and A,, — a?/c?+1. In this case soft thresholding is almost as
efficient as the ideal estimator.

Example: let z; have the distribution 1/2(0_, + d4), then A, — o and
A, — 0?/0? +1 = 2. Thus soft thresholding is only twice as worse as the ideal
estimator. For a uniform distribution the ratio is 5/2. The ratio becomes worse
if the size of the support is large in comparison to the variance.
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Remark 3.3 Of course Theorem 3.2 holds if p is not symmetric. It was just
notational convenience not to include this case. One just has to replace in formula

() ) )
x| — M\)2u(dz) b x| — \)?u(dr).
2A(|| m()y/' (2] - N)2u(de)

z|>A
Also it might be better to use different thresholds for each side, but this is another
class of estimators. Anyway, then the optimal pair of thresholds (Niesr and Aright)
1s the solution of

( / (2] = Nego)Pulda) + / ) <|x|—Am-ght>2u<dx>> (n+1)

[e’e] >\right

= maX()\left> )\right)Q + 0_2-

The proof is basically the same.

Remark 3.4 The previous method can be applied to other loss functions, not
just quadratic loss, we can replace it by any symmetric loss function h, which is
increasing on the positive axis and 0 at 0. In the benchmark we have to replace
o? bymy, == Eh(z1) and Y, min(0?, 02) by >, min(h(6;), my). The computations
of the optimal thresholds do not change much, but the condition n > 4 has to be
replaced, it depends not only on h, but also on the distribution of z.

Unfortunately the previous result is not directly applicable to the noisy wavelet
coefficients, the requirement of identically distributed random variables is too
strong. In the case of not identical distributed random variables, the follow-
ing result gives a good suggestion for a threshold and an upper bound for the
ratio of risks, namely compute A, for each z; separately, and choose as thresh-
old the largest of these A,. Note that the benchmark B, (0, 0) is replaced by

> i (min(0F, oF) + o7 /n).

Theorem 3.5 Suppose we have the observations Y; = 0; + z;, i = 1,...,n, with
n > 4, where 0; are the parameters of interest and the z; are random variables
with Ez; = 0 and Ezf = 03. The distribution p; of z; is symmetric about 0. Let

o2 = (Y1, 02)/n. As we already know, the equations

(2 //\oo(x - )\)Q,ui(dx)) (n+1)=X+0d7, A>0,

have unique solutions \,;. Let N, > sup; \n; and A, = sup;(\2 + 02)/(c?(1 +
1/n)). Then

p EITRO =0
perr 02+ Y min(6?,02) ~ "
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Proof: The proof is similar to the proof of the previous theorem. All we need
to show is:
pz()\n> a)

ach 02 /1 + min(a2, o7)

<A,, i=1,...,n,

where p;(A,a) = [|T¥(x + a) — z|?w;(dx). As was shown in the last proof, the
left part is smaller than the minimum of

A + 07 and  su pi(An, a)
T+ 1/n)o? " sl e 020+ a?’

the first term is less or equal to A,, and for the second term we have

Pi(An,a Pi(An, 0) + a?

ap DOt gy, PUROE

a€[—0;,0:] T /77/ ta a€l-oi,oi]  9i /77/ +a

pi()\m, 0) + a2

Ssu

aE[—UIi),ai] 0_12/77’ + a?
)\fm + o?

S2(L+ 1/n)

< Ay,

IN

where the second and third inequality hold since A,; < A,, and the equality
holds because of the properties of ), ; derived in the proof of Theorem 3.2. O

We want to apply the above theorem to the case where Y; = 6; 4+ z; are em-
pirical wavelet coefficients. Since the z; are linear combinations of the initial
noise, \,; is quite complicated to compute. An alternative is to find an upper
bound for the A, ; which only depends on the initial noise. Since W,, is orthog-
onal, we know that z, = Y I, wye; with >, | wi’i = 1. The tail behavior of
2y is thus crucial for A, ;. First we want to compute an upper bound for the
performance of soft thresholding. Because of Theorem 3.5 we just have to find
an upper bound for all the optimal thresholds. For given symmetric distributions
w1 and ps with iy ([a, 00)) < psa([a, 00)), let A;, @ = 1,2, be the solutions of

2/ (x =N pi(dz)n+1) =N +c, ¢>0,nelN, i=12
A

Clearly Ay is larger than A;. If the e; are iid with support [—a, a] and mean zero
then z;, = >, wie; with >, w? = 1 and by a result of Hoeffding (see [41, p.855])
we have now

Pl >0 <09 () = o (3)

Thus an upper bound for the optimal thresholds of the empirical wavelet coef-
ficients is the solution of equation (6) for the symmetric distribution g defined
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by pa([t, 00)) = exp(;sz). Later we will see that this solution of the equations
for uy is asymptotically like /2a?logn.

If e; has bigger tail than the normal distribution, then the central limit theo-
rem applies and the distribution of ZZ wyi€; “tends” to the normal distribution,
i.e. its tail is becoming smaller. This is the heuristic which leads to the following:

Theorem 3.6 Let p be a distribution on IR which is a variance mixture of nor-
mal distributions, i.e. it s absolutely continuous with density

/(Om) a2V (da),

where v is a probability measure on (0,00) and where p, is the centered normal
density of variance a. Let X;, i = 1,...,n, be iid random variables with distri-
bution u. Assume g is a convex function on IR, then for any ay,...,a, € RT,
bi,...,b, € IRT, respectively written in decreasing order with Zle a? < Zle b?,
E=1,...,n,and > a?=> " 1}

i=1 " i=1 Y

Eg (Z aiXi> < FEg (Z biXi>
‘ i—1

Proof: Let RY(a) := Eg(aN?) where N is a N(0,1) random variable. RY is
a convex function since a — g(ax?) is convex for all x € IR. Tt is easy to see,
that for cy,..., ¢, € IR the distribution of > | ¢;X; is again a variance mixture
of normal random variables with mixing measure v x ... x 12, where v, is an
abbreviation for the measure v(-/a)/a, a > 0 and vy is the Dirac measure with
mass at 0. It follows that

n 2
R(a3,...,a2) = Eg (Z aiXZ)
i=1

_ /_ :o o(2?) ( /(Om)... /(Om) gozuiazg(x)z/(dul)...I/(dun)) do
_ /(O’oo)... /(Om) ( /_ :O g(xQ)goEuiazg(x)dx) U(dur) . .. v(dun)

— ERV (Z m?) :

=1

where Y; are iid random variables with distribution v.
Since R is convex it follows from Marshall and Olkin[35, ch.12, beginning of
Sect.G] that R is Schur-convex, i.e. if aq,...,a, and f,..., 3, in decreasing

order and Zle a; < Zle Bi,k=1,....n, > a; = [, then:
R(aq,...,an) < R(B1, ..., Bn).
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Thus the assertion follows. O

This theorem gives us the needed bounds for p(A, 0), indeed note that (|z|—\)3 =
(Va2 — N2 = g(z?) with g(z) = (/= — )2 and g is convex.

What kind of distributions are variance mixtures of normal random variables?
This family is closed under mixtures and convolutions. If we parameterize by
the variance, the mixture measure of a convolution is the convolution of mixture
measures. Let f be a variance mixture of normal densities, then

1

PV = [ o= expllal (2a)w(da).
(0,00) V2T

Thus f is a variance mixture of normal densities if and only if f is symmetric

and f(y/x), © € [0,00) is a Laplace transform. In turn, it is well known ([18,

p.415]) that a function ¢ is a Laplace transform if and only if it is completely

monotone, i.e.

(=1)"¢g™(z) >0, Yz € [0,00), ¥n € IN.
For f(z) = exp(—z°¢), 0 < ¢ < 1 it can be shown by induction that

Nk

£ (z) = Z(— 1)Fa by, ; exp(—z°),

i=1
with ax; <0 and b;; > 0. Thus f is a Laplace transform and hence the density
h(z) = Crexp(—Cazf), 0<c¢<2,

where (', Cs are constants. Another example of a completely monotone function
is 1/(1 4 z)™, which implies that densities of the form

constant >
—n
(1422~

are variance mixtures as well. In Feller ([18, XII.4]) two criteria are mentioned,
namely if f and g are completely monotone then fg is completely monotone and
if f is completely monotone and ¢ is positive and its derivative is completely
monotone then f o g is completely monotone.

Often the class of variance mixtures of the Gaussian distribution is not large
enough for a specific application. But sometimes we are able to carry over the
properties of these densities to other “nearby” densities, in fact, we just need an
upper bound for p(0, A). If the distribution of the e; is not a normal mixture but
is only symmetric, but there exists a random variable v whose distribution is a
normal mixture with P(|e;| > ) < KP(|v| > x), K > 1, then

2

2
ETY <Z aiei> < ETY <Kzaivi> ;
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where the v; are iid copies of v. This is a consequence of a version of the
concentration principle ([32, Lemma 4.6]). Let A, be the positive solution of
E(|Kv| = A3 (n+1) = X* + 0° then

E (TS (X, aies + 0) — 0)°
Sup 2 ; 2
9elR 0?/n + min(a, 0?)
where A, = (A2 4+ ¢%)/((1 4+ 1/n)o?). If P(le1] > x) < KP(Jv| > z) holds only
for t >ty then (again by [32, Lemma 4.6]),

2 2
1 1
ETS (Z azez> 5 TS <2Kt0 Z a vz> + §ETf <2K Z aiui> =: h(A),

where the u; are iid random variables with distribution (d; + 6_1)/2. So if A,
is the solution of hA(A)(n + 1) = A? 4+ ¢, then again relation (7) holds with
An = (A% +0%)/((1 +1/n)o?).

It would be desirable to generalize Theorem 3.6 to a wider class of distribu-
tions, or to obtain a version of Theorem 3.6 which directly describes the behavior
of the tails of the sums. There are results of this type for special classes of distri-
butions, where the tail of the sums is bounded by the tail of the initial random
variable ([1]).

If the noise is normal, thresholding achieves the minimax rate in the class of
all estimators, i.e.

< A,, (7)

lim inf su M
n—oo g GEIFI{)" B,(0,0?)

At =1

where the infimum is for all estimators and \,, and A,, are now computed for the
normal distribution ([15]). For a special class of distributions one can also show
that soft thresholding is asymptotically “near” minimax, i.e. the 1 on the above
right-hand side is replaced by a constant. This result is a natural consequence of
the next two theorems. First an asymptotic rate of A, is given for distributions
with exponentially decaying density.

Theorem 3.7 Let pu be a distribution on IR with variance o and density

exp(—h(x)), where h is symmetric, continuous and increasing on [0, 00). Further

let 5
limint %) S
2 R @)

for all ¢ > 1. Let A, be the solution of

(2 /oo(x - )\)2,u(d3:)) (n+1)=X+0% I>0,
and Ay, := (N2 +0%)/(0*(1 + 1/n)).

Then 1 — ) )
o P0R() (0 og(n))? 4 ?)

N—00 An n—00 O'2An

= 1.
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Proof: First let us note a consequence of the conditions imposed on h. If A
tends to infinity h(c\) — h(x + X) — log(A\? + ¢?) tends to infinity if ¢ > 1 and
tends to negative infinity if 0 < ¢ < 1 for all x € IR.
Set ) )
N +o
A) = —=5 -1,
1N = =~ N2 ()

Clearly q is strictly increasing. Let 1 > ¢ > 0 then

A> 0.

g\ F((1+6)A) — 0 and g(A\) f((1 — 6)A) — oo,

A—00 A—00

We prove the first asymptotic: let A > 1, then

N+ o2
(QI,\OO(JJ — N2f(z)dz 1) FUL+6)N)
L (1 +0)N)

S N CENTICIE

- (/ooo T +f§;:;(;z + aQ)dx) _1 ——

flz+A)
F((L+ )N (N + 02)

since

= exp(h((14 6)A) — log(A\? 4 02) — h(z + N))

and this tends for all z to infinity by the assumptions.
Lets turn to the second asymptotic:

A=) = (2 [T LI de) - o o

A—00

The second summand on the right side converges to 0. The integrand in the first
summand is equal to

22 exp(h((1 —0)A) — h(z + A) —log(A\2 + 02)),

the exponent tends, by the assumptions, to —oo for all x € IR.
Therefore the integral tends to 0 and the whole term to infinity.
Thus for = sufficiently large (depending on ¢),

1 @) 1
F(T=0z) ~ ™ = F(({T+ o)
and hence ) )
T W za W)z 5 W),



for y large enough. Since A, is the solution of g(A,) = n, it follows

lim L = lim L =1
n—oo f~1(1/n)  n=ec h=1(logn)

Remark 3.8 If the density f is asymptotically like an inverse fractional poly-
nomial, 1.e. there is a ¢ > 3 with
liminf f(x)z® = limsup f(z)z° € (0,1),

then easy calculations yield p(\,0) ~ a /X3 and this implies N\, ~ an for a
constant o > 0.

Remark 3.9 If the additional summand o* in B,(0,0%) is replaced by c,o?,
cn = O((logn)?) B > 0, then after changing q to q(\) := (A\* + a2)/p(\,0) — c,,
the optimal thresholds are still the solution of q(A\) = n, and the asymptotic
behavior of =1 is not changed. Thus the asymptotic behavior of the thresholds
does not change too.

Theorem 3.10 Suppose we have the observations Y; = 0; + z;, 1 = 1,...,n,
where 0; are the parameters of interest and the z; are iid random variables with
Ez =0 and Ez} = o2

The Lebesque density of the distribution p of z1 is of the form exp(—h(z)), where
h is symmetric, continuous and increasing on [0, 00).

Further Bl
lim inf (=) =1,
z—oo h7l(x — 2log x)
then ~
o E|0— 6] 5, -2
liminf inf sup ————0*(h™'(1 =1
i 4 oy R0 >

where the infimum is for all estimators.

Proof: We will prove this bound by computing Bayes risks. The proof is quite
similar to the one in [15]. For 0 < e < 1 and a > 0 let F., := €d, + (1 — £)do,
where 0. denotes the Dirac measure with mass at ¢. The a-priori measure for
0 € R" will be @, := ®}_F., q,, we will specify €, and a, later. For now, it
suffices to assume that ¢, — 0 and a,, — 0.

First we consider the one-dimensional case. We compute the Bayes risk for
estimating ¢4 € IR given Y; = 6, + z; and the a-priori measure for 6, is F,,.
Let M :=F,,* f, i.e.

M(A,B) = (1 —¢)d(A) /B f(x)dx + €64(A) /B f(z —a)dz.
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Let II; and II, be the projection from IR? on the first respectively second coor-
dinate. Then the Bayes estimator in this context for 0 is

deo(x) = Eyn(Ii|1y = x)
_ 0 —e)f(x) +acf(z —a)
(1 —e)f(z) +ef(z —a)
ef(x —a)

== a.

ef(x —a)+ (1 -e)f(x)

Thus,
Er, ,Ep, (dea — 1)
. /(ds,a(x) — ) f(x — a)da + (1 —¢) / 0. o(2)2f (2)da

>€f/(1#@jf@®@ﬂ?yf@@“
= [ (et e o

= — & 25a2 f(x)z Tr — a)axr
= (- opet | Cfw—a) + 1=y« ~ i

Now let o € (0, 1), then there exists a ¢ > 0 satisfying,

/ f(z)dz > «a.
Let § > 0 and assume a and ¢ satisfy
€
G+ ) 2~ f(0).
—€
If z € (a —c¢,a+ c), then
Bf(@) = T—f(@ ~a)

This implies

0% y [y
Cfa—a+ (- af@r = (- @ +5)

)
Hence, by integrating only on (a — ¢, a + ¢) we get
1—¢)? «a
Er. ,Eg (deq —01)* > ( ea’
Fea 91( s 1) — (1 _ 5)2 (1 + 5)2
- %2
IO
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Now let «, ¢ and (8 be fixed, let €,, a, be sequences such that Gf(a, + ¢) >
s £(0), e,n — 00 and set

my = (nan)z/g,

N, = #{6:£0,i=1,...,n},
A, = {N, <ne,+my,},

Pn = QR(A;)

We will now prove p, = Q,, (N,, — ne, > my,) = o(e,,) by using Benett’s inequal-
ity ([41, p.851]). This inequality gives the first of the following inequalities, here
1 is a fixed continuous function which is decreasing on [0, 00) and ¥(0) = 1.

