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Preface

The aim of this dissertation is to describe more realistic models for financial assets based on
generalized hyperbolic (GH) distributions and their subclasses.

Generalized hyperbolic distributions were introduced by Barndorff-Nielsen (1977), and
stochastic processes based on these distributions were first applied by Eberlein and Keller
(1995) in Finance. Being a normal variance-mean mixture, GH distributions possess semi-
heavy tails and allow for a natural definiton of volatility models by replacing the mixing
generalized inverse Gaussian (GIG) distribution by appropriate volatility processes.

In the first Chapter we introduce univariate GH distributions, construct an estimation
algorithm and examine statistically the fit of generalized hyperbolic distributions to log-
return distributions of financial assets. We extend the hyperbolic model for the pricing of
derivatives to generalized hyperbolic Lévy motions and discuss the calculation of prices by
fast Fourier methods and saddle-point approximations.

Chapter 2 contains on the one hand a general recipe for the evaluation of option pricing
models; on the other hand the derivative pricing based on GH Lévy motions is studied from
various points of view: The accordance with observed asset price processes is investigated
statistically, and by simulation studies the sensitivity to relevant variables; finally, theoretical
prices are compared with quoted option prices. Furthermore, we examine two approaches to
martingale modelling and discuss alternative ways to test option pricing models.

Barndorff-Nielsen (1998) proposed a refinement of the GH Lévy model by replacing the
mixing GIG distribution by a volatility process of the Ornstein-Uhlenbeck type. We investi-
gate this model in Chapter 3 with a view towards derivative pricing. After a review of this
model we derive the minimal martingale measure to compute option prices and investigate
the behaviour of this model thoroughly from a numerical and econometric point of view.

We start in Chapter 4 with a description of some “stylized features” observed in multi-
variate return distributions of financial assets. Then we introduce multivariate GH distribu-
tions and discuss the efficiency of estimation procedures. Finally, the multivariate Esscher
approach to option pricing and, in particular, basket options are examined.

In the final chapter we define more realistic risk measures based on generalized hyperbolic
distributions and evaluate them following the procedure required by the Basel Committee on
Banking Supervision. The proposed risk-measurement methods apply to linear and nonlinear
portfolios; moreover they are computationally not demanding.

Forecasting values of financial assets is not a major objective of this dissertation. However,
the second and the final chapter presents some results on volatility forecasts for option prices
and on tests of risk measures based on distributional forecasts.

The usual procedure will always be to start with the definition of the new model and the
calibration of the model. Then the properties of the model are examined theoretically and by
simulation studies. Finally, we will put the model into practice and compare the performance

v



with benchmark models. This procedure yields a complete picture and highlightens features
relevant for practical applications. The final two chapters are self-contained. Therefore, a
reader only interested in multivariate modelling could skip the preceeding three chapters.
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Chapter 1

Generalized Hyperbolic
Lévy Motions

The modelling of financial assets as stochastic processes is determined by distributional as-
sumptions on the increments and the dependence structure. It is well known that the returns
of most financial assets have semi-heavy tails, i.e. the actual kurtosis is higher than the
kurtosis of the normal distribution (Mandelbrot 1963). Generalized hyperbolic distributions
(GH) possess these semi-heavy tails. On the contrary, the use of models with nonexisting
moments, e.g. stable distributions, does not admit the pricing of derivative contracts by mar-
tingale methods where we aim at. Note, that in contrast to stable distributions the density
of generalized hyperbolic distributions is known explicitly.