P < exp (— 2:{1/_@)1” (gn(gni/;i)ﬁ\/ﬁ))

(- ;:f}“ (L)
o (g (527))
oxp (e ”6)

for n large enough since ne,, — oo and ¥(0) = 1

= o(en).

< exp

I
e

Now we are ready to tackle the Bayes risk of @),,. Let d, be the Bayes estimator
for Q),, it is clear a,, > d,, > 0.

|dn(Y) = 0]
ek g 0 o)
1
0. Ee Y (d(Y)—6,)"1
- 02(1+n5n+mn GZ An
1
> Eo E (d.(Y) — 6;)* — np,a?
= o} (14 nep +my) On 6’; i) = a")
since Ep(d},(Y) — 6;)*14: < ppal
1 L A
= Eo Ep (d'(Y) — 6,)* — npna®
o%(1 4 ne, + my,) (il @B (Y ) P an>
> L ne aQL—n a?
= 20+ nen +my) @t g Pt
@ 2
(1+p5)202 ™

since p,a? = o(e,a?) and m,, = o(e,n).
How can we choose ¢,, and a,, such that a,, is as big as possible? We remember
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that a,, and &, have to satisfy e,n — oo and Sf(a, +c¢) > 52— f(0). The second

l—en
condition is equivalent to f(a, + ¢) > ﬂ(fifsn)f(O).

Thus, if €, = logn/n we can choose
a, = h~'(logn — loglogn + log(1 — log(n)/n) + log 3 — log f(0)) — c,

Because of the conditions imposed on h™! we have a,, ~ h™(logn).
Since «, ¢ and [ are arbitrary, the theorem follows. O

Remark 3.11 The condition
h'(z)

lim inf =1
s h=Y(x — 2log x)

in Theorem 3.10 s satisfied if h grows at least as fast as a fractional polynomial.
Combining the last two theorems we see that if the noise in the data is 1id and
its density is asymptotically like exp(—h(zx)) where h is a fractional polynomial,
then soft thresholding is optimal in the minimax sense, it has the asymptotically
best ratio of risk and benchmark.

Remark 3.12 What happens if the additional o in equation (5) is replaced by
other values ¢, ? Important is the last step in the previous theorem, namely

1 2 Q 2 Q 2
NERAy, 75 — NMPpQy | ~ ————=—a,.
o2(1 1 nen + mn) arpe "7 1+ B)%02

We have to replace the 1 in the demominator on the left side by c,. The ~
remains valid if ¢, /(en,n) — 0. To keep the same rate for a, it is necessary that
loge, ~ —logn. Thus, if for example ¢, ~ (logn)? then with &, = (logn)P*/n
we get the same asymptotic rate for a, and the Bayes risk for Q..

Theorem 3.13 Let the observations X; = f; +e;, 1 =0,...,n—1=2"—1
be given, where the f; are the parameters of interest and the e; are iid random
variables whose distribution p has the density g(x) := exp(—h(z)) where h is
symmetric, continuous and increasing on [0,00). Further

, cx)
lim sup h@)

<00, Ve>N0.

We apply a periodic wavelet transform W, to these observations, for every n we
take the same type of wavelet. Let Y = W, (X) and 0 = W, (f).
Then

D N2
liminf inf sup M

h~ (logn)?)~' > 0,
minf inf sup BR(QJQ)( (logn)®)

where the infimum s for all estimators for 6.
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Remark 3.14 In contrast to Theorem 3.10, this theorem is only about the rate
of the ratios. The idea of the proof is the same in both theorems, but the proof
18 now complicated by the fact that we do not have a closed expression for the
density of the noise in the empirical wavelet coefficients. Since we have to rely
on rough bounds for these tails, we only get a statement about the rate.

Proof: We will apply a wavelet transform W,, derived from a multiresolution
analysis with a wavelet which has compact support. The fixed filter length is IV,
Niseven. Yy, 05 and zjx, 0 <k <2/ — 1,0 < j <m — 1, will denote the k™
wavelet coefficient at level j of W,(X), W, (f) respectively W, (e). Let gjk be
an estimator for 6;, gjk may depend on all X;. We will compute an asymptotic
lower bound for R
- > ik ElOr — 03]
0 Bn (0 , 0 2)

by computing a Bayes risk.

For 1 > e > 0 and a > 0 let F,, be defined as in the last proof. The a priori
measure for 6;; is F;, 4, if 7 = m — 1 and dp otherwise. For the moment it
suffices to know ¢, — 0 and a,, — co. The a priori measure @), for 8 € IR" is
the product measure of the a priori measures of the coordinates.

In the following we will omit the level coefficient m — 1, since we are only con-
cerned with the coefficients in this level.

Let us observe the following: For n greater than a certain bound, the filter
coefficients dy, ..., dy—1 to compute the 6,5 do no longer depend on n. Thus
0; = év:61 dy foi+¢ where the indices for f are considered modulo n, we are using
a periodic wavelet transform! On the other hand, given the a priori measure @,
(i.e. assuming the wavelet coefficients at levels j < m — 1 are 0) one computes
the fz by

N-1
fi= Z deBi—eys2, if i is even,

(=0, ¢ even
and
N-1
fir= > dbgp, ifidsodd.
£=0, £ odd

This follows immediately from the fact that W,, is orthonormal, i.e. W, = W, !
in the language of matrices.
For 0 <i<mn/2—1, we set

Qi(.),_Qn('ﬂ{ei—l—j:QlS|j|§N/2_1})
T Qu{fiy =01 < il S N/2 1) 7

where 0/0 is understood as 0. If @, is the a priori measure, then §; and f; are
independent, if 7 < 27 or 5 > 2i+ N — 1. Hence the Bayes estimator for w; given
the a priori measure @' may depend only on fy, ..., faiyn—1. As one easily
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checks, the projection of Q% on fo;, ..., fairn_1 1S En0(do,..dy 1)an + (1 —=€n)d(0,...0)

-----

(8. denotes the Dirac measure). Hence the Bayes estimator b; for 6; given Q' is

bi(z) = o (2)En

= An, T E IRN,
Ga, (T)en + (1 —£,)g0(x)

where g¢,, and go are the densities of Xo;, ..., Xojin—1 if (foi,. .., foirn-1) =
an](vdol,...,dN_l) respectively if ("f\?i’f oy foirn—1) = (0,...,0), ie. gg.(x) =
[Ty 9(ze — ande) and go(x) = [[,=, 9(we).

~

Now let 6; be an estimator for ¢;, then
Eq, Eg,(6: = 0, > (1= 20)" " Eqy Eg, (b — 0,)".
We proceed to calculate the Bayes risk of b; given the a priori measure Q' :

EQ;Eﬁi(bi - 9@‘)2 = (1- Sn)Eeizob? + enlp,—a, (bi — an)2
Gan (T)ER )2
> En Ap — Ap an \ T dz
B /IRN (go(l")(l — &) + Ga, (T)en gon ()
1—¢ep) 2
= anai/ ( folo)( - ) an (T)d.
RN go(.’ll')(l—Sn) +gan($)5n g n( )

Set dmar = max;—o__n-1|d;|. Let 1 > a > 0, then there exists a ¢ > 0 such that

f[_c gV go(r)dxr > . Now define I, := [—c, ]V + an(dy, . ..,dn_1), and assume
that ¢, and a,, are such that

(1 —en)go(x) > 2¢49a, ()

for all z € I,,. Then

Eq:i Eg,(bi — 0:)* > Snai/ln (goi;(;i(i;ni%)/2) Ya, (¥)dx

> —anai&.

9

which implies N
Eg, Ew(0; — 0, > (1 —&,)" 2e,a2a4/9
Thus for o large enough and n greater than a certain bound, the Bayes risk for

estimating a single 6; is greater or equal than %anai.

Let €, = 1"% and a, be sequences which satisfy (1 — &,)go(x) > 2,64, ()

for all x € I,, and e,n — 00. Set m,, := (%an)wg. Define

N, = #{0,#0,i=0,...,n/2 —1},
n
= < —.
A, {Nn—g 5n+mn}7
Pn = Qn(A}) = o(en).
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The inequality for p, was part of the last proof.
Let 0, be an estimator for 6;;, without loss of generality we assume that 0 <

Om—1% < ap. Now,

> ik 105k — Okl

o B g ()
0 — 0,2
> EQ"EG%W:J leaving index m — 1 out
1
>

Eo.Ee > |0k — 0i"1
02(1—|—n5n/2+mn) Qn 9;| k k| An

with EG]-A% |§k - 0k|2 S QR(A;:Z)CL?Z = pnai
1

~ n
> Eo, E Or — Ok)* — =pna’
= 21+ nen/2+my) " ";' b= Orl” = 5Pacy
1 ~ n
> Eq, Eo|0x — Ox|* — —pna?
= 21+ nen/2+ mn) zk: @ EolOk = 0ul” = 5pnay
1 n4d 5, n o,
> ——Ends — =Dy, , large
= 021+ nen/2 + m) (2 10°"n T P a”) or T ats
1
> Qai for n large,
since p, = o(en).
We take ¢, := 107%”, assume n is so large that e, < 1/2, then we choose

1
ap = h* (N(logn —loglogn) — log (g(O) W)) —c.
Then

h(an 4 ¢) = —1log(g(0) V4) + %(logn —loglogn)

v/logn y
& exp(—h(an +¢)) = g(0) Oi” Ve
& glan +¢) = g(0) V&, V4.
Since &, < 1/2 and |dpaz| < 1,
9(dmazan + c) > g(0) Ve, V/2/(1 — &),

it follows

=z

(1—ep) g(dpay, +¢) > 25ng(0)N,
¢

I
=)

33



and finally
(1 — €n)g()(-'17) > 25ngan (.’L’),

for all x € I,. Thus our choice of a, fulfills the required conditions. Since
a, ~ constant h=*(logn) the theorem is proved. O

3.2 Distributions with compact support

In the previous section we considered noise whose tail is heavier than the tail of
the normal distribution and computed lower asymptotic bounds for thresholding.
We made use of the fact that one half of the coefficients is in the finest level. The
distribution of the noise in this level is “close” to the distribution of the original
noise. Now we want to consider noise whose support is compact. We want to
show that the asymptotic performance of thresholding in this case is not better
than in the Gaussian case. Here we will use the fact that the distribution of the
noise in the upper level coefficients is near the normal distribution.

Theorem 3.15 Let the observations X; = f; +e;, 1 = 1,....,n = 2™ be given,
where the f; are the parameters of interest and the e; are iid random variables
whose distribution has compact support [—a,al. We apply a periodic wavelet
transform W, to these observations, for every n we take the same type of wavelet.
The wavelet base has a Holder regularity of 5> 0. Let Y = W,(X), 0 = W,(f)
and z = W, (e). Then with

A= inf sup >k BITS  (Yik) — 05l )
" GERT peRr o2+ B,(0,0?)

liminf, .o A,/(2logn) > 1.

Proof: For a fixed ¢ € (0,1) let h = h(n) = [log,(n?)]. We will need a lower
bound for p(0, A) for the noise (z;;) in the wavelet coefficients. As we already
saw,

n n
_ n ) : n 2
Zjk = g wiy ;e; with E (wj’k’i) =1.
i=1 i=1

We will now show that max;<p |w}fk’i|2(m_j)/2 < C for some constant C. This
inequality is needed for applying a result about tail behavior to z;;. If we use
a multiresolution analysis which is not restricted to an interval as base for W",
then

w;’fk,i = <wj,k> ¢m,z>

It is well known that if ¢ is Holder continuous with exponent (3 then

sup 202 gy by — (27— k)| < €270 (10)
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for a constant C' and m — j > jo for some jo ([9, p.205]). But W™ is based on
periodized wavelets on [0,1], i.e. for j > 0 and 0 < k < 27, ¢;; and ¢, are
replaced by

M) =Y ik(z+i) and ¢F () =D giu(z +1).
i€Z i€Z

Thus we have
n o per er
Wiki = ( ik 7¢;70nz>
per

Since for m large enough ¢, () = ¢, i(x — [2]) and in the construction of each

YP" only at most N wavelets are involved, the same bounds as in (10) hold, but
with C replaced by a constant C5 depending on N and C'. Hence

sup [wyg ;| < 207N |0 + G2V < Cy20mm2 (1)
ki

where C3 := Cy + N||9)||. Now

>k BITY  (Yik) — 0k

A, = inf  su
(Aj k) ER™ GEIFI{)" o? + Bn(02> 9)
>  inf max 2jshi ETAS]-,IC(ZJ%’“)Q >k Ajk + %) (12)
 (AReER? o? T (2h 4+ 1)02 ’

where we get the lower bound by plugging in the following values for 6:

;1 =0 for all j, k respectively 6, = { oo :7<h
| ’ 0 : else
From now on we will only be concerned with the levels 0, ..., h. If in the rest of

the proof (j, k) is an index then implicitly j < h. To bound the first term in the
maximum in (12) we will use the following lemma (see [32, Lemma 8.1]):

Lemma 3.16 Let (X;) be a finite sequence of independent mean zero real random
variables such that || X;||s < ¢ for alli. Then for every v > 0, there exist positive
numbers K () (large enough) and £(v) (small enough) such that for every t

satisfying t > K(v)b and te < e(y)b* where b = (3, EX2)'?,

P <Z X; > t) > exp(—(1 4 7)t2/20°).

Let v > 0, then |leg||cc < a < oo for all k. Thus

sup Hw}fk’ieiHoo < Cya2h=m)/2
j<hk,i

and >, E(wjge;)? = o Thus for t > K(vy)o and ¢t < _6(7)02(,2*;:_}1)/2

we have
P(lzjx| > ) > 2exp(—(1 + 7)t?/(20?)).
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Further note that ETfj (2i1)% > P(|zjk] > Aje+1). Also, because of the uniform
convergence in the CLT, (see [38] p. 149, 5.4) there exists an ng = no(K (7)) such
that for all n > ng, P(|zj% > K(y)+1) > (1 — ®(K(y) + 1))/2 where @ is the
normal distribution function.

Now let (A\jxn) be one set of optimal thresholds for the right side in (9) and
0 < a < 1, then one of the following conditions holds (we always assume j < h!)

| LR LA
i < K)o} 2 02 (1)
) Hm,n > S(V)UZZL_W }' > a2k (15)

Thus for n > ny we get a lower bound in the first case (13) for A,, of

> jenk PUzikl = Ajgn +1) ZMO\?kn + 02)>

A, > (1 —
> ( @) max < o2 (24 1)0?

At this point we apply the lemma above and get

Z exp(—(1 +7) Nk + D?/(20%) 2jcnieNan + 02)> '

o2 T (2 + 1)o?

A, > (1—a)max <

J<h,k

It is easy to see that the minimum on the right side is achieved if all \;, are
equal to the solution A, of

2 exp(—(1+7)(An + 1)?/(20%)) = %

Now simple calculations like in the proof of Theorem 3.7 yield that )\, behaves

asymptotically like
022 log 2h+1 o?2qlogn
(1+9) (1+7)

where ~ holds since n?/2 < 2" < n?. This gives an asymptotic lower bound for
Ay, of (1 —a)2qlogn/(1+7).

With (12), the next two cases yield lower bounds for A,, of

a2h - a2h(1 — ®(K(y) +1))

?P(|Zj,k| > K(v)+1) > 552 ~ Cy2" > Cyn/2

and respectively

a2+l e(y)o22m=h
@+ 1)o? Cia

)/2\ 2
) ~ 052(m — h) Z C5n1_q/2,
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where Cy and C5 are constants. Thus the right-hand side of (12) grows as least
as fast as (1 — «)2qlogn/(1 + 7).

Since «, ¢ and vy were arbitrary, this gives a asymptotic lower bound for A,
of size about 2logn, i.e. liminf A, /(2logn) > 1. O

3.3 Very smooth densities

In this section the conditions the densities must satisfy are rather strict, but
the point made is that, if one wants to beat soft thresholding, one has to use
estimators which exploit the special structure of densities. The reason is that
one cannot beat thresholding for very smooth densities with compact support.

Theorem 3.17 Let the observations X; = s; +e;, 1 = 1,...,n = 2™ be given,
where the s; are the parameters of interest and the e; are mean zero iid random
variables with variance 0. Their distribution p has unimodal density f with
support [a,b]. Further /f € C*([a,b]), and f € C*([a,b]) k > 2, with f®(a) # 0
and fF(b) £ 0, also for ¢ < k fO(a) = fO(b) =0. We apply a periodic wavelet
transform W, to these observations, for everyn we take the same type of wavelet.
Let Y = W,(X) and 0 = W,(s).

Then

7ol
liminf inf sup u -1

>0,
n—oo g gemr Bn(6,02?)

(logn)
where the infimum is for all estimators for 6.

The conditions on f and /f are fulfilled for example if f € C?%([a,b]) and for
x>0, f(z+a)=ci2? +o(x®) and f(b— ) = cox? + o(x?).

The previous computations of the minimax bounds were based on the a-priori
measure F;, and its Bayes risk, where ¢ and a were carefully chosen. In that
context we were able to compute the Bayes estimator. This estimator was based
on likelihood ratios. Here we want to apply the same scheme to coarse level
wavelet coefficients. Again the Bayes estimator is based on likelihood ratios. We
will compute an asymptotic expansion of these likelihood ratios.

Proof: Let A be the Lebesgue measure, Py = fA and P, = Py xe, = f(z — h)\.
Finally let
VIS

v/

Let t,;, 7 =1,...,ndenote a triangular array of numbers with ¢,, := sup,_,
and t,,/n® — 0 for all ¢ > 0. Our goal is to prove

log<Hdp;n];0/f ) Ztm o) ”g”Poztm+Pn

=1

n (a,b), g =0 elsewhere.

-----
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where opp (1) denotes a sequence of random variables that converge in probability
to 0, we will show that this stochastic convergence depends only on %, and n.
For simplicity and ease of notation we will assume ¢,,; > 0. This will spare us
some simple distinction of cases. Note that

b f/ f/ 5/2
Enloe = [ (HN) "y [,
The restrictions on f imply that for = € (a,b) near a
f(@) = ca( — a)* + o((z — a)")

and

J'(@) = kea(x — a)* " + o((x — a)* ),

where ¢ is a constant. Thus |’;((x)3!22 = O((x — a)*5/?) near a. A similar
|5/2

statement holds for f near b. Together this implies Ep,|g
turn to the likelihood quotient, define

Ay, ./ vm
B =2 | i
| dP

Let p € (2,24 2/k), then

/]R | i|PAd Py = 2P /ab (\/f(x —tni//n) — \/m)pf(x)l—pﬂdx'

Because of the differentiability of v/f

< 00. Now let us

1 =t/ V) = VT = Ot/ V) (16)

uniformly. We need [ f(z)'"?/2dz < oco. Because of the behavior of f near a
and b
flz+ a)l_l”/2 = O(xk_kp/z) and f(x + b)l_l”/2 = O(xk_kp/z).

Since k — kp/2 > —1, E|h,;|P < oo and because of (16) E|h,:|? = O((t,//n)?).
Note that it follows in the same way that E|h,;|* = O(t?/n). The next step is

1o show I (hn,i@) - %gu))Q f@)de =0 (nt/) |

One fourth of the left side is equal to

’ \/f(x_tnz/\/ﬁ)_ i i 2
/( - 12f()>f()d

38



B /ab (\/f(x—tn,i/\/ﬁ) -V (@) - Qt%g(a:) f(x))de
_ /ab (\/f(az:—tm/\/ﬁ)_\/MJr %W/)de
- /aa+tn,i/x/ﬁ (\/f(x—tn’i/\/ﬁ) —f(@)+ %W’)de

b
—|—/ (...)%dx
a+tn,i/\/7_7v

b b 4 a+tn//n t, N 2 9
L) ) e

since \/f € C?*[a,b], c; > 0 is a constant

t4 k+1
Co n2 ( ) + ( ) ,  where ¢ > 0 is a constant

since f(z +a) = O(zF) and ||/ [|os < o0

t
= 0 (ng/z) :

Like in Strasser ([39, p.379]), a simple Taylor expansion yields

IN

=1
= Z (i) — 1 Z P () + 1 Z(l — 7 (hnyi (25)) ) i (),
=1 =1 =1

where 7(0) = 1 and |r(zq1) — r(x2)| < Clay — o if 1] < 1, |z2| < 1, for some
C > 0. We want to show that the last summand tends to 0 in probability, the
rate depends only on ¢, and n.

n 1 n 1 - 2
< K (SIZ%P 11— 7 (hni(z:))| > m) + B (m zzl P i(2)" > 8)

Since Ep,|hni|* = O(t2 /n),

1 n
hni i2
tﬂognz1 ili)
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converges to zero in L!. Further

Py lognsup L= r(hui (=) 2 1) < S8 (11— rihted) 2 s )

log nt?

1
E F >
=1 ’ (|hn1(33@)| ClOg ntQ)

Z E|h, ;[P (log n)Pt2PCP

=1

_ 0 (tff(log n)p) '

IN

IN

np/2-1

Thus the uniform stochastic convergence is proved since p > 2.

Now we show that the terms >_"" | h2; and > " | Eh? ; are stochastically equiva-
lent with respect to Fj'. This is equivalent to Zz: Xy, — 01in probability where
X,i = hi;— EhZ;. Note that

tp
p/2 _ 2 /2 2 \p/2 n
B X0iP"" = O(E(h;, ;)"" + (Eh;, )P'7) = 0( W)-

Let X = Xuilyjx, <1}, then X7, < | X, [ and
n /2 :Z
TR SRS S
=1
Since EX,,; =0,

Y IEXndgx, <l < D EIXnillx, 51

=1 =1
n 00 E|)(n,i|p/2
< El (1P(|Xm| >1) +/1 — o2 0

th
o)

) <ZP" | X > 1) +P”<

Now

By (
i=1

~ pn - A
3 A5 2 0 < S m =0 (),

i=1 =1

n,g| — [

since
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and

~\ 2
n ~ E (Z?:l Xi)
P (|Xn,z~| > e) <

2

—_

1=

~ ~ 2
EY X2+ (S0 |EXn )

2
t?z

we obtain that ), , X, ; converges to zero uniformly, i.e. the rate depends only
on t, and n. Thus we have now

1og<HdP37;gﬁ> _ ;‘hm__zh s ops(

=1

IN

3

n

— Z(h — Ep,hni) — ZEh ZEpohn,HrOPgl(l)-
i=1

=1

Again, like in Strasser ([39, p.381 top]), it holds

1
__EPO h?m - Ptnz/\/?l(Nnal)

Epyhn; = 1

where N,,; = {dPtdéO/\/— — 0}.
n,i n

Hence

log (H T%(M)
=1

= Y (hni— Ephns) — ZEPO i = Y P yia(Nng) + opp (1)

i=1 i=1

Like in Lemma 74.3. in [39] it follows from




< Zznl: Ep, (%9(%) - hn,i(xi))Q\/EPo (%9(%) + hn,z‘(ﬂfi))Q

S SN VB RN D - RN

S>3 (B2) Enotenf = X Ruin() + o 1)

=1

where the stochastic convergence depends only on ¢,, and n. Since

bttn,i/v/n Lo
P =(Ny) = / f(x_ n,z)dx
/Y b Vn

tni/ VR f(0) , 2 t
— /0 o + o(x )da::O(ng/Q),

it follows

b, /v 1 Erp 9
o | | = o) = 75 2 tusslo) = =5 Z tra + 0r
= i=1

and again the stochastic convergence of opn(1) to 0 depends only on n and
t,. We have now an asymptotic expansion for the likelihood ratios which is
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necessary to calculate Bayes risks. Again we will consider wavelet coefficients
at the level [ = (log, n)/2, the coefficients in the middle of the pyramid of the
wavelet coefficients. The Bayes measure for each 0, j # [ is do, for j = [ it is
F., ., with €, — 0 and a, — o0, the exact values will be specified later. The
overall Bayes measure is the product measure of the individual Bayes measures.
First we compute the Bayes risk for a single coefficient 6, ;. Let z = W(e), and

gj’k random variables which are distributed as described by the Bayes measure,
independent of e.. The Bayes estimator for the coefficient with index [, h is

E@uplzjn+ 06, j=0,....om—1k=1,...,2),

and the Bayes risk for estimating is (the expectation is for the noise and the
Bayes measure simultaneously)

EEOunzn+ 0 i=0,....om—Lk=1..,2)=0.,)
> E(E(@Nlh|zjk+5j,k,j =0,....m—Lk=1,....2; 0, (j,k) £ (I,h),
=0,....m—1ik=1,...,2) — 6,)>
(E(elh|zlh+elh,zjk,(j,k)7&(z,h),j:o,...,m_1;k:1,...,2j)_§l,h)2
E(E(Ople. + Oupcin,) — 011)%,

v

The last inequality holds since ) . (e; + gl,hcl,h,i)cl,h,i =zin+ gl,h and for (j,k) #
(Lh), > (e A OLnCipi)Cins = 20, Where (¢j ) are the coefficients of the wavelet
transform (the wavelet transform is orthogonall).

Simple computations yield now that

endP,,
"endP,, + (1 —g,)dPy

E(gl’h|€. + gl,hcl,h,.) =a

with Py being the distribution for e. and dP,, the distribution for e. + a,(c;p..).
With the background of the proofs of the Theorems 3.10 and 3.13 it is easy to
see that when choosing ¢, = log(y/n)//n the Bayes risk for this coefficient is
larger than

dP, 2
1—¢,)2%, 2/ 0 dpP, .
(1 —en)ena, - ((1—5n)dpo+gndpan n

Let pi1, C1 be constants between 0 and 1. If the integrand is larger than C with
probability p; than the Bayes risk is larger than (1 — &,)%¢,a2C1p;.

dP, 2
P, > C
" <((1 —en)dPy + sndPan) = 1)

dP_ 2
= PR o >C
! <((1_5n)dp—an +5ndp0) N 1)
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> B

> Cgsn) , (17)

where Cy = 1/(1/4/C} —1). Clearly the asymptotic properties of dP_,, /dPy and
dP,,/dPy are the same, so we will investigate now instead when Py(dP,, /dPy >
Coen) > p1. We have Yy, = Y " cpiX;. Since I = (logyn)/2, only about
r = O(y/n) of the c};, ; are non-zero (see relation (2)), thus (with some renaming,
¢; for ¢y and Z; for X;.) Y, = Y, ¢;Z; with sup, ¢} < ¢i/r, where ¢ is
some global constant, as we already know from the proof of Theorem 3.15. Thus
changing the mean in the Y by a is equivalent to changing the mean in each
Z; by ca (the inverse wavelet transform of w;j equal to a and all the other
coeflicients w,x, zero is (ac;p;)ien, this follows from the orthogonality of the
wavelet transform). Hence it follows from our preparations (with t,; = anci\/7):

dpP,. a?

i exp (anUn -5 v+ OPO(l)) (18)

with U, = % S (eiv/r)g(z;) and 4* = Ep g(x;)*. Note that > 7, (v/re;)* =r.
Because of the central limit theorem U,, converges in distribution to an N(0,~?)
distribution, i.e. U, = V,, + R,, where V;, is an N(0,~?) distribution and R,
converges to 0 in probability. Since E|g(X;)|?/?, Theorem 5.8 in [38] which is
about the uniform convergence in the central limit theorem ensures that this

convergence only depends on ¢, := sup, |t,;| and r. Thus combining (17) and
(18),

Py (Vn—i-OPO(l)Z Og(j 2)+a2”y ) > p1

is needed. Let ¢, :=log+/n/\/n, and let a,, be the solution of

log(e,Cs) = any? L (1-m
=
R o)

(19)

where ® is the error function. Now for some ng and all n > ng

log(,C%) N an”yz)

Fy (Vn +op,(1) >

ay 2
1 2C Y2 1-—
> p(v,> og(e 2)+a7 ) - P
ay, 2 2
1 2C n 1-—
_ 1_¢(0g(5 2)+a7+1)_ 14
Y 2 2

= pl
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Simple calculations yield now that the solution of equation (19) is

0 = <1 — @—1(1—%)>2 - 2]og(5n02) B 1 — @—1(1—%)
\

¥ Y2 ¥

2
B logn_QlogCg—i—loglog\/ﬁ_i_ 1—@-1()
\ 7? Y
-0 ()
Y
Viogn
Y

Now we can apply the machinery from the proofs of the Theorems 3.10 and 3.13
and this gives

infz supy — B)j0-0] —

L. 7 min(6?,

lim inf 7 +Ez‘;mm( %) > 0.
n—oo logn/vy

3.4 Conclusions

In the previous sections, we examined the ideal estimator approach for soft
thresholding; and computing the optimal thresholds was easy in this context.
The optimal threshold for soft thresholding is the solution of a simple equality
involving only the distribution of the noise. If a closed form of the distribution
is not at hand, then it is more difficult to compute the optimal threshold.

Variations of the Theorems 3.2, 3.5 and 3.7 also hold for related type of
estimators, for example hard thresholding and the estimator T3/ of the second
section. In each case, the size of the threshold parameter and the performance
of the estimator is governed by the tail behavior of the noise distribution. The
asymptotic performance is the same as for soft thresholding, as long the density
satisfies the conditions of Theorem 3.7, i.e. that it decays like exp(—h(x)), where
h grows faster than x°, ¢ > 0.

The main advantage of the ideal estimator scheme is that no a-priori knowl-
edge is required, the only heuristic is that the wavelet representation of the
function is sparse. Another heuristic is, that the wavelet transform of the signal
is not only sparse, but that in the finer levels it is sparser than in the coarser
levels. For example, a discontinuity affects O(1/27) of the coefficients at the level
7. Further we also saw how the wavelet coefficients decay with the levels. So if
we know in which smoothness class a function belongs, then it might be better
to apply different thresholds to different levels.
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It is also possible to apply the ideal estimator method only level-wise, but
this is no longer a minimax scheme. The thresholds are a little bit too small, the
sum of the risks at 0 of the coefficients is of size ~ constant log? n. In practice the
higher levels are not thresholded. Note that this does not change the asymptotic
performance of our scheme. After all only a smaller and smaller fraction of the
wavelet coefficients is not thresholded. But there is another method, where the
threshold for the n'* coefficient is always the same, the thresholds depend on the
coefficient. This is presented next.

Theorem 3.18 Let Y; = 0, + z;, i = 1,...,n, where the 0; are parameters of
interest and the z; are itd normal random variables with mean zero and variance
02, and where A, and p(-,-) have their usual meaning (as in Theorem 3.2). Let

i be such that p(\;,0) = 202%/i and let
~ B3 |TE (Vi) — 6:f

A, = su
GEJRPH o? + Bn(0> o )
Then
. A,
lim =— = 1.
n—o00 An

Proof: It is clear that if p(xi, 0) is decreasing in i, then N is increasing. Our
first step is to prove A\,/+/2logno? — 1. First note that

p(A,0) \/W/,\ : exp(—2?/(207))dx > exp(—(\ + 3)%/(20%))

for A\ large enough. Also for x large enough
1

V2ra?

and by Mill’s ratio (see [41, p.850]).

2x% exp(—2?/(20?)) < exp(—(z — 1)*/(20?))

\/W eXp 2?/(20%))dx ~ \/_)\ eXp( M /(202)).
With these relations it follows that for large A
exp(—(A +3)%/(20%)) < p(A, 0) < exp(—(X = 2)*/(207)).
Let ¢(\) := p(A,0), ¢ is increasing and its inverse ¢~' behaves near 0 like

2log(1/z)o?, ie. lim,_oq '(z)//2log(1/x)o? = 1. Thus our claim follows:
limy, 00 An/y/202logn = 1.