Ole E. Barndorff-Nielsen (1977) introduced the generalized hyperbolic distributions and
at first applied them to model grain size distributions of wind blown sands. An important
aspect is, that GH distributions embrace many special cases, respectively limiting distribu-
tions, of hyperbolic, normal inverse Gaussian (NIG), Student-t, variance-gamma and normal
distributions. All of them have been used to model financial returns. The mathematical prop-
erties of these univariate distributions are well-known (Barndorff-Nielsen and Bleesild 1981;
Bleesild 1999). Recently, generalized hyperbolic distributions resp. their subclasses have been
proposed as a model for the distribution of increments of financial price processes (Eberlein
and Keller 1995; Rydberg 1997a; Barndorff-Nielsen 1998; Eberlein, Keller, and Prause 1998)
and as limit distributions of diffusions (Bibby and Sgrensen 1997). Jaschke (1997) remarked
that one could also find a stationary generalized hyperbolic distribution as a weak limit of a
process with stochastic volatility, which is modelled by a GARCH(1,1) time series.

In this chapter we present new estimation results for German stock, US stock index and
high-frequency data, and investigate the goodness of fit. In particular, we look at the tails
of the distributions. In the final sections we extend the option pricing approach based on
the Esscher transform, proposed by Eberlein and Keller (1995), Keller (1997) to generalized
hyperbolic distributions and discuss the numerical problems.



1.1 Generalized Hyperbolic Distributions

We start with an exposition of the univariate generalized hyperbolic distributions and the
subclasses which are relevant for applications.

Definition and Parametrizations

Definition 1.1. The one-dimensional generalized hyperbolic (GH) distribution is defined by
the following Lebesgue density

gh(z; N, o, 8,6, 1) = a(\, a, 8,0) (6% + (v — u)2)(*—%)/2

X K1 (/8% + (2 — )2 ) exp(B(x — )
(a2 = B2

VIR @ R P (b~ )

where Ky is a modified Bessel function and x € IR. The domain of variation of the parameters
is p € IR and

a(A7a7B76) =

§>0,0 <a if A>0
>0, <a ifA=0
>0, <a if A<0.

Different scale- and location-invariant parametrizations of the generalized hyperbolic dis-
tribution have been proposed in the literature.

2nd parametrization (=0va? =2 o=p0/a (1.2)
3rd parametrization E=1+4+¢07Y2 y=¢o (1.3)
4th parametrization a=auad, B=p5 (1.4)

Note, that for symmetric distributions 3 = 8 = o = x = 0 holds. Rewriting the density of
GH distributions in the 4th parametrization, we obtain a representation in which the role of
the parameters 0 and p describing scale and location is more obvious. The density above and
those for the hyperbolic and NIG distributions in the 4th parametrization are presented in
Appendix C. Scale- and location-invariant parameters are given in the following lemma.

Lemma 1.5. The terms \, & and [ are scale- and location-invariant parameters of the uni-
variate generalized hyperbolic distribution. The very same holds for the other parametrizations
(C,0) and (&, x) defined in (1.2) and (1.3).

Proof. Blaesild (1981, Theorem I) has proved that a linear transformation Y = aX + b of
X ~ GH; is again GH-distributed with parameters At = X\, o™ = a/|a|, 87 = (/lal,
ot =4la| and p* = ap + b. Obviously atdt = ad and 6T = 3§ holds. O

The parameters p and § describe the location and the scale, whereas ( describes the
skewness. Increasing £ or decreasing ¢ or @& reflect an increase in the kurtosis. Note, that



generalized hyperbolic distributions can also be represented as a normal variance-mean mix-
ture

o0
eh(aiha,B.0,p) = [ N(aipt fuw) (i ol = )dw, (1.6)
0
where N is the normal density function with respect to mean and variance. Furthermore,
gig(z; A, x, 1) denotes the density function of generalized inverse Gaussian distributions.

Definition 1.7. The generalized inverse Gaussian (GIG) distribution is given by the Lebesgue
density

A2
gig(z; A\, x, ¥) = % gt exp( - %(x:r:‘l + W)), x>0,

where A € IR and x,v € IRy.

The standard reference for the GIG distribution is Jgrgensen (1982). In Figure 3.2 we
show the GIG distributions implied as mizing distributions in the univariate and multivariate
GH distributions.