Now, let 6 € R", if |§;] > 0, 1 < j < n, then, since p(Xj,ej) < p(x, 00) (see
proof of Theorem 3.2)

S P 0) _ Eieniss PO 00) + POy, )
B,(0,0%) — B, (0,0?) '
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If |0;] < o and (X7, p(Ni, 60:))/B.(0,0%) > 1 then, since p(X, 0;) < p(X,0) + 62
(again see proof of Theorem 3.2):
S PN 0:) + p(N, 05) Sy iz PN, 0) + p(X;, 0) + 62
0%+ i min(6;7,0%) + 65 — o2+ D it min(67, 0%) 4 63
Z?:Li#j p(xw 0@) + p(xﬁ O)
0% + Y i iy min(07, 0%)

Z?zl p(xu Qi)

Thus if sup 5 > 1 then it follows from the preceding calculations
perr  Bn(0,0?)
that
(N, 0 . Xhei
sup 21:1 p( 27 ) S sup Zz:l p( 2 )
fcIR™ Bn(0> g ) 0e{0,00}" Bn(0> o )
_ sup Ziej p(Xi, 0) + Ziejc()\? + ‘72)
JC{l,..n} o?(|Je] + 1)
2 el (Y2 2
< sw (210gn+22)0 + [ J|(As, + 07)
JC{1,..n} o?(|J¢ + 1)
~ An>
since Y7 1/i <logn +1 and (A2 + 02) /0% ~ A, ~ 2logn. O

The above result could be transfered to other distributions, where the density
has an exponential decay like in Theorem 3.7. The main point is to choose A;
such that Y7 p(\;,0) = A,0?. We could also choose the thresholds level-wise,
this would lead to thresholds of size ~ v/2m for the m®" level, but there is no
big difference to the thresholds in Theorem 3.18. The thresholds are quite close
to the thresholds in the next section, where the choice of thresholds is based on
another minimax approach.

The minimax bounds for thresholding depend on the tail behavior of the noise
in the wavelet coefficients. If only a small fraction of the noise coefficients has a
heavy tail, then the minimax bound will be large. This was exploited for the noise
with compact support, there we only considered the topmost /n coefficients.
For a lower bound for the heavy tail noise, we considered only the finest scale
wavelet coefficients which are about one half of all wavelet coefficients. The
minimax result for the noise with very smooth density is not general but shows
that if in the case of noise with bounded support one wants to be better than soft
thresholding one has to exploit special properties of the noise distribution, maybe
something like a running median. It was noted earlier that the soft thresholding
estimator is not admissible. In particular, the behavior for large values is bad, it
seems that hard thresholding is a better choice. Also there are other continuous
shrinkers that tend to the identity function for large values. In our minimax
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n— 32 128 512 2048 65536 224 232

) 128 1.67 204 240 322 435 53l
exp(—|z]) 1.58 219 285 3.55 543 870 12.15
exp(—+/]z]) 2.18 326 460 621 11.6 242 421
11.() 1.04 1.26 142 153 166 1.72 1.74
1/x'%+1 1.11 140 1.68 1.99 296 553 10.3
1/(x* 4+ 1) 1.99 3.28 530 846 27.0 171 1088
1/((z +20)* 4+ 1) 2.78 4.67 7.64 123 40.0 256 1625

1/((x+0.1)"+1) [208 344 557 891 285 181 1149
999¢(z) + 1/(z +1)* | 1.28 1.67 2.05 242 351 220 141
9¢(z) + 1/(z +1)* | 129 1.69 210 257 7.23 479 306
9p(z) + 1/(x+1)* | 1.37 1.93 289 48 162 105 666

Figure 8: The optimal thresholds for some densities

framework it does not pay off to use such an estimator. Further this chapter
showed us that in our context one cannot do asymptotically better than soft
thresholding. Another reason for negligence of the performance of our estimator
is that we do not measure the risk directly but compare it to our benchmark.

The results in this chapter are chiefly of an asymptotic nature. For Gaussian
noise the thresholds A\, = \/2logn are asymptotically optimal, but especially for
small n they are larger than the actual optimal thresholds (see [15]), namely the
solution of equation (6):

(2 /:o(x = )\)2<I>(dx)) (n+1) =X+

The same holds for noise with distributions like exp(—h(z)) where the asymptot-
ically optimal thresholds are of size h™!(log(n)), if h is a fractional polynomial.
Although there are in general no closed form formulas for the thresholds, it is
possible to compute numerical approximations quite easily. I performed some
calculations with Mathematica to compute the optimal thresholds, the results
can be seen in Figure 8. The type of noise distributions considered are the nor-
mal distribution, the Laplace distribution and the distribution with the density
c1 exp(—ca4/|z|). Additionally I added the optimal thresholds for distributions
with polynomial decay, the uniform distribution and some mixtures of them. All
distributions are scaled so that there variance is 1.

In the table the densities are labeled only by the functional part of the densi-
ties, i.e. the actual density is the functional part scaled such that it has variance
1. Example: exp(—x?) is a functional part of the density of a normal distribution.
The rational for a maximal n = 232 is that most of todays (1999) computers are
not able to work with datasets larger than 232 (32 bit address bus). The Fig-
ures 9 and 10 show the ratio of the asymptotic threshold term and the optimal
threshold for the normal distribution and the Laplace distribution. The values
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1.7

1.6

Figure 9: Ratio of asymptotic threshold and optimal threshold for the Normal
distribution

on the horizontal axis are the dual logarithms of n. As one sees the asymptotic
works very slowly.

1.45

1.35

Figure 10: Ratio of asymptotic threshold and optimal threshold for the Laplace
distribution

For non-Gaussian noise it is complicated to compute the distribution of the
noise in the upper levels of the transformed signal. The consequence of the
theorems 3.5 and 3.6 was to use thresholds based on the initial noise. If this noise
is heavy tailed than the thresholds for the upper levels are higher than actually
necessary. In our minimax approach it does not pay off to waste thoughts on
this. In the next section we will see, that depending on the noise, from some level
on upward the thresholds can be chosen as for Gaussian noise. Also for the lower
levels, the thresholds based on the initial noise is also often to high. For example,
let X be a random variable with a Laplace distribution with £X? = 1 and An
such that (1+n)px(A,0) = A% + 1. Let Y be an independent copy of X and \,
be the solution of (1 +n)p x,yy,y5(A,0) = A? + 1. Then for n = 512, A, = 1.99

and )\, = 1.81 and for n = 216 \, = 4.1 and \, = 3.55. So it is reasonable to
expect that the optimal thresholds for higher level wavelet coefficients are much
smaller than the optimal thresholds for the Laplace distribution.
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Unfortunately, computing the optimal threshold (in the sense of Theorem
3.2) is very difficult for convolutions. After all we have to solve the following
equation

(n+1) /| (= APada) = 3 0

When using an numerical iterative method, this involves several computations
of high dimensional integrals if i is a convolution and the density of p is not
explicitly known.

In practice the variance of the data is usually not known, the variance has to
be estimated. The oracle method is highly sensitive to the estimated variance. If
the thresholds are chosen based on a variance estimation which is to small, then
the absolute difference in risk to the thresholding based on a better variance
estimation might be small for a certain signal, but the ratio of the risk and
the benchmark might be much higher for the soft thresholding with a smaller
threshold.

Of course the oracle is not always the optimal estimator, so let X be a mean
zero random variable with variance 1 and consider the linear shrinker x — ax,
a € (0,1), then E(a(X +a)—a)*= (1 —a)?a®+a® If |a| =1 and and a = 1/2
then ((1 — a)?a® + a?)/(min(a?, 1)) = 1/2. Also in some cases knowing the best
threshold for soft thresholding can be better than the risk of the oracle. But it
is easy to see that this ratio is bounded away from 0, let p(-, -) the risk function
for soft thresholding for some distribution p with variance 1 and mean zero, for
simplicity we assume g is also symmetric about 0. Since p(A,a) is increasing in
a:

A
¢, := infinf 7]9( )
acR A min(a?, 1)

> inf inf

2 _ _ o0 _ 2
e e el i Vi 120
0<a<l A a

If A > 1/2, then the last term is larger than u((—oo, —1/2)), if A < 1/2 then it
is larger than 2 [7,(z — 1/2)?u(dx). For example for the Gaussian distribution
cy is larger than 0.7. Let A, and A, now have there usual meaning in the sense
of Theorem 3.2 with respect to the distribution pu. If \; ¢ = 1,...,n is a set of
thresholds, then

sup Zi:lnplt()‘niai) < &

acR” 1 + Zi:l p“()\i, ai) Cu

A, /c, seems to be big, but if for example for 0 < e; < 1, n°* of the a; are

larger than 1 then for any soft thresholding estimator the risk will be of size at
least O(n®). If the thresholds are chosen to small or to large, then it can easily
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happen that the risk is of size O(n®?) with €2 > £;. So if one wants to play safe
then thresholds based on the ideal estimator method are a good choice.

As we already mentioned, the oracle method can also be used in other cir-
cumstances than wavelet thresholding. Any sparse estimation problem is a good
candidate for this method. For example when using an experimental new estima-
tor, all that has to be known is the variance of the noise in the coefficients. Often
it is not possible to quantify the expectation of the sparseness of the signal.

Interesting is a comparison of the performance of the different thresholds, and
the performance of soft thresholding for non-Gaussian noise. For this I undertook
a small Monte-Carlo study. The target signals are depicted in Figure 11, they
were introduced by Donoho and Johnstone ([15]). Note that the functions blocks

Figure 11: The 4 Signals of Donoho and Johnstone
doppler blocks
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and heavysine are not continuous and hence not in a Besov space B}, where
m > 1/p. The simulation was performed with S+ from StatSci and the software
package wavethresh for S+ from Guy Nason. As wavelet base the least asym-
metric wavelets of Daubechies, with a filter length of 16 were chosen (see [9]).
As lengths of the signal were chosen 512 and 8192. The noise is Gaussian noise
and random variables with a Student distribution with four degrees of freedom,
scaled to have variance 1. The density of this distribution decays like 1/2°, so its

tail is quite heavy. The thresholds used are the optimal thresholds of Theorem
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3.2 for Gaussian noise, respectively for n = 512 and n = 8192. For each com-
bination of noise, signal and signal length different thresholding methods were
applied: all levels are thresholded, the first three levels are not thresholded and
the first 5 levels are not thresholded, denoted by 0, 3 and 5 in the tables. The
numbers in the tables are the means of the square errors for 100 runs, divided
by the length of the signal. Clearly the decision which levels are not thresholded
has a large influence on the performance of the estimator.

Optimal Gaussian thresholds
Signal length = 512

Gaussian noise Student noise
signal 0 3 5 0 3 5
doppler || 0.45 | 0.40 | 0.35 || 0.51 | 0.49 | 0.39
blocks 0.98 {0.93 ]| 0.77 || 0.97 | 1.03 | 0.80
bumps 1.11 | 1.12 | 1.02 || 1.17 | 1.17 | 1.07

heavisine || 0.24 | 0.18 | 0.15 || 0.34 | 0.22 | 0.21

Signal length = 8192

Gaussian noise Student noise
signal 0 3 5 0 3 5
doppler 0.074 | 0.07 | 0.06 || 0.099 | 0.095 | 0.094
blocks 0.22 |10.22 |0.20 024 024 |0.24
bumps 0.21 0.21 0.19 0.24 |0.23 |0.23
heavisine || 0.046 | 0.043 | 0.034 || 0.074 | 0.064 | 0.068

Additionally I tried the estimator of Theorem 3.18, but the coefficients of one
level were thresholded with the largest threshold for that level of the original
estimator, i.e. the level j was thresholded with Ay ; of Theorem 3.18.

Thresholds of Theorem 3.18

Gaussian noise | Student noise
signal 512 | 8192 512 | 8192
doppler 0.39 | 0.046 0.49 | 0.095
blocks 0.91 ] 0.18 1.07 | 0.26
bumps 1.16 | 0.16 1.20 | 0.25
heavisine || 0.17 | 0.028 0.23 | 0.070

Also for comparison the James-Stein estimator was applied level-wise to the
wavelet coefficients. The first 5 levels were treated as as one level.

(23 = o*(n +2))+
]2

To(xy, ..., xn) = (T1,...,2p)
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where o2 is the variance of the noise. This estimator tries to shrink the values

with an estimate of the best linear shrinkage coefficient.

James-Stein estimator

Gaussian noise || Student noise
signal 512 | 8192 512 | 8192
doppler 0.55 | 0.077 0.58 | 0.078
blocks 0.75 | 0.26 0.74 1 0.26
bumps 0.91 | 0.14 0.92 | 0.14
heavisine || 0.18 | 0.040 0.19 | 0.043

The result of this small study is that the performance of the estimator which
does not threshold the first five levels and the estimator of Theorem 3.18 are
comparable. Surprising is the good performance of the James-Stein estimator, it
is also robuster if the noise is not Gaussian noise.

Some estimators were suggested, that apply a linear estimator to the wavelet
coefficients, where some constants are chosen depending on the data. Because of
the following result of Donoho and Johnstone ([16, Theorem 5]) the estimators
are not that useful.

Let X1,..., X, beiid mean zero Gaussian random variables with variance o2,
then for all a € IR"

ing(oz(X +a) —a)® > BE(Ty(X +a) — a)® — 207,

So what does this mean? Assume we are given a signal of length n, which is
contaminated with iid Gaussian noise, the noise has variance 1. Then the risk of
any estimator which shrinks linearly each level of the wavelet transform of the
data with a fixed coefficient is larger than the risk of the estimator which applies
T}, level-wise minus 2log, n (we have log, n levels). Note that this property is
independent of the signal itself. The situation might change if the linear shrinkage
coefficients are chosen dependent on the noisy wavelet transform, this is what 77,
does.
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4 The function space approach

In the previous chapter we compared the performance of wavelet estimators to
a benchmark and tried to obtain minimax results for this ratio. The other well
known approach is to assume the function is a member of a bounded subset of a
smoothness class and to compute minimax bounds for estimation in this context.
Donoho and Johnstone had early results for this type of estimation problem see
[15],[17] or [13], later Deylon and Juditsky [12] and Neumann and Spokoiny [37],
extended this to non-Gaussian noise. In this chapter will give an extension of
the results of Deylon and Juditsky and Neumann and Spokoiny. Deylon and
Juditsky showed that for rather general noises, one can have the same minimax
rate as for Gaussian noise. Neumann and Spokoiny showed that under somewhat
stronger conditions the ratio of the minimax risk for Gaussian noise and other
types of noises tends to 1. I will show that under lesser conditions on the noise,
for soft thresholding the ratio of the minimax risk for Gaussian noise and other
types of noises tends to 1.

In the second part I will show that if the noise is heavy tailed then by me-
dian filtering the data and then applying wavelet thresholding it is still possible
to have the same minimax rate as for Gaussian noise. The chapter concludes
with two examples for when there are estimators which are better than wavelet
thresholding.

4.1 The moment conditions

The model we consider is quite similar to the one in the previous chapters. We
are given data X; = f; +n %2z, i=1,...,n, n = 2" h € IN, where (f;) is the
signal in our data which we want to estimate and the (z;) are iid random variables
which represent the noise. Actually we think of f; = f.; = f(i/n)//n, so we
assume our data is sampled from some real signal with rate 1/n and multiplied
by 1/4/n. The mean of z; is 0 and the variance is 1. We will apply a wavelet
transform W,, to the data, so we have then noisy wavelet coefficients.

wk:ak—l—ek;k:l,...,?‘) andwj,k:aj,k—l—ej,k;jgjo,kzl,...,QjO

where jj is a fixed constant, i.e. we assume we stop the wavelet transformation at
the level jo. (Of course the coefficients depend also on n). Again we use a wavelet
transform adapted to an interval, either by periodization or boundary corrections.
This model is reasonable if we assume that f(i/n)/y/n is a good approximation
for the scaling coefficient with the index (h, 7), but this has already been discussed
in the introduction. The difference to the previous model in chapter 3 is that we
do not compare the performance of estimators with a benchmark, but we restrict
the possible values of (a..). We will assume,
1/p 1/p\ 7\ 4

(Swr) o (T2 (Swwr) ] ) =
k k

Jj=Jjo
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for some constant A, where s := m + 1/2 — 1/p and m > 1/p. It was already
explained in the first chapter that if the (a..) are the wavelet coefficients of f
and the wavelet basis is sufficiently smooth then ||f]| By, < CoA, where Cy =
Ca(m,p,q) is a constant. As was mentioned earlier, the condition m > 1/p is
necessary to have well defined point values of functions in B)",. This implies that
really “nice” functions like sign(z) do not belong to any of the Besov spaces we
consider.
If the z; are Gaussian iid random variables, then the minimax rate in this

model is n=2™/Cm+1) e,

inf  sup E|a—al3~ eI, (20)

@ alall g, <C

where the infimum is for all estimators and c¢ is a positive constant (see [37]).

Further estimators based on soft thresholding achieve this rate. Later it was
shown by Neumann and Spokoiny ([37]) that for noise with all moments, soft
thresholding achieves the same rate as in the Gaussian case, the actual perfor-
mance, not just the rate in both cases is the same, i.e. the ¢ in relation (20) is the
same. If the noise satisfies certain regularity conditions, then even the minimax
rate is the same. Deylon and Juditsky ([12]) extended these results by showing
that even for more general distributions, soft thresholding can achieve the same
rate as in the Gaussian case. I want to complement this result, by showing that if
the noise fulfills some moment conditions, soft thresholding actually achieves the
same asymptotic performance as soft thresholding in the Gaussian case. (Well,
we need fairly high moments.) We use an idea already employed by Deylon and
Juditsky, namely it is possible to assume the noise is bounded.

Theorem 4.1 Assume the situation at the beginning of the chapter holds, and
p,qg > 1 and m > 1/p are constants. The (z;) have finite moments of order L
where L satisfies the respectively the conditions

L ifp>2 (21)

~ om@m + 1)

and 6(m +1/2 — 1/p)(2m + 1)
(m—+1/2—1/p)2m+1) —m

Further their distribution is symmetric and continuous. Then

if1<p<2. (22)

by Supg oy <4 Ba 3 [T (ws = agp) 2
lim inf — e 3 > > 1, (23)
n—00 lnf(x) supa’HaHB% <A FE Zj,k |ij,k (wj,k - Clj,k)|

where Eg stands for the mean when the z; have a normal distribution.

The requirement for symmetric random distributions is for technical reasons, be-
cause we will need that Ez;1,,;~ay = 0 for all A. The requirement for continuous
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distributions is made to simplify partial integration. These requirements can be
circumvented by more technical efforts in the proof.
To prove this theorem we will need some lemmas.

Lemma 4.2 Let s :==m+ 1/2 —1/p and and assume

q\ 1/q

1/p 1/p
(Zlaklp> + D2 <Z|aj,k|p> < A,

k Jj=Jjo

for some A > 0. Then for all l > jg

Z Ha H2 < A2(2—2m)l/(1 _ 2—2m) — O(n—a2m) ) Z 2
= 1112 = A2(2—2s)l/(1 _ 2—25) — O(n—o&s) -1 S p < 92
where n = 2" and for all o with 28 > n® = 2",

Proof: As usual, in the level j there are 2/ coefficients a;.. It is clear that for
J > Jo, 2¢|la;. ||, < A. If p > 2 then:

< (@) ay, 1)

< 92i(1/2-1/p) 29-2js

— A29-2(s=1/2+1/p) _ g29-2jm

la. 112

If 1 <p <2 then |
a2 < a2 < 42225

—2m\1 _2—2m . 22
Sl < { Gt e P2,

j>l

Thus

So if 28 > 2°" then

Sl g < { /-2 ez
N = Ao /(1 27) s 1<p <2
J=Z
0
This Lemma implies that if we want to achieve the same minimax rate as for
Gaussian noise, we do not have to care about coefficients in the levels [ = ah and
below as long as a > 1/(2m + 1) if p > 2 and a > 2m/((2m + 1)s) if 1 < p < 2.
The reason is the L?-norm of these coefficients is of size o(n=2™/(m+1)  For
p > 2, let [ be such that 2n'/m+D) > 9l > p1/@m+1) then the simple estimator
which discards the coefficients in the level [ and below achieves the minimax rate

since
2 o __2m 2 __2m
E aj, =0 (n 2m+1) and E Ez, =0 (n 2m+1) )

jzbk J<bk

We will want to use the following result of Kolmogorov (see [41, p.855]).
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Lemma 4.3 Let X;, i = 1,...,n be independent random variables with mean

zero. Let s, = /> - EX? and |X;| < K, i=1,...,n and S, = Y . | X;.

Th
" o (2 (1-25)) A< /K
P(Sy/sn > A) < 2 2on o= .
exp (F32) PA> s /K

The next Lemma is a simple application of the previous one.

Lemma 4.4 Let Xy, ..., Xy be independent mean zero random variables and let
e>0. Assume | Xillow < K, =O(n ™), i=1,....k and ¢ | EX? = 1. Let F
be the distribution function onle X;. Let A\, =logn and ¢, := (1-K,,/(2\,)).
Then for a with 0 < a < A\,

/00 22 F(dr) < (a* + 2) /e, exp(—cna®/2) + o(exp(1/K.,)).
Proof: Using Lemma 4.3 we obtain
/oo 2dF(z) = (1 — F(a))+2 /oo 2(1 — F2))dz
< a?exp(—c,a?/2) + 2/00 rexp(—c,2?/2)dx

+2/IZ vexp(—z/(4K,))dx

= ... +2/cpexp(—cna®/2) — 8K, exp(—x/(4Kn))|‘1’7Kn
4 8K, / exp(—1/(4K,))dx
1/K,

= ... +...+8exp(—1/(4K?)) + 32K2 exp(—1/(4K2))
< (a* +2)/c, exp(—cna®/2) + o(exp(1/K,)).

Further we need the following result about large deviations which is a simple
extension of Lemma 5.8 in [38], the difference to this Lemma is that the require-
ment of identical distributions of the random variables is dropped. In the sequel
¢ will denote the distribution of a N (0, 1) random variable.

Lemma 4.5 Let C > 0 and ¢ € (0,1), then there exists an increasing se-

quence (B,) converging to 1 such that for independent mean zero random variables
X1, ..., X with Zle EX? =1 and max,—,,_; B|X;|> < Cn™3/? and all  with
|z| < eyv2logn

P(Zf:l X; <)
P((—o0, z])

P(Zf:l X; > x)
P ((2,00))

Proof: The proof with the help of Esseen’s inequality ([38, Theorem 5.4]) is
essentially the same as for Lemma 5.8 in [38].

Bn < < 1/Bn and B, <

<1/B..  (24)
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Lemma 4.6 Let X;, i =1,...,n be iid random variables with my := EX} < oo,
EX; =0, EX{ =1 LetY :=3% "  a;X; where > ;a7 =1. Then 3 < EY* <
my if ma >3 and 3> EY* > my if my < 3.

Note that 3 is the fourth moment of a N(0, 1) random variable.
Proof:

4
E(Zain) = Za mg+ 3 Z afa?

1,5, 17#]

o (Ee(z)

i JJF

= Tn42a;l +3 (Za?(l — a?))

= m42a§+3 (Za?—Zaf)
= (m4—3)2a§+3

= ma+(my—3 (Za —1)

The assertion follows now for both cases since Y, af < 1. O

Proof of Theorem 4.1: We will show that we can discard the coefficients from
a certain level downward because the #2-norm of these is small compared to the
minimax risk. For the other levels we will show that with the right thresholds
we can achieve the same minimax performance as for Gaussian noise.

So first let us consider the following situation, let o € (0,1) be fixed and !
such that 2! < n® < 2! and (¢,) is a sequence which tends to infinity. Assume
T; 1, are functions with sup, |Tjx(x) — x| < d,, with d,, = O(logn/+/n). Define
A, = {max; |z| < en}, €, :=1— P(A,), and let z; := min(max(z;, —¢,), ¢,) and

ik = (W(Z/Vn))jn.
E |Tinlaje + ejx) — ajxl’

J<lk
= B |Tiklajr + ejn) — ajulLa, + > [Tinlajn + eju) — ajul*Lag
J<lk i<,k
< EZ| in(aje +€n) — ajrl? +Z| in(aje +ein) — ajnl? 140
J<l,k j<lk
< L. +Z\/E| ik(ajr +ejr) —ajrl*v/ P(AS)
i<,k

< E...+2m°/8(M +db)\/z,
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where M := max(3, Ez{)/n* > Ee?, because of Lemma 4.6.

If £, = O(1/n?) then the term 2n®\/8(M + d%),/, is of size o(1/n). Thus if we
discard the coefficients from the level [ downward and use thresholds that are
smaller than logn/y/n, then w.l.o.g. we can assume the z; are bounded by c¢,,
since o(1/n) is small compared to the minimax risk. Consider the coefficients in
the level [ (with 2! < n® < 2!1) and above. Let w be the noise part in one of
these coefficients, then with n = 2"

w— sz\j—% and max lv;| < C127 D72 < Cpv/pe T, (25)
i=1

where C7 only depends on the type of the wavelet transform. To assume that
the z; are bounded and thus to be able to use the Lemmas 4.3 and 4.4, we will
need that P(maxi<i<, |22~ "0/2| > n=¢) = O(1/n?) for some ¢ > 0. The z
have moments of order L, hence

P(max |2,2”"0/2 > n=%)
1<i<n

nP(|z|2~"0/2 > p=e)

<
S nE|Zl|Ln—L(1—a)/2nsL
< E|21|Ln1_L((1_a)/2_6).

This implies that P(max;<i<,, |22~ "0/2 > n=¢) = O(1/n?) if 1 - L((1—a)/2—
£) < —2 and this is given if

L>—o0
“(l—a)—2¢

Now let v such that Supq o) m <4 disan [@kl> = o(n™2m/Cm+) 1if p > 2 then
P,q— -

Lemma 4.2 implies 1 — a < 2m/(2m + 1) and hence

6
L > . 26
2m/(2m + 1) — 2¢ (26)
In the same way for 1 < p < 2 we need o > (m+1/2_f}p)(2m+1) and thus
L 0 2
7 2 1) CmiD)—m oz (27)

(m+1/2—1/p)(2m~+1)

Since € can be arbitrarily small, these are the same conditions as in the theorem.
Here are some examples for the moment conditions for 1 < p < 2:

m=1/2,p=2 = L>12,

m=1p=1 = L > 18,
m=1p=3/2 = L > 10,
m=2p=3/2 = L>T7T7.
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As we already know the numerator in equation (23) is ~ constant n=2m/(m+1),

From now on we assume « € (0, 1) with 2! < n® < 21 such that

sup Z al, = o(1/n*™/Cm+ Y and L > 6/((1 — a) — 2¢),

H‘IHB{;},Z <A >k

for some € > 0. This is possible because of the conditions imposed on L. Thus
to prove the theorem we can choose \;; = oo for j > .

In view of the previous computations, w.l.o.g. we can assume |[|z,2"=0/2|| <
n~¢, i = 1,...,n, provided we use thresholds smaller than (logn)/y/n. This
condition implies that the noise terms in the wavelet coefficients are sums of
independent random variables which are smaller than n=¢/y/n. In the sequel, for
a distribution g, A > 0 and a € R, let p,(\,a) == [(T(z + a) — a)*u(dx). If
the e; are iid N (0, 1/n) random variables, then distribution of the noise in each
coefficient is ®,, := N(0,1/n). Let ()\;x) be the optimal minimax thresholds for
this situation. Let p;; denote the distribution of the random variable ey, i.e.
the distribution of the noise in the coefficient with index (j, k). We remember
that Ee3, = 1/n. Of course I, y1; and \;x depend on n, but for simplicity we
choose not to indicate this with notation.

If with suitable thresholds A;,

A, 1/n?
liminf inf inf 22 Ron @ F UM (28)
n—oo j<l,k a plt]’,k(}\j,]ﬁa)

holds, then soft thresholding achieves the same minimax performance as in the
Gaussian case. The reason is that

and n=2"/(m+1) ig the minimax rate for Gaussian noise. To spare us some dis-

tinction of cases, for the remainder of the proof we assume that a > 0.
Let A, be the threshold such that pg, (A,,0) = 1/n% If A > A, then

(Ty (x +a) —a)? < (T{ (v +a) — a)? for x € (=X, — a, \y).
Further [~(z — A\y)*®n(dz) = pa, (An, 0)/2 and

/__ (@4 At a) — )20 (dr) < /__ (24 A2 (de) = pa, (A, 0) /2.
Thus
Pa, (An,a) < /_/\n_ (Tf(m +a) — a)*®,(dr) + /W(Tfn (x+a) —a)*®,(dz)

+ /_ TS (@4 a) — 0, (de)

o0

< pe, (N a)+ 1/n2.
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Hence without loss of generality we will assume sup;<; , Ajx < A ~ v/2logn/y/n
and proving that for suitable thresholds A; x

lim inf inf inf 228 ) o (29)

n—oo j<l,k a peﬁk()\j,k;a)

holds is enough to complete the proof. In the following we assume pu, is the
distribution of e;x and py, := py, = pe, -

Note: Since doing computations with the variance 1/n is so nasty, we will
multiply the random variables and thresholds by /n, and the risks by n. The
size of the fraction in relation (29) is not changed by this transformation.

We will need the following inequality,

po(Na) = dp(-A<z+a<))+ //\_ (z — \)?®(dx)

+ / s )

o0

v

APO(-A—a<xr<\—a)+ /:o(x — \)?®(dr)

4 /_H(x F A+ a)20(dx)

o0

pa(A,0) + po (A + a,0)

> ®O(—A—a<z<A—a)+ 2 , (30)
since ® is symmetric. And we need another inequality, if A > 1 then
pa(A,0) > 20({x > A+ 1})
> (s ) o0 122
> e+ 12/2), (3)

where the second inequality follows from an lower bound for the error function
(see [41, p.850]). From p, we know that we can apply Lemma 4.3 and Lemma
4.4. By Lemma 4.5 there exists a sequence (3,,) which converges to 1 and an
g1 > 0 (one can choose £1 = (1 — a)/2 because of (25)) independent of the index
of the wavelet coefficient such that for a, := v/e12logn and for all ¢ with |¢| < o,

®((c, 0))
pin((c,00))

O((=00,¢))
pin((=00, ¢))

We make now a distinction of cases to prove relation (29), the first case is A <
oy, /2, the other is A > a,,/2.

Bn < and 3, <

(32)
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Assume now A < a,,/2. For fixed A define r,(z) := (T (x + a) — a)?, r, is a
function with one local minimum with value 0 at A, if A = 0 then the minimum
is at [—A, A]. Hence 7/ (z) > 0 for x > X and 7/ (z) < 0 for z < . Thus from

[ riwine = [ e [ e - ewe,

o0 o0

and

/ " ro(2)dpn (z) < /_ A (—ra(@))pn((—o0, z])dz + A a" 1 () i ([, 00) ) diz,

—Qn Qn

and inequality (32) if follows easily that

[ ral@)db(@)
o rale)dia() =

Further because of Lemma 4.4,

ro(2)dun(z) < A+ |z ?du, (z
AMM“ (@) dpn(z) < AMM0(+ID i ()

< / 42 dpi, ()
{»T|>an}

< 4((a? +2)/c2 exp(—aZ /2¢,) + o(exp(—n°)))

o(pe (A, 0)),

with ¢, = 1 —n~¢logn/2. The last identity follows from A < «,/2 via identity
(31). Since pa(A,0) < pa(A, a), the assertion (29) follows for A < a,, /2.

(33)

Now the second case:
A > /2.

Choose the smallest \ such that
pe(A+1,0) > pp(X,0) and X > A,

It is a simple consequence of Lemma 4.4 and relation (31) that A/ X — 1 uniformly
for A > a,,/2 (remember that we assume A < A, ~ y/2logn). We have to make
another distinction of cases, the first case is |a| < 1.

Because of p,(\, a) < a2 + p,(X, 0) and (30) it follows

peha) BN =LA 1)+ (pa(A+ 1,0) + pa(1,0))/2
@5 pa(a) s @+ pu(),0)
= |1T1<fl q)((_&n/2 - 170471/2 - 1)) - 17
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the second inequality holds since A > «,, /2.

The case a > 1 is more complicated: If @ > 1 then since pa(A, a) > pa(A, 1)
clearly pe(A,a) > 1/2 and p(A, a) > 1/2 if ay, is sufficiently large, further

| @ara-atn) < [ aE R
{lz[>an} {lz[>an}
= o),

since A ~ A < An ~ v/2logn. Like in the paragraph above for equation (33) it
easy to see
[T (T8 (x + a) — a)*®(dx)

jiuf, iuf f_a;‘o:(T%(x o) —aru(de)
thus B
liminf inf inf M > 1.
n—00 A>an/2021 p (X a)
To finish the proof we have to show now
liminf inf inf M = liminf inf inf ffooo (Ts(x T~ a)2q>(dx) >1

A
noos Azan/20>1 pg (X a) oo Azan/2a>1 [70 (T2(x + a) — a)?®(dz)

First let us note that if # < A—a then clearly (T3 (z +a) —a)* > (75 (z+a) —a)*.
Again there are two cases, a < o, /4 and a > «, /4.