Limiting Distributions and Subclasses

Remark 1.8. The normal distribution is obtained as a limiting case of the generalized hyper-
bolic distribution for 6 — oo and §/a — o2 (see also for other limiting distributions Barndorff-
Nielsen 1978).

Using the properties of Bessel functions Ky, it is possible to simplify the density gh
whenever A\ € 1o 7. For A\=n+ 15, n=0,1,2,... the Bessel function K, may be expressed
as

L - - (n—i—z' —1

Since Ky (x) = K_x(z), we obtain K_5(x) = Ky a(z) = 1/7/2 12 ¢=*_ In particular, this
equation allows to deduce simpler expressions in the cases A = —1/2 and \ = 1.

Definition 1.10. For A =1 we obtain hyperbolic distributions (HYP)

/2 32
hyp(z; a, 8,6, 1) = %aKl(O(;\/affﬂQ)exp(—a\/52+(9«"—M)2+ﬂ(ﬂf—u)),

where z,pp € IR, 0 <6 and |f] < a.

Definition 1.11. For A = —1/2 we get the normal inverse Gaussian (NIG) distribution with
Lebesgue density

Ky (ay/62 + (z — p)?)

62+ (x — p)?

§
nig(z; o, 3,0, ) = % exp (6v a? — (24 Bz — u))

9

where x,u € IR, 0 < 9§ and 0 < 5] < a.



GH GIG Mixing GIG distribution

Generalized hyperbolic Generalized inverse Gaussian A X Y
General case (Bleesild 1999) General case: (Barndorff-Nielsen and Shephard cR 52 a? — BAB
1998, 4.6.1)
Hyperbolic (Eberlein and Keller 1995) Positive Hyperbolic (Barndorff-Nielsen and (d+1)/2 6 o - F'ApB
Shephard 1998, 4.6.3)
Hyperboloid d-1)/2 2 o?-FAB
Normal inverse Gaussian (NIG) Inverse Gaussian (IG) —1/2 2 o?-p4AB
Normal Reciprocal Inverse Gaussian (NRIG) Reciprocal Inverse Gaussian (RIG) 1/2 2  a?-p3AB
Normal N%(p + woBA, wpA) in the case o, § — celR — 00 — 00
oo and 0/a — wy (Barndorff-Nielsen 1978;
Bleesild 1999)
Variance gamma (o, v,9) is GH with A = ¢%/v, Gamma distribution T'(A,%/2) (Wirth 1998; >0 0 >0
a = /(2/v) + (%/o?), B = ¥/o?, § = 0 and Barndorff-Nielsen and Shephard 1998, 4.6.5 and
=0 (Madan, Carr, and Chang 1998) Blaesild 1999; see also Section 3.2)
Student t4(v, p), v € Ry is GH with with A = Inverse Gamma (inverse chi-squared) with v € —v/2<0 v >0 0
—v/2, a=3=0, = /v (Blesild 1999) IR, degrees of freedom: I'~*(v, 1/2), (Barndorff-
Nielsen and Shephard 1998, 4.6.4)
Cauchyg(p) is GH with A = —1/2, a = 8 = 0, —1/2 1 0
§ =1 (Bleesild 1999)
GIG(A, 7,v) in the case ad? — 7, a — 3 = 1)/2 R —0 const.
and p = 0 (Bleesild 1999)
Skewed Laplace, A = (d+1)/2,0 = 0and A = I (d+1)/2 0 a? — BAB

(Bleesild 1999)

Table 1.1: Generalized hyperbolic as variance-mean mixtures of generalized inverse Gaussian distributions. Barndorfl-Nielsen and
Shephard (1998) use the following notation A = X\, x = 62 and 1) = +? for the GIG distribution; d denotes the dimensions.



A detailed description of the NIG distribution is given in Rydberg (1997a) and Barndorfi-
Nielsen (1997, 1998). See Barndorff-Nielsen and Prause (1999) for an application of NIG
distributions to high-frequency financial data.