Assume a < oy, /4 then for v > a,/4, z* > T5(( + a) — a)? and hence
SUD <, /4 faoj/4(TX(33 +a) —a)?*®(dz) = o(1). If x < ap/4d < A —a,/4 < X —aq,
then (7% (z +a) —a)* > (T¢ (v +a) — a)?, thus the assertion follows for a < a,,/4
since pa(A, a) > 1/2.

Now the second case: if a > a,,/4 then

(e +a) o | (a/A=2)
/4 — A .

inf inf
a>04n/4m§x-an/4 TXS((:L. + a) - CL) N

Since

/fo (x4 a) — a)’D(dz) < /fo (/4 + )20 (dx)
>\—Oén/4 >\_an/4

22 4+ a2 /8D (dx) = o(1).

< /Wz + a2 /80 (dz) = of1)

and pe (A, a) > 1/2 the the relation (34) holds for a > «,, /4. O
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4.2 Very heavy tails

The conditions for Theorem 4.1 are quite strong, we want to try now to apply
wavelet thresholding to noises with rather heavy tails. Under these conditions
we will be able to achieve at least the same minimax rate as in the Gaussian case,
but the constants are larger. The idea we will employ is simple, we will apply a
median filter to our data and then apply wavelet thresholding to this data.

In the paper of Deylon and Juditsky conditions are given that soft thresh-
olding achieves the same minimax rate as in the Gaussian case. In some case a
finite third moment is enough. Kovac and Silverman ([30]) used median based
filtering for detecting outliers.

In the following given ay, . . ., agkt+1, med(aq, . . ., asky1) will denote the number
x such that [{i:a; >z} =k+1and [{i:a; <z} =k+ 1. We will use the
abbreviation med(a;, 2k 4+ 1) for med(a;_g, . . ., a;+x). If i is smaller than k, then
med(a;, 2k+1) := med(ay, .. ., agk11), a similar boundary correction is performed

for the largest indexes. The following Lemma, whose proof is clear, makes the
advantage of the median filter clear:

Lemma 4.7 Let X1,...,Xor_1 be independent random wvariables and c,p > 0
such that

then

k xkp’

Clearly med(Xy, ..., Xok—1) has moments of order kp — €, for all € > 0.

2% — 1
P(med(X, ..., Xop 1) > 2) < ( g ) <

Thus for example the median of 7 Cauchy distributed random variables has
moments of order up to 4 — ¢, ¢ > 0. The downside of this approach is that we
introduce an additional bias. But let us give our main result now, the situation
is as usual, we are given X; = fi +n Y2z, i = 1,...,n, n = 2", where f;
is the signal and the z; are iid random variables with symmetric distribution.
Again W, is a discrete wavelet transform for IR", based on a wavelet base with
compact support, a = W, (f) and a;r = >\, ¢jrifi- In the following let m > 0,
1<p,g<oo,m>1/pand s=m+1/2—1/p.

Theorem 4.8 Assume P(z > z) = O(1/z¢) for some ¢ > 0 and let A, B > 0.
Then there exists an | and thresholds \;j, such that

sup BT, (W(med(X, 2041)),) a2 = O (n757)
lallpm, < A ik
Zi |fz - fi—1|2 < B/n
We impose the condition Y, |f; — fi—1/*> < B/n to have control over the ¢s-norm
of the bias

n

> (Emed(X;, 20 +1) — f)?, (35)

=1
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which we introduce by filtering the initial data with a median filter. This condi-
tion is not strong, most times it follows from the Besov norm condition. But we
will take a look at this later. Note that the f,-norm of the bias in the wavelet
coefficients

> (EW,(med(X, 2 + 1)), — a;x)*

4k
is the same as (35).

Proof: Since the distribution of the z; is symmetric Emed(z;,2l+1) = 0. In the
following b, denotes the bias and e;; the pure noise in the wavelet coefficient
with index j, k, i.e.

W (med(X., 20 + 1)) = W ((f) + (bix) + (ejz)

and (e; ) = Wy (med(z., 2l 4+ 1)). First we prove that the influence of the bias of
our estimation is not too large.

E(T)i’k(aj’k; + bk +ejn) —ajx)’
= B(TY (s + bk +ejn) =T (ajn + ejp) + (Ty, (ak + e5x) — a;p))?
< BT, (g + ei0) = @) + 025+ 2bil \JE(TS (a0 + es0) — aj)?,
since [T (x + a) — T¢(x)| < |a|. Thus

Z E(Tik (aj,k + bk + ej,k) — aj,k)Q
Jk

< Y BT (ajk + €ix) — azi)’+ Y b3y
ik ik

+2 Z b Z E(Tﬁgj,k(%k + ejk) — ajk).

Note that »-., b5, = > |Emed(X;, 20 + 1) — f;]?, but for | <i <n —1,
|Emed(X;, 20 + 1) — fi

|E(med(X;, 20 + 1) — (med(z;, 2l + 1) + f;))|

< Elmed(zi + fii — fi, -, zipg + fiy — fi) — med(z;, 21 + 1)

<

-----

l

Z | firj — firj-1]-

j=—l+1

If i <lori>mn—1then |[Emed(X; 2l +1) — fil < S>3 [f; — fi—1| respectively
< iem o1 |fi = fj—1|. Hence

IN

n n—l l
Z |Emed(XZ, 2l + 1) - fz|2 S Z 2l Z |fi+j - fi+j—1|2
i=1 i=l+1 j=—Il41
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20+1 n

+ 217 Z fi = fiaal® + 207 Z fi = fial?
=2

j=n—21+1

< 8N |fi— fiaP = 0(1/n).
i=2
This implies if we choose a fixed median filter, then it suffices to prove

sup EZ TS (Walfi +Zx) — aji)? zo(n—zi‘%)
lallpm, <A 7

where Z; := med(z;, D) and D is chosen such that F|z|l < oo and L satisfies

(depending on p) the moment conditions of Theorem 4.1. So we could apply

Theorem 4.1 if the z; were independent. The following two lemmas are adaptions

to the new situation.

Lemma 4.9 Let Xi,..., X, be bounded random wvariables, HX Hoo < K and
Xi, X are independent if |i — j| > D. Let S; = Z[(” 2 /D]X =1,...,D,

ESJZ, and Opae = max,—1 _po; (we simply set X =0 for k >n). Then

-----

n 2)\22 1 : )\ < O-gn,aacD
P (ZXi > A) < D{exp (i) <2< Sy (39)
ow (i) ohx

Proof: Note that the S; are sums of independent random variables.

— ZP(Si/Ji > A/(0:D))

0_2
< { exp (2[3\220—.2 1 - 2/1\;0(—2)) A< %D
o A O'Z-QD
=1 Lexp (575) A=
22 1 2D
< { exp (2D2o—§ 5) = é{D
Y o;
=t Lexp (17p) =K
—\? : TimazD
< D{“"(m) PAS o
>\ . O’m/(lx
exp (77p) DA TR
where the last inequality holds since if A\ < o2 D/K then \?/(4D%*?2 ) <
\(4K D). 0
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Lemma 4.10 Let Xi,..., X, be random variables with EX; = 0, E|X;]? <
Cn=32, i = 1,...,n and X;, X; are independent if |i — j| > D. Let S; =

Zgigl)/DXiDH, j=1...,D, 05 = 1/ESJ2 and Omaz = MaXj—

Xy =0 for k >n). Then for all e < 1

-----

P(Z?:l X; < —x)

lim sup sup <D
n—0o0  0<zx<eDomaz/2logn O (_oo’a_—mD))
and PST ¥
: ;>
lim sup sup (2 iz Xi 2 7) <D
n—00  0<z<eDomazv2logn O ((a x > oo))
where the rate only depends on € and C.
Proof: If x > 0 then,
n D
P <ZX > x) < Y P(S;> /D)
i=1 j=1
D
< S P(Si/o; > v/(0naD)).
j=1

A similar inequality holds for x < 0. Since the S; are sums of independent
random variables, the assertion follows now with Lemma 4.5. O

It is clear that in the situation of Lemma 4.10 for z > 0

PR Xi<a) PR Xi > —x)

v((emm) ()

With the help of Lemma 4.10 it is possible to prove a similar variation of Lemma
4.4.

The rest of the proof is quite similar to the proof of Theorem 4.1. Now let z; :=
med(z;, D) and D is chosen such that E|z;|F < oo and L satisfies (depending
on p) the moment conditions of Theorem 4.1. Thus by the same reasoning as in
the proof of Theorem 4.1 we can assume that the z; are bounded by n® for some
€ > 0, for this the independence of the random variables was not needed.
Important in the proof of Theorem 4.1 was the distribution of the noise in the
wavelet coefficients. We denote the coefficients of the wavelet transform by (¢; ),
i.e. ajr = > ,;¢jrifi- At the boundary we have the problem that z; = ... =

< 2 and

z(D+1)/2 and Zn—(D-1)/2 = -+ = Zn. But
(D+1)/2 n—(D—1)/2—1 n
ek = |2 Z Ciki | + Z Cikizi + | Zn Z Cjk,i
i=1 i=(D+1)/2+1 i=n—(D—1)/2
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and the last sum satisfies the conditions of the Lemmas 4.10 and 4.9. Anyway
only about O(logn) wavelet coefficients are affected by this problem. If we do
not threshold these coefficients, the risk would increase at most by O((logn)/n)
and this is small compared to the minimax risk. Let e;5; = Z?:f) CjikiD-+ ZiD+,
05 = ey, and o7, = max; o5y, clearly o, < EZ;. Given this and
the Lemmas 4.9 and 4.10 we can proceed now as in the proof of Theorem 4.1.
Hence with the right thresholds we can achieve D times the performance of the
risk as for Gaussian noise with variance 202, D?, where o2, is the maximum
of the 0z jx Where the corresponding wavelet coefficient is not discarded. O
Important in the Lemmas 4.10 and 4.9 was the term ¢,,4,, we want to show now
that in general

Omazjk = EZ2 /D (37)
Let 3 be the Holder continuity of the wavelet base. Let h = log, n, from (10) we
already know that

|2(h_j)/20j,k,i _ ¢(2j—h2~ — k)| < 012(j_h)ﬂ,
and further
(277" — k) — (P70 = 1) — k)| < Co207M7,
for some constants C', Cs since v is Holder continuous with exponent (3. Thus
|Cjki — Cimart| < (201 + Cp)20-MBH/2)
and

2 2 I o o (G=h)/29(i—h)(B+1/2)
|Cj,k,i - Cj,k,i+1| = |Cjki — Cimivil|Ciri + Ciriv1] < C32 2 )

since the |c; 44| = O(207M/2), Cy is a constant. Because of 051 =EZ Y6 kinm
and [{i : cjxi # 0} = O(2"77) which is a consequence of using compactly
supported wavelets (see relations (1, 2)),

|J]2',k,l - U?,k,z+1| = |EZ Z(Cik,iD—i—l - C?,k,iD+l+1)|
i

= O(Ez32U=M5),

~ 2 _ g2 2 _ 2 ~
Since ), 05y, = EZi Y, ¢iy; = Ez1, the o7, are all about of the same size and

2 . . ~ ~9
thus o7, ;x is of the size ~ EZ7/D.

Now we turn to the question when

S 1~ el = 001 /m) 39

follows from HCLHB{)nq < A. If m <1 then assume 3 > m, where (3 is the Holder
continuity of the wavelet, since otherwise the characterization of smoothness via
wavelets does not make sense. Again h = log, n. Since for a constant C; > 0,

ki — Cikin| < C20=m(1/2+5)
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and |{i : ¢jr; # 0} = O(2"7), it follows

n—1

Z |Gk — Ciman|* < Co22P07N,

=1

where (' is another constant. Note that since the wavelet transform is orthogo-
nal, fi =3, ajkcjk; Thus

n—1 n—1 2
Z |fi = fin |2 = Z (Z aj,k(cj,k,i - Cj,k,i—i—l))
i=1

i=1 \ jk
n—1 2
< ZhZ(Zajkc]m %km))
i=1 7=0
n—1
< ZhZng (a6 (Cimi = Cikit))?
i=1 7=0

since #{k : ¢jki # 0 Or ¢jkit1 7é O} = O( ), see (1, 2), C5 is a constant

= thZZaMZ Ciei = Cihit1)?

71=0 k&
h—1

< OO Y DY,
k

Jj=0

h—1 .
. 2=2im . pn>9
< hCsCrA®y 2%07H { o-2js . g <9
=0 T

where the last inequality follows from the proof of Lemma 4.2. Thus if § =1
and m > 1 respectively s > 1 then the last term is equal to O(hn™2). It m < 3

respectively s < 3 then the last term is equal to O(hn=?™) respectively O(n=2%).
Hence for p > 2 we obtain

n—1
ST 1S = finl = O(log n/n~Cm2), (39)
=1

and for p < 2 we obtain

n—1
STUfi — fia? = OQlog nfn~ G2, (40)
i=1

Because of the additional condition m > 1/p, 2s > 1, for p < 2 condition 38
always follows. If p > 2 then m > 1/2 is necessary for condition (38).

Remark 4.11 This last proof shows how to deal with noise that is not inde-
pendent, but where e; and e; are independent if |i — j| > D, where D is a fized
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constant. The Lemmas 4.9 and 4.10 are applicable and then it is easy to to follow
the line of the proof of Theorem 4.8. So if the tail behavior of the noise is nice
then the minimaz rate for this problem is again the same as for Gaussian noise.
It is not necessary that the noise in the random variables converges in distribu-
tion to a normal random variable, only the bounds in the Lemmas 4.10 and 4.9
are needed. The approach via large deviation results for the wavelet coefficients
is also possible for other kind of correlated noise. In [24] Johnstone and Silver-
man tnvestigated thresholding for stationary Gaussian noise. They considered
the following model, we observe Y; = f; + e; where (e;) is a stationary Gaussian
noise process with covariance function r(k) ~ (|k|™*), a > 1/2. If a > 1 then
one can show that the performance of soft thresholding is not that different from
the iid case. The noise in the wavelet coefficients has a normal distribution and
the variance is bounded from above by a fixed constant which is smaller than
Y kez IT(K)|. Of course the wavelet coefficients are not independent, but this is
not necessary. If a < 1 the situation is different, then it can be shown that the
variance of the wavelet coefficients is not uniformly bounded.

It is simple to deal with stationary Gaussian noise, the distribution of the
noise is determined solely by the covariance function. It is not clear what is meant
if one talks about correlated non-Gaussian noise. Stationary Gaussian processes
with Y7 |1(k)| < 0o can be presented as moving average of a Gaussian white
noise process. Thus the corresponding concept for correlated non-Gaussian noise
1s @ moving average of a sequence of id random variables. So we assume

ey = Zai—kwi> keZ,
i

where the w; are iid random variables, additionally we assume ), 5 |ay| < oo.
If zj 1, is the noise in the wavelet coefficient with index (j,k) then

Zik = E Cjk,iCi = E Cj ki E ;W = E <E al—icj,k,i> wi.
i i l l i
Note that
2

E <E al—icj,k,z) = E E E Cj kuCikwl—ull—y

l i
= E E Cj kuCjkw E Al —yQl—y
= E E C]kmcjkm—l—u?n( )
< E r(wlllcjpk, H2—§ |r(u

Further max; |y, a—icj k| < max;|cjril Y, |ai|. Hence if the tail of the w; de-
cays fast enough, i.e. the density has exponential decay or has compact support,
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then the zjj converge in distribution to a normal distribution fast enough and
soft thresholding should work as well as for Gaussian noise which has the same
covariance structure. However one has to note one thing, the whole setup is
rather artificial, since knowledge of the a; and the distribution of the w; is re-
quired. Another point is, why should the covariance structure in the noise remain
the same if the sampling rate is increased? Further, if the noise is filtered white
noise, why is the signal not filtered?