Remark 1.12. The Student-t distribution results from a mixture of normal and inverse
gamma distributions, which are obtained in the case v = 0 and A < 0 from the GIG dis-
tributions. Therefore, we have a Student-t distribution as a limit of GH distributions for
A <0 and a = = p =0 (Barndorff-Nielsen 1978).

Table 1.1 contains an overview over subclasses and limiting distributions of GH and the
corresponding mixing GIG distributions. All mentioned distributions are characterized as
variance-mean mixtures with special cases of GIG distributions.

Properties

First we calculate the moment generating function which we also need in the Esscher approach
to option pricing. Moment generating functions are also crucial for the the saddle-point
approximation to compute option prices and quantiles of convolutions.

Lemma 1.13. The moment generating function of the generalized hyperbolic distribution is
given by

a? — (B +u)? Ky(0y/a2 = 52)

The moment generating functions for hyperbolic and NIG distribution are obtained as
special cases for A =1 and A = —1/2 respectively.

M(u)ze““( 1B+ ul < a.

Proof. We assume that p = 0. The norming factor a is given in Definition 1.1. Then we
obtain for |5 + u| < «

M(u) = /e“x gh(z; A\, o, 8, 6,0)dx

=a(\ a, S, 5)/eux(52 +x2)%()‘7%)KA,%(a\/m)eﬂ“dx
__a(\a,5,9)
a(\, o, B+ u,0)
@ Rl K Gy BT
B \/%(5’\04’\’% K,\(é\/m) (a2 = (B + u)2)M2
o= \VKAOVT =B ru?)
B <a2—(5+U)2> Ky(5y/a? — %)

the result follows since p is the location parameter. O

Now we can calulate the mean and variance of the generalized hyperbolic distribution by
differentiating the moment generating function.



Proposition 1.14 (Mean and Variance). The generalized hyperbolic distribution has the
following mean and variance

B Bs Kxp1(€)
EX = 1t K00 (115)
Kx1(6) B2 |Kue(©)  (K(©)
— 52 A+1 _ < > .
Varx <<KA<<> R NG D (19
where ( = d\/a? — (2. In (1.16) the term in the round brackets is scale- and location-

nvariant.

Proof. With Gut (1995, Theorem II1.3.3) all moments of X exist. We apply the equation
Ki\(z) = —Kxj1(2) + 2K(z) for the derivative of the Bessel function and assume p = 0
without loss of generality.

M'(u) = (a2 — g2)N2 <K)\ (5\/m) (a2 3+ u)Q)_’\/z)/
K(6/a? - 5)

(a2 _ 52))\/2 K1 (5\/m)
Ky (6y/a2 — 32) (a2 — (B +u)?2)A+D/2

If we insert 0 for © we obtain

V= P KA(5y/a® = )
Applying the definition of ¢ gives the result for the mean; the similar computation of the

variance is more complicated but straightforward. The scale- and location-invariance of the
term in the round brackets of equation (1.16) follows with Lemma 1.5. O

(1.17)

Clearly, both formulae are less complicated in the symmetric case, e.g. when we assume § = 0
the mean is simply pu.

Lemma 1.18. The characteristic function of the generalized hyperbolic distribution is given
by

(u) = et < s >m Ka(@y/a? - G+ u)?)
I R FE e Ky(ov/a? - )

Proof. The radius of convergence of the moment generating function M around zero is o — 3.
With Gut (1995, Theorem II1.3.3) the moment generating function M is a real analytic,
i.e. it can be expanded in a power series around zero. Consequently M is a holomorphic
function for complex z with |z| < o — 3. Therefore, we obtain for the characteristic function
o(u) = M(iu). O

Shape Triangle

In the case of hyperbolic distributions the scale- and location-invariant parameters (x,£)
are used to determine the shape of the distribution, because (x,&) describe asymptotically



skewness and kurtosis (Barndorff-Nielsen, Bleesild, Jensen, and Sgrensen 1985): for not too
large values of p we have the approximations for the skewness v; ~ 3x and kurtosis 2 ~ 3¢2.
The domain of variation of GH distributions given in the 3rd parametrization is 0 < |x| <
¢ < 1. Hence, they may be plotted in a triangle. This leads to a useful visualization of the
shape in the shape triangle (£, x).