4.3 Very thin tails

We want to see now what can be achieved with non-linear filtering for other
types of noise. We give two examples where thresholding of wavelet coefficients
is not the best method. We assume the same model as usual, X; = f; + z;/v/n,
i=1,...,n = 2" where the z; are iid bounded random variables. Let a = W, (f)
where W, is a discrete wavelet transform based on a wavelet base with Holder
continuity 1. We look at the minimax risk for the set |[a gy, < A with m > 1/2
and m > 1/p, again s = m + 1/2 — 1/p. By the same reasoning as in the proof
of Theorem 3.15, it is easy to show that for this type of noise, soft thresholding
has the same minimax rate as it would have for Gaussian noise with the same
variance.
Our estimator for f; based on the X; will be

~ CD .
= max Xji——, t1=1....n—D+1
fz j=0,..D—1 i+J \/ﬁ7 9 9 + 9
and for ¢ > n— D+ 1, fi = fun_py1, here cp := Emax;—__p-1 2. Thus for

1<n—D+1,

hence

=0,..,D—1

-----

—~ 1

i — Ji < i i + it —

fi—f i max |f+] fil max \/ﬁ(zﬂ ¢p)
and

ﬁ - fi > _J |fz+] fil + gnaX_l \/7(ZZ+J cp).

----------

It follows that

| fi — fil SJ mnax |fz+] fil + max  Zitj = Cp

Y

..... 77 b

-----

2 2
~ 2
E|lfi— fi? < 2 < 12 | fivs — fi+j—1|> +E (jgna%_lziﬂ - CD)
P

-----

2
2
| firs = firia* + EE (jma%_lzi—l—j - CD) -

AN
N

‘ S
(]
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A similar computation for ¢ > n — D + 1 gives
n 2 2
£ _f12< . 22 A )
Elfi— fil” < 2D ZJHUZ fimal +—F (j(g?%_lzz+3 CD)
j=m—

Hence

n n—1
EZ |fi — fi]? <4D? Z | fir1 — fil* + dvar( max  z;).
=1 i1

J=0,..., 1

From the previous section (equations (39) and (40)) we know that ). |fiq1 —
fil? = O(log nn=m"2) or O(log nn~(2*"?)), depending on p. If the distribution of

--------

-----

sup EZ |fAZ — fi]> < C(D?lognn~(m"2) 4 27D, (41)

lallpgp, <A 2

where C' is a constant. The rate in (41) is minimized by choosing D = 2log, n

and thus ,
L logn
s BN~ =0 (B (42)

lallpm, <A 5255

If p < 2 then the right side of identity (42) must be replaced by O (%)

The second example is if the z; are random variables which are uniformly
distributed on [—1, 1]. The variance of max;—;,_p z; is of size O(1/D?). Now we
have

sup EZ |f: — fi|> < C(D*lognn~m™2) 4 D72), (43)
HQHB{)’Z/QSA i=1

(respectively < C'(D*lognn~2"?) 4+ D=2)), again C is a constant. Assume now
that m > 1,if p > 2 and s > 1 if p < 2. So if we take D = y/n then

sup Efj|ﬁ—fi|2:0(loi”), (44)

lallpm, <A 5255

which is clearly better than the minimax rate for soft thresholding. The case
m < 1 or s <1 is more complicated, since then

n—1 —2m .
sup Z |fi = fira] = {822—28)) g i g '

lallpm, <A 5

Hence we have to minimize

D?logn
n2m

D?logn

1 . I
—l-ﬁlfszand s +ﬁlfp§2.
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If p > 2 choosing D = n™/?2/{/logn leads to a rate of O(y/logn/n™). This is
better than the soft thresholding minimax rate O(n?™/2m™+V) in the Gaussian
model for m > 1/2. If p < 2 then choosing D = n*?//logn gives a rate
O(v/logn/n®) and this is better than the minimax rate for soft thresholding
O(n?™/@m+1)Y in the Gaussian model if p > 1/(m + 1/2 — 2m/(2m + 1)).
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5 Unbiased risk estimation

In the function space approach, the thresholds depend not only on n, but also on
the Besov space to which the target functions belong and also on the Besov norm
of the function. In practice it is often not known which threshold is appropriate,
we do not know to which function space the function belongs nor its function
space norm. Donoho and Johnstone developed a method called sureshrink where
the threshold is chosen automatically (see [16]). Their method is based on Stein’s
unbiased risk estimate: Let X;, i = 1,...,n, be iid N(0,0?) random variables
and g : R" — IR, where g = (¢1,...,9n) is weakly differentiable, then for all
a € R",

88x~gi(X +a). (45)

E|X +a+g(X +a) = al* = no® + E|lg(X +a)[*+20° )

i=1

Thus the risk of the estimator x + g(z) can be estimated unbiasedly by no? +

g(x)* + 20230 99z, gi(x). This estimate is useful only if the variance of the

risk estimate is small compared to the actual risk. This is especially the case if
gi(+) only depends on Xj, then the strong law of large numbers ensures this.

The sureshrink method works now as follows: for each level (except the high-
est levels) in the noisy wavelet transform, the largest threshold smaller than
v2logn is chosen which minimizes the unbiased risk estimate. For soft thresh-
olding finding this minimum is simple and takes O(nlogn) time.

As we have seen in one of the previous sections, the central limit theorem
works fast for wavelet coefficients, so it is reasonable to expect that this approach
works for other types of noises too. But it is still an interesting problem to find
unbiased risk estimates for other types of distributions.

For Gaussian random variables the existence of such estimates is based on
the following identity

/ g (x)e " Pdx = / zg(x)e " da,

R R

which is sometimes called Stein’s identity. We try below to find a similar identity
for non-Gaussian random variables. Then ¢’ is replaced by K(g) and K is an
operator which commutes with translations. For simplicity we concentrate on
the one-dimensional case.

Let f be a density on IR, with variance 0? and mean 0. Let d(z) = x + g(x)
be an estimator in the location model induced by f. Let F' = {f % d, : a € IR},
L*(F) and L'(F) have the canonical meaning. We want to estimate the risk of
d unbiasedly:

/]R(d(x +a) —a)f(z)dr
— /]Rg(x +a)?f(z)dx + /]szf(x)dx + 2/ rg(z +a)f(z)dz.

R

74



The first summand can be estimated unbiasedly, the second is a constant, so we
need a function h € L'(F) such that

/]R h(z +a)f(z)dr = / zg(z + a)f(x)dx. (46)

R

If ¢ is a polynomial the right-hand side of (46) is a polynomial in a. It is then
well-known that there exists an h such that (46) holds. But if for example
g(x) = TY(x) then g does not even have a power series expansion. On the other
hand h does not have to be unique, this is possible if there is a function ¢ with
gxf =0, which is possible if f has zeros.

Assume f does not have zeros. By computing the generalized Fourier trans-
form of both sides of

/]Rg(—x +a)(—z) f(—z)dx = /]R h(—z + a)f(—z)dz, (47)

we get: R R R
gw) f'(—w)/i = h(w) f(—w). (48)

This identity shows that if g converges to 0 fast enough, e.g., if g has compact
support, then there exists an h such that (46) holds. Since f has no zeros, h is
uniquely determined. Hence the set

Us =
{g cL*(F):3he Ll(F),/

zg(z + a)f(x)dx, Ya € IR}
R

h(z +a)f(z)dx = /

R

is a vector space and clearly there is a unique linear mapping K; : Uy — L*(f)
with

/ Ki(g)(x +a)f(x)de = / g(x 4+ a)xf(x)de.
R R
Let us note some properties of of the operators K:

Theorem 5.1 Let f, f1, fo be densities with finite second moment, assume Ky, Ky,
and Ky, are well defined in the sense of the previous paragraph, then for allb € IR
and g € Uy, respectively g € Uy, x4, :

1. Ky(g(- +b)) = K¢(g)(- + b)
2. Ky.s,(9) = Kr(g) + bg(-)
3. Kfl*fg(g) = Kfl(g) + Kf2(g)

4. Kosen(9) = Krlg(-/5)(b)/b for b >0

1)



Proof:
L: [p9(x+a+b)af(z)de = [ Ki(g)(x+a+b)f(x)dr and hence Kf(g(-+b)) =
Ks(g)(- + ).
2.
/]Rxg(x—l—a)f(x—b)dx = /]R(Kf(g)(x—l—a—irb)+bg(x+a—|—b))f(x)dx
= /]R(Kf(g)(x—l—a)—|—bg(x—|—a))f(x—b)dx.

3.0 let hy, hy be such that [ g(z + a)xfi(z)de = [ hi(z + a)f(z)dr, i = 1,2,
then

[ )z )+ o))t
= [ [ttty )+ ol +y+ @)@ sy
= [ [ me v an@dehir [ nleee o f @ds
= [ g+ asth x

4.:
/}R oz + Q)a(bf(ba))de — /}R o(2 /b + a)a f () /b
_ /}R o((z + ba) /b /bf (2)da
= | Kilale /o) +ba) s
= [ Kol )G+ b oot
and thus Kyp(g) = K7(g(-/b))(-0),b. 0

Note that the third property is very useful for wavelet analysis, since the noise
in a wavelet coefficient is a convolution of the noise in the original data.

For the normal distribution with variance 1 this operator K is defined by
K(g) =¢,ie. K = D, where D is the differential operator. In general it is quite
complicated to compute K, but from equation (48) we deduce formally

e — -~ ~

K¢(g)(w) = g(w) f'(=w)/(f(=w)i).

This gives a hint, that i can be computed by a convolution of the estimator and a
function or measure, which is the inverse Fourier transform of f'(—w)/(f(—w)i).
Of course this is a rather handwaving argument. Assume Ky(g) := Ky * g where
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K; € L' (IR) and [A(f = fA’(—)/(f(—)z) If g € L>*(IR), then K * g does what it
is supposed to do:

[ s rarwie = [ | Kie— g+ s
_ //fo—t 2)drg(t + a)dt
_ //Kf (t— 2)) f(2)dzg(t + a)dt
= [ U= 1Ot +
= [ ot +aa,

where the last equality follows from the construction of K:

A~

K(=)f =% = (f0id).

If Ky is known, then it is still a problem to compute K(g), Ks(g) is not
necessarily simple like ¢'. If g = >, g; and the K;(g;) are easy to compute, then
we can compute Kr(g) because K is linear. For example we can take g (z) =
(x—a)4 and g, (z) := (z—a)_ as simple building blocks for functions. Note that
Kyg0)(@) = Kp(g8) (@ — a) and Kylgy (2)) = 0 — Ky(gf) it fy o f(@)dz = 0
and [ 2?f(x)de = o For example the soft thresholding estimator and T3
have the following decompositions:

T¥(x) = 2 — gi (2) + g5 (#) — g (2) + 975 (), (49)

T (2) = 2 — g5 (2) + 203)5(2) — g3 () = g5 () + 207, o (@) — g7, (2).
Another example is obtained if g : RY — IR, g € C? and g(0) = 0, then
g9(x) = ¢'(0+)x4 + [ (v — a)+g"(a)da.

A very simple example are compound Poisson distributions, let F' be a com-
pound Poisson distribution with Fourier transform exp((¥(z) — 1)), where V¥ is
the characteristic function of the density f. Then Kp := AV (—w)/i and thus
Kp(x) = —=Af(—x)z, ie. Kp(g) = K *g.

This example leads to infinitely divisible distributions:

Theorem 5.2 Let f be an infinitely divisible density with finite second moment,

i.e. A6 — exp ( /]R (exp(iwt) —1- m) M(dz) + z’bt) :

2
where M is a finite positive measure. Assume M({0}) =0 and b = 0. If g is
Lipschitz continuous then

K@= [ A= ar ()

T
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is well defined and K(g) is bounded and continuous. Then

/K (x+a) ()dx—/g(x—ira)xf(x)dx

Proof: It is clear that K(g) is well defined, bounded and continuous. If g has
compact support then [ [g(x+y) —g(x))/y|M(dy) and K (g) are in L'(IR) and

K@)t = / / v+ ”“") IW) \1(de) explity)dy
— / / y+2) = 9() exp(ity)dy M (dx)
e )/]R exp(— zxt) 1M(dm).

T

Since [p(exp(—ixt) —1)/xM(dx) = ﬁ(—t)/(f(—t)i), the Fourier transforms of
Jr K(9)(x+a)f(z)dx and [ g(x+ a)z f(x)dz are equal and thus the two terms
themselves are equal for all a € IR.

If g is Lipschitz continuous but does not have compact support, then let
gn(z) := (1 —|z|/n);+g(z).Note that the set of the Lipschitz constants of the g,
is bounded! Clearly g, and K(g,) respectively converge to g and K (g) pointwise
and || K (gn)|le is bounded. Hence lim, .o [ gn(z + a)zf(2z)dz = [g g(z +
a)x f(z)dr and lim, .o [ K(gn)(z + a)f(z)de = [ K(g)(z + a) f(z)dx for all
a. Thus

/K (x+a) ()dx—/g(x—ira)xf(x)dx

Remark 5.3 The assumption that b is 0, is not serious, b 1s a location parameter
of the density and thus we can use Theorem 5.1. Also the condition M ({0}) =
0 is not restrictive, if M({0}) = o2 then the distribution is the convolution
of a mean zero normal distribution with variance o® and a infinitely divisible
distribution with Lévy measure M (- N IR\{0}). Again we can use Theorem 5.1
for this situation. For the normal distribution the operator K is o?D. Hence in
the general case we obtain:

gt +x)—

9 1)

K(g)(t) = ba(t) + M{0})g'(t) + /}R "

Remark 5.4 Let f be a density with finite second moment o? and zero mean,

then without loss of generality K¢(1) = 0. Let f, = %I /nf(-v/n). By the
central limit theorem f, converges in distribution to a normal density. So one
would expect that Ky, converges in some sense to o*D. Assume that K (g)(z) =
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Jr(g(z+y) —g(x))/yM(dy). Note that if K¢(g) = Q * g, where Q is a measure,
then with Q~(A) := Q(—A),

(@Q*g)(z) = /}R gz — ) — g(2)Qdy)
_ /g($+y)—g($)

)
where the first equality holds since Ky(1) = 0, i.e. [1Q(dx) = 0. Since
Jrz(x +a)f(z)de = [ 2*f(x)dx, taking g(x) = = gives M(IR) = K(z) and
J K@) f(x)de = [p2*f(z)de = o>  As we already know Ky, (g)(x)
= K¢(g(-/v/n))(zv/n)//n. Using the form of K¢, we have now

Knlo)o) = [ glo yy//fﬁ) ~9E) yray).

Thus if g is Lipschitz continuous and differentiable then lim, .. Ky, (g)(z) =
o?g'(x).

Examples:
1. Let f(x) = exp(—v/2|x|)/v/2 be the variance normalized Laplace density. It

is easy to see that, f(w) =2/(2 + w?). Thus

yQ ™ (dy),

fA’(w) _ 2iw
flwyi  2+w?
and hence 9
~ — 22w ~ ~
— - —9 — /
R(w) = 5= = —twf{w) = J.

This is because
fllw) = /f’(x)exp(z’xw)dx
R

= f(x)exp(ixw)ﬁooo—/]Rf(x)z'wexp(iwx)dx

= —iwf(w).

Thus K = —exp(—+v/2|z|)sgn(z) € L'Y(IR). Tedious but simple computations
yield now that

eXp(\/ﬁx) L <0
Kxzy = 2 B =: h(z).
1— M >0

Using identity (49) we obtain

K(T(x) —x) = —h(z)— (1 —=hx) +h(z =)+ (1= h(z+N)
= h(z—A) = h(z+ ),
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taking this all together we have now for X with Laplace distribution
B(TY(X +a)—a)* = 1+ Emin((X +a)%, X*) +2(h(X +a—X) = h(X +a+ ).

2. Let fi(z) = exp(—x)z" 1 /T(¢)1+(z) the density of the Gamma distribution.
Since the mean of this distribution is ¢ we want to compute Ky,.5_,. Then
by Feller [18, p.567], log(fi(x)) = t [ (exp(iyxz) — 1)/y exp(—y)dy and thus

(log f,)'(z) = ti I, exp(iyx) exp(—y)dy. Thus Ky, (g) = Q % g where Q € L'(IR)

and
R 0

Qz) = t/ooo exp(—iyx) exp(—y)dy = t/_ exp(izy) exp(y)dy.

Hence Ky,.s5_,(g9)(2) = tfi)oo exp(y)g(x — y)dy — tg(x).