It is possible to extent the concept of the shape triangle to generalized hyperbolic distribu-
tions with fixed A, but the approximations of skewness and kurtosis are not valid in general.
Hence we also compare the values of skewness and kurtosis directly.

See Eberlein and Keller (1995), Barndorff-Nielsen and Prause (1999) for an application
of the hyperbolic and NIG shape triangle to analyze returns of financial assets on different
time scales. In the Figures 2.24 and 5.12 we use shape trianglees to compare risk-neutral
distributions and return distributions of nonlinear portfolios respectively.

We often restrict our empirical investigations to these two subclasses with fixed A because
hyperbolic distributions are the fastest to estimate (see next section) and NIG distributions
are closed under convolution.

Tail Behaviour

The generalized hyperbolic distributions have semi-heavy tails, in particular
gh(z; \, a, 3,0) ~ |z|}! exp((:Fa + B)x) as r — £0oo (1.19)

up to a multiplicative constant (Barndorff-Nielsen and Bleesild 1981, equation 15).

1.2 Maximum-Likelihood Estimation

In this section we begin with a description of the ML estimation algorithm: We assume the

independence of the observations x;, ¢ = 1,...,n and maximize the log-likelihood function
L =loga(\ «,3,0) + (é—l)ilog(cp—k(x—uf) (1.20)
) ) ) 2 4 Z_l N

+ [log Ky_1(a/0? + (wi — 1)?) + Blxi — u)} ,
=1

where a is given in Definition 1.1. For hyperbolic (A = 1), NIG (A = —1/2), hyperbola
(A = 0), and hyperboloid (A = 1/2) distributions the algorithm uses the simpler expressions
of the log-likelihood function. We have chosen a numerical estimation procedure mainly based
on an optimization for each coordinate. For the optimization step in each direction we have
implemented a refined bracketing method (Jarrat 1970; Thisted 1988) which makes no use
of derivatives. This gives us the possibility to replace the log-likelihood function easily by
different metrics (see Section 1.7). The resulting algorithm is fast and stable. However, a
further increase in the speed may be obtained by using the derivatives given in Section 1.3.!

1We decided not to implement a numerical optimization algorithm using derivatives, because an increase in
the speed also for the subclasses would have required the implementation of all derivatives for the subclasses.
However, after a decision for a particular subclass of GH distributions one should use the derivatives to increase
the speed. For instance, the hyp program of Bleesild and Sgrensen (1992) for the estimation of hyperbolic
distributions uses derivatives.



We have implemented the direct solutions for p given in Section 1.3. In contrast to the
hyperbolic case, estimation of GH parameters for financial return data converges quite often
to limit distributions at the boundary of the parameter space. Hence, it was necessary to
adapt the algorithm to the parameter restrictions given above. We have also modified the
algorithm to estimate parameters for a fixed .

An important point concerning the speed of the estimation is the selection of starting
values. To estimate the generalized hyperbolic distribution for a particular data set, we
choose starting values by rescaling a symmetric GH distribution with a reasonable kurtosis,
e.g. £ = 0.7, such that the empirical variance and the variance of the GH distribution are
equal. See Section 2.1 for a detailed description of the rescaling mechanism. We tested this
approach with data sets from different origins. In general, this choice of starting values leads
to good results. The estimation algorithm is stopped if the relative change in the parameter
values (p;in)i<i<s in the n-th iteration step is smaller than a given constant, i.e.

Pin+1 — Pin

<1071, (1.21)
Pin

>

i=1

Although the computational power increases, it is necessary to find a reasonable tradeoff
between the introduction of additional parameters and the possible improvement of the fit.
Barndorff-Nielsen and Bleesild (1981) mentioned the flatness of the likelihood function yet for
the hyperbolic distribution. The variation in the likelihood function of the GH distribution
is even smaller for a wide range of parameters (see Section 1.6 below). Consequently, the
generalized hyperbolic distribution applied as a model for financial data leads to overfitting.
This will become more obvious in the following sections.

The first four centered moments of return distributions yield simple and useful economet-
ric interpretations: trend, riskiness, asymmetry and the probability of extreme events. For
fixed A subclasses with four parameters corresponding to the mentioned characeristics are
obtained. Therefore, it seems to be appropriate to model return data with one of the sub-
classes. However, from a mathematical point of view, GH distributions, as the most general
distributions which include all subclasses, are more interesting.

Because of the restrictions on the parameter values and the flatness of the likelihood
function, it seems not to be possible to use standard minimization algorithms. These ready
implemented routines often assume that the parameters and the value of the function have the
same order of magnitude and that the gradient is not too small (Press, Teukolsky, Vetterling,
and Flannery 1992). Although we have no theoretically assured convergence of our algorithm,
tests with different starting values reveal that for financial data the use of reasonable starting
values results in the convergence to a global extremum. In the special case of hyperbolic
distributions we estimate the same parameters with our algorithm and the hyp program
implemented by Blaesild and Sgrensen (1992).

The main factor for the speed of the estimation is the number of modified Bessel functions
to compute. They are calculated by a numerical approximation described in Press, Teukolsky;,
Vetterling, and Flannery (1992, pp. 236-252). Note, that for A = 1 this function appears only
in the norming constant. For a data set with n independent observations we need to evaluate
n and n + 1 Bessel functions for NIG and GH distributions respectively, whereas only one
for A = 1. This leads to a striking reduction in the time necessary to calculate the likelihood
function in the hyperbolic case (see Table 1.11).



We applied the estimator to log-return? data from the German stock market and to New
York Stock Exchange (NYSE) indices. We define the return of a price process (S¢)i>0 for a
time interval At, e.g. one day, as

Xt = log St - log Stht' (122)

Thus, the return during n periods is the sum of the one-period returns. The stock data set
consists of daily closing prices from January 1988 to May 1994. We had to correct these quoted
prices due to dividend payments. The NYSE indices are reported from January 2, 1990 to
November 29, 1996. In Tables 1.13 and 1.14 we present the estimated GH, hyperbolic and
NIG distributions, and those obtained with A = 0,1/2,—3/2 for both data sets. The tables
present also the value of the log-likelihood function and the second and third parametrizations
(0,¢) and (x; §).

For numerical reasons it is useful to find a suitable subclass of the GH distributions,
i.e. choose a \ € 1 Z. The estimates of A for the NYSE indices are scattered around zero.
Therefore, it is not possible to choose one subclass for all NYSE indices. For the 30 german
stocks in the DAX the estimates for A range from —2.4 to 0.8, but for 23 of 30 stocks we
obtain —2 < A < —1.4. Similar results are obtained for the DAX (Eberlein and Prause 1998).

Moreover, a volatility approach based on the mixing GIG distribution leads to a com-
parable range of estimates for A\. Wirth (1998) estimated GIG distributions for historical
volatility estimates. Then he compared GH distributions constructed from the estimated
GIG distributions (by means of the mixing representation (1.6)) with the empirical distribu-
tion of the returns: both distributions are not very distinct.> The estimates for A are below
—1/2. In both approaches, neither NIG nor hyperbolic distributions are inside the range of
the estimates for A.