3. Another example is the cosine hyperbolic density, f(z) = 1/ cosh(mx/2), again
by [18, p.567]

=~ [ exp(izy) — 1 —iyz Yy
ox(fla)) = [
and thus Kolo)(e) / gz +y) — g(x) Y dy
f R Yy exp(y) — exp(—y) '

All these examples were infinitely divisible distributions. For the uniform
distribution with density 1(_;1)(2)/2, K does not have a nice form. Assume
g:[-1,1] - R and f_ll g(x)/2dx = 0. If g is the 2 periodic continuation of
g on IR then g * 1(_11) /2 = 0. Thus unbiased risk estimators are not uniquely
determined. Let

1 0 a<—1
r(a) :/ (r+a)ix/2de =< 1/6+a/4—a®/12 :ae(—1,1).
-1 0 ca>1

After some guessing one finds that with

0 <0
h(z) = {_(3;_ [z/2]2)(x — [x/2]2—2)/2 x>0 "

(h is the 2 periodic continuation of —z(z—2)/2 defined on [0, 2] to IR*.) f_ll h(x+
a)/2dx = r(a). So with the help of (49) we can compute now an unbiased risk
estimator for soft thresholding. The Figure 12 shows the unbiased risk estimators
for soft thresholding with threshold 2 for the normal distribution, the Laplace
distribution, the gamma distribution with ¢ = 2 and the uniform distribution.
The distributions were transformed to have unit variance and zero mean.
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Figure 12: The unbiased risk estimators for soft thresholding

Remark 5.5 As we have seen in equation (45), for Gaussian random variables,
unbiased risk estimation is possible for multivariate means, even if the estimators
for coordinates are not independent. This is also possible for other types of
distributions, one has to apply the operator K coordinate wise. Let X;, © =
1,...,n be random variables, X; has the distribution F; and EX, = 0, EX? = o3.
Assume that an operator K ezists such that EX19(X1 +a1) = EK1(9)(X1 +a1)
for some g. If g : R" — IR and a € R" then E(X; + g(X +a) — a1)? =
02+ Eg(X+a)*+2EX,g(X+a). Given that g satisfies some necessary conditions,

EXig(X +a)
= / / r19(x1 + aq,y ..., Ty + an) Fi(de) @1y Fi(d(xe, ..., z,))
R JR
B /]R AK1(9<‘>x2 a2, an)) (@1 4 @) Fi(de)
R S Fi(d(xa, ... x,)).

Thus E(X1 4+ g(X +a) —a1)? =02+ Eg(X +a)*+ 2EK,(9(-, Xa + az, ..., X, +
an) (X1 + az).
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6 Some last thoughts

6.1 Comparison of thresholds in the two approaches

In this thesis we considered two approaches to wavelet thresholding. For both
approaches wavelet thresholding is able to achieve the minimax rate, but different
thresholds are used. We take a closer look at the Gaussian noise case. For the
ideal estimator approach the optimal minimax rate is achieved with thresholds
of uniform size ~ /2logno, although we saw later that we can chose thresholds
level-wise and this was still a minimax method. For the level j the thresholds were
of size ~ v/2jlog20. In the function space approach almost similar thresholds
are chosen. If we assume our signal is member of a bounded subset of the Besov
space BJ" then optimal minimax thresholds are of the size C'\/(j — jo)+, where
C' and jp depend on m,p and ¢ (see [12] and [37]). Using the thresholds of the
function space approach in the ideal estimator context and vice versa does not
achieve the minimax rate. But using thresholds of size constant+/j for the level
7 in the function space approach achieves almost the minimax rate, it is worse
by a factor O(logn). The natural question now is, is it possible to reconcile both
approaches, i.e. is there a set of thresholds which achieves the optimal minimax
rate in both contexts?

This is not possible, we will show this for p > 2. We assume now our usual
situation, let X; = f; + 2;, ¢ = 1,...,n, where the f; are parameters of interest
and the z; are iid normal random variables with mean zero and variance 1/n.
Let W be a wavelet transform and a = W(f), assume |[a[/pn < A, m > 1/p,
p>2and ¢ > 1. Let p(-,-) have the usual meaning. If A\ > a > 0, then

pha) 2 (A= ad-a)+ [ (kAR 2

—00

“;. (50)

Now let A, ; be a set of thresholds which achieve the optimal minimax rate in
the ideal estimator context. For a fixed o € (0, 1), the optimal thresholds for the

level j = alog, n have to be at least of size ~ \/2j1log2/y/n = C\/j/+/n, where
C is a constant. The reason is that 27p(\;,0) = O(logn/n) is needed to achieve

the minimax rate for the ideal estimator approach. Let

70 ::min{j:C—\/‘; 22A\/2—j(27m+1)}7
J Vn

simple calculations yield that jo ~ (logyn)/(2m + 1). If aj,r = AV2-o(@m+1)
k=0,...,2° — 1 and a; = 0 elsewhere, then clearly ||app < A. If n tends

to infinity, then for n larger than a certain bound, A, j, > Av2-0@m+l) Now
it follows from (50) that the risk for thresholding the signal (a.) at level jo with
thresholds A, j, is at least as large as

200 A29~d0(mH) 19 = A29=do2m /D, (51)
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Using the definition of j5 we obtain
2 .
22m+3A22—j0(2m+1) > C (]0 - 1) (52)
o n
Combining the relations (51) and (52) yields that the risk for estimating (a.) is
as large as

4m
C'\ @mt1) —2m 2m 2m(2m+3)
y mi 97 -

A29—do2m—1 > A2 (_ n @m+l) (]0 — 1)(2 (@m+1)

Since jo ~ logyn/(2m + 1), this is worse than the minimax rate for the Besov
spaces B}, in the function space context. Thus it is not possible to chose thresh-
olds which yield in both contexts the minimax rate.

6.2 Block thresholding and kernel estimators

When applying soft or hard thresholding, the estimation of one wavelet coefficient
is based on a noisy version of this wavelet coefficient alone. There are other
methods where a kind of hard thresholding is applied to a whole block of wavelet
coefficients. A block of noisy wavelet coefficients a;+e1, . . ., ag+eg, (a. represents
the signal and e. the noise) is kept if > (a; + €;)? is larger than a threshold,
otherwise the whole block is set to zero. So hard thresholding is applied to a
whole block of coefficients. This estimator which is called block thresholding has
been investigated by Hall, Kerkyacharian and Picard ([22]) and Cai ([5]). It was
shown that block thresholding shares the minimax properties of soft thresholding,
as well in the ideal estimator approach as in the function space approach. It is
also possible to change this thresholding policy, by keeping a block if one of the
coefficients in it is larger than a threshold, this estimator has the same properties
as the other block thresholding estimator.

In block thresholding the blocks are horizontal, i.e. composed of the coef-
ficients with the indexes (j,k),...,(j,k + L), now we consider another type of
block thresholding estimator, the blocks are vertical and not disjunct. First we
have to introduce a notation, we will say an index (j', ") (or the wavelet coeffi-
cient with this index) is above the index (j, k) if j < j and |[2/" k] — K| < C
where C' € INj is a constant. In this method, if the modulus of a coefficient
a;k + ejk is larger than a threshold, then not only the coefficient itself but also
all coefficients above it are kept. A variation of this method is to keep also the
coefficients with the indexes (j, k'), |k — k'| < Cy and all coefficients above them
too, where (5 is another constant.

This new method achieves the optimal minimax rate in the ideal estimator
context. Let the observations X; = f;+e;, 1 =1,...,n = 2™ be given, where the
fi are the parameters of interest and the e; are iid random variables with distri-
bution N(0,1). We apply a periodic wavelet transform W, to these observations.
Let Y = W, (X), a = W, (f) and z = W, (e), clearly the z;j are iid random vari-
ables with distribution N(0,1). Now let A, be such Elg jsn,—13(1 +€}) = 1/n,
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with the background of this thesis it is easy to see that A\, ~ v/2logn. Let L
be the constant which takes the role of C' in the meaning of “above”. Note that
the number of coefficients above a coefficient is less than (2L + 1) log, n, since in
each level there are only 2L + 1 coefficients above a fixed coefficient. We define
the estimator @, for the coefficient a;; by

i = {éfjk : |11/]k| > A or (5, k), (J, k) is above (5, k') and [Yj | > Ay
: else

We have now

E E@@r — a;p)?
gk gk

J.k

2 2
< D E (1{|Yj,k|zxn}zj,k Ly <)@k + 1) abovea |Y}'/,k/|2>\n}zj2',k)
g,k

< DB LB Lo @e F Ly D 2 | - (53)
ik (4',k") above (j,k)

If |a; x| < 1 then

I
S e

2
E1{|Zj,k|2>\n—1}zj,k‘ <

2
aj g

2
E1{|aj,k+2j,k |>An} %5,k

IN

2
E1{|aj,k+2j,k |<An} @k

Ely, =a0) Z Zp < (2L +1)logy Bl =x, 11 B2,
(4/,k") above (j,k)

(2L +1)logyn
- .

If |ajr + zjk| < Ay then |ajx| < |An| + |2jl, thus

E1{|aj’k+zj’k|<kn}a§,k < 2|2+ zEz;{k.

Further
EL{v; 1220} > Zw < (204 1) logyn
(4',K") above (j,k)
and
E1{|aj,k+zj,k|2/\n}zj2',k <1
Hence

B (L5020 225 + Ll en @+ 1viaizan Sk above iy Zut)
1/n 4+ min(a3,, 1)
< Clogn, (54)
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where C'is a constant. Combining (53) and (54) we obtain

>k B@x — a;)?
143, min(ag,, 1)

< C'logn.

Remark 6.1 A similar result holds for the function space approach. We will
leave the proof out, but here is a simple heuristic explanation: In the function
space approach all coefficients above a level jo are kept and to the other coefficients
a soft (or hard) thresholding estimator is applied with threshold C\/(j — jo)+
were j is the level of a coefficient and C is a constant. This method achieves
the minimax rate. We compare now wvertical block thresholding with soft and
hard thresholding. When using the threshold C'\/(j — jo)+ one accepts at least
a bias of size C\/(j — jo)+/2 for coefficients larger than C\/(j — jo)+/2. But
the number of coefficients above a coefficient in level j and below the level 7
is 2L+ 1)(7 — jo)+, so by keeping these coefficients too, the risk of the whole
estimator is increased by the variance of the noise times (2L + 1)(j — jo)+. But
this is a constant multiple of C*(j — jo)+/4. If a coefficient is smaller then
C\/(j — Jo)+/2, then if this coefficient is kept (because the noise term is too
large), then we have a loss of C%(j — jo)+ /4, so the additional risk of size (2L +
1)(7 — jo)+ times variance of the noise is again a constant multiple of the actual
loss.

The error estimates for the vertical block thresholding estimator, are rather
rough. It is reasonable to expect that the real risk of this estimator compares
more favorably with other estimators. Indeed, often “real world” signals exhibit
a correlation of the size of their wavelet coefficients which are above each other.
Irregularities, like a discontinuity, in a signal affect all wavelets in whose support
this irregularity is.

Interesting about the vertical block thresholding method is that it is close to a
kernel estimate with locally varying bandwidth. The first application of wavelets
in non-parametric statistics was to build linear estimators. As was mentioned
earlier; a simple estimation method is to compute a wavelet transform of the
noisy data, and then to discard the lower levels. But this is a simple kernel
estimate. Assume the situation at the beginning of the chapter, then a simple
first order approximation of the noisy wavelet coefficients is (27 is small compared

to n):
/&j,k = Z M\/Zﬁ/n))ﬁrz

If we estimate f; by discarding the levels below the level jp, then by a similar
first order approximation,

Fo_ 5 Wisli/n)
fi = j;ka],k \/ﬁ
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. Urll/m) ) ili/n)
R
= SN waaltm)difn)

Jj>jo,k
1
= —E K(l/n,i/n)X,
n
/

where K (2,y) = > s 1 Vik(@)Ysn(y). If we keep also level jo + 1, then K(z,y)
has to be replaced by K (2x,2y)/2. Thus the parameter 2770 corresponds to the
bandwidth of a classical linear kernel estimator. Figure 6.2 shows for an artifi-
cial signal what wavelet coefficients are kept with different methods. The dark
rectangles correspond to coefficients which are kept. The top graph shows this
for a hard thresholding estimator. The lowest picture shows what coefficients
are kept for a kernel estimator. The graph in the middle shows why the vertical
block thresholding can be seen as an kernel estimator with locally varying band-
width (we keep some neighbouring coefficients as well): it behaves locally like
the simple kernel estimator based on wavelets.

This explanation of vertical block thresholding as a kernel estimate with lo-
cally varying bandwidth becomes clearer if the underlying wavelet basis is the
Haar basis. Then for vertical block thresholding each estimate f; is the mean of
some neighboring X;.

For the Haar base the scaling equalities have the following form:

1 1
ik = —=(Pjr1.2k + Pjr1,2641) and Yk = —=(Pjr1.26 — Pj+1,2641)
vz vz

With this in mind it is easy to derive the explicit form of the discrete wavelet
transform and its inverse. For an input signal Xo, ..., X,_1, n = 2" the discrete
wavelet transform is defined by

1 n—1 1 2h—i—1_1 2h—i_1
Co = ——= E X, and d"k = E fgh—jk P E fgh—jk i -
\/ﬁ — ’ ! \/ 2h—i p o o1 —H

1= = =2""J—

The inverse transformation is defined by

1 1 q/2h 0 —[i/2h0]) < 1/2
fi = \/—HCO + ;dj,[i/?l—j] { -1 - i/Qh_j _ [i/Qh_j] > 1/2 :

To compute an estimation of f; if we discard the levels below the level j, we
compute

~ 1 & L q/2h = fif2h7) < 1/2

1 [,L‘/Qh—jo—1]2h—j0—1+2h—j0—1_1

= X
o 2 !

I=[i/2h—J0—1]2h—jo—1
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The last equality can be shown via a simple induction argument for jo. Thus if
we discard the levels below jy then f; is the mean of a block of 2" 70—1 X’s.

Now we claim that if in vertical block thresholding the coefficient with in-
dex (ji1, [i/2"771]) is kept because the coefficient with index (j, k) is larger than
the threshold and |[i/2/91] — [k/27771]| < C, then for all j, < jy, |[i/2"772] —
[k/27=2]] < C, i.e. also the coefficients with indexes (ja, [i/2"772]), jo < j1 are
kept:

Note that if z € IR and k € IN then

w/k <[x]/k+1/k < ([[«]/k] + (k= 1)/k) + 1/k = [[«]/k] + 1,
thus [x/k] = [[z]/k]. It is clear that
|[/L'/2h_j1]/2j1_j2 _ [k/Qj_jl]/le_j2| < C/le 2,
hence we have now
€ > —[=C/20 ) > |[li/2V79) /20 5] = /2] 2| = |[if2" ) /2,
Thus for vertical block thresholding we also obtain

[,L‘/Qh—jo—1]2h—j0—1+2h—j0—1_1

-~ 1
Xl>

fi = 2h—j0—1

I=[i/2h—Jo—1]2h—do—1

but now jy depends on i and (X;), i.e. it is a kernel estimator with locally varying
bandwidth.

Note that there already exists a kernel estimator with locally varying band-
width which achieves the same minimax rate as a wavelet thresholding estimator
see [33]. There the local bandwidth is chosen from a set a™7hy, a,h; > 0 con-
stants and 7 = 0,1,.... For the simple kernel estimator based on wavelets, the
bandwidth is 277, j = 0,1, ..., and j is the last level of wavelet coefficients that
is kept. This paper of Lepski Mammen and Spokoiny ([33]) shows that kernel
estimates with a local varying bandwidth selection can be as good as wavelet
thresholding in a minimax sense. The performance vertical block thresholding
makes this also plausible.

Many examples used for Monte-Carlo experiments are just functions with
finitely many discontinuities, and good kernel methods can cope with this type
of functions. Often one knows what kind of function on expects, definitely not
the kind of “worst case” functions in the minimax approaches. Then a special
method might be better. But wavelets are a good alround method. Wavelets
should perform better than kernel methods for images, images are much more
complex, for example, a smooth sky and unsmooth trees. What is missing is a
fully automized curve estimator based on wavelet thresholding, which is included
by default in major statistical packages, then people can really compare and
decide what is better for them.
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Figure 13: Hard thresholding, vertical block thresholding and kernel estimate
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