In view of the obtained range of ), the subclass of the generalized hyperbolic distribution

with A = —3/2 is interesting. It has the following density, mean and variance
E(az; a, 3,0, 1) = a(—3/2,a, 3,9) K (%42 jQ(;—_(xH;u)Q) ePlw—n) (1.23)
W00 = —0;2(151/;(1 ol
52
EX=p+ Naffﬁ
VarX =&° (%* a25—252 gi1> gfq

The number of parameters is reduced to four and the Bessel function K is of integer order,
which simplifies numerical calculations and the estimation. Unfortunately, this subclass is
not closed under convolution and the function contains a Bessel function outside the norming
constant a. Hence, the estimation is considerably more time-consuming than for hyperbolic
distributions. Note, that the variation of the likelihood for the GH distributions and the
subclasses is very small. We will investigate this in Section 1.4 in a more detailed way.

2We use “returns” and “log-returns” synonymously.

3Wirth (1998) obtained the following A for historical volatility estimators applied to the DAX and defined
in Section 2.5: Hist15 —0.85, Hist20 —1.27, Hist30 —2.28. For the VDAX he obtained A= —3.99, but the
GH distribution constructed by this GIG estimate is not close to the distribution of the empirical returns
(estimation period: January 1992 to December 1997).



Naturally the GH estimates (in the Tables 1.13 and 1.14) have a higher likelihood than
the nested subclasses. For the German stocks we usually obtain values for A\ below —3/2
and hence under all subclasses the likelihood is maximal for A = —3/2 and decreases with
increasing A.

The values of x are usually close to zero, which indicates a symmetric distribution. For
the subclasses we obtain ¢ values from 0.65 to 0.86. Recall that x and £ give the position of
the GH estimate in the shape triangle corresponding to the subclass.

For seven German stocks (Allianz-Holding, Bayerische Vereinsbank, Commerzbank,
Karstadt, MAN, Mannesmann, Siemens) and the NYSE Composite Index the estimated GH
distribution converge to the boundary of the parameter space as 8 — a, A < 0, 0 < 4. In
terms of the other parametrizations this means y, £, o — 1 and { — 0.

Lemma 1.24. The limit of the generalized hyperbolic distribution for 8 — a and A < 0 has
the following density

2A+1
h(z; A\, o, 0, 1) =

V27 D(=A)02A or =12

Ky 1 (/6% + (& — p)?) exp(az — p)).

Proof. For x | 0, A > 0 the following property of the modified Bessel function Ky holds
Ky(z) ~ T(A\)2M Tz (1.25)

We also use the fact that Ky(z) = K_y(x). Hence, the norming factor a given in Definition
1.1 simplifies in the following way

(042 _ 52))\/2
a(A7 a’ B’ 6) = 1
V2r oA R Ky ((5\/042 - ﬁ2>
(a2 _ 52))\/2
alB \2m a2 BT (=N)2- 216 (a2 — §2)M2
2A+1
V2R D(=A)6 AR O

The parametrization in this limiting case is 4-dimensional, but a substantial change appears
only in the norming factor.

Since 8 — « the parameter 1 = o? — % of the GIG distribution in the mixture rep-
resentation tends to 0. For p = 0 we obtain then the Student-t distribution as a mixture
of normals with inverse gamma distributions (Barndorff-Nielsen and Bleesild 1983). The ob-
tained distribution for p # 0 is not equal to a noncentral t-distribution since the latter one
is a mixture only in the variance with a constant mean and not a variance-mean mixture as
the GH distribution (Johnson and Kotz 1970).

1.3 Derivatives of the Log-Likelihood Function

We obtain the following expressions for the derivatives of the log-likelihood function of the
GH distributions, which we denote by L. See Appendix B for the definition and properties
of the functions Ry and S). We apply in the in the differentiation the well-known properties
of the Bessel function K given in the appendix and the abbreviation ky(z) = d Ky (x)/dA for
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the derivative of the Bessel function with respect to order. We skip the tedious details of the
differentiation.

4, llna2—52_7ﬂ(5\/0¢2—52)
2 ad Ka(dy/a2 — 32)
ky_1p(0/0% + (zi — u)%]
Ky 1,(00/02 (i — o)

L 1n(6% + (21 — 0)?) +

+Z
4y - nngm)
do” — o

= > VP + (@i — 1)?Ry_1,(aV/0% + (w; — p)?)
=1

+ Zn:xz
=1

dp — [—7%RA(5\/M) _

%L = [—— + Vv« ﬂQR)\ o/ a? — ﬁQ :|
= 22X —1) _aéR,\(a\/(SQ-i-(xi—,u)Q)]

+
Z 02 + (w; — p)? 62 + (z; — p)?

i —nﬂ—kzm
21 R, 10T+ (@ —u)2)] .

0% + (2 — p)

Therefore, we obtain direct solutions of the likelihood equations for 5 and u. From %L =0

and %L =0 we get

- _ B 2 32) 3 .
wo= \/r A0V a? —3?) ;xz (1.26)

(1.27)

Z\/(SQ (x; — p)?
220 —1
= — aR)\il/Q(omMSQ + (2 — p)?)

62 + (i — p)

The solutions of the likelihood equations for the other parameters are obtained by maximizing
the log-likelihood equation with respect to (A, , d, 3). The location parameter y is then found
by (1.26). It is of course preferable to maximize (A, log «, log 6, 3) to circumvent the positivity
condition on « and §.
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Figure 1.2: NYSE Industrial Index and Bayer.

1.4 Comparison of the Estimates and Tests

The aim of this section is to analyze and compare the goodness of fit of the generalized
hyperbolic distributions and their subclasses. For a first graphical comparison we provide
plots of the densities, and qqg-plots for the NYSE Industrial Index and Bayer share in Figure
1.2. Both types of plot reveal that generalized hyperbolic distributions provide excellent
fits to empirically observed return distributions. It is obvious that generalized hyperbolic
distributions are leptokurtic, i.e. the peak in the center is higher and there is more mass in
the tails than for the normal distribution.

We also compare the GH estimates with fitted normal distributions statistically. As a
measure for the goodness of the fit we use various distances between the fitted and the
empirical cumulative density function (CDF): The Kolmogorov distance is defined as the
supremum over the absolute differences between two cumulative density functions. We also
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compute L' and L? distances of the CDFs. The Anderson & Darling statistic is given by

\Femp(x) - Fest(x)‘
AD = max )
z€R \/Fest(x)(l - Fest(w))

where Fin,, and Fig are the empirical and the estimated CDFs. We apply this statistic
because it pays more attention to the tails of the distribution (see also Hurst, Platen, and
Rachev 1995) and therefore hints at the possibility to model the probability of extreme events
with a given distribution. In Table 1.3 we give the results for some share values included in
the German stock index DAX.

(1.28)

Table 1.3: Goodness of fit of the GH, NIG, hyperbolic and normal distribution. Different met-
rics are applied to measure the difference between the estimated and the empirical cumulative
density functions.

GH NIG HYP normal

Kolmogorov distance

Allianz-Holding 0.0016  0.0018  0.0019 0.0097
Bayer 0.0164  0.0167  0.0160 0.0593
Daimler Benz 0.0122  0.0122  0.0120 0.0628

Anderson & Darling statistic

Allianz-Holding 0.1301  0.5426  3.0254 5.84e07
Bayer 0.0604 0.0884 0.1462  17.8506
Daimler Benz 0.1094 0.5533  4.0783 6.58¢09

L'-distance of CDFs

Allianz-Holding 0.0004  0.0006  0.0007 0.0024
Bayer 0.0003  0.0003  0.0004 0.0015
Daimler Benz 0.0004  0.0005  0.0005 0.0021

L?-distance of CDFs

Allianz-Holding 0.0016  0.0018  0.0019 0.0097
Bayer 0.0011  0.0012  0.0015 0.0070
Daimler Benz 0.0014  0.0013  0.0014 0.0085

For all analyzed metrics we get better results for the GH distributions and their subclasses
than for the normal distribution. The poor fit of normal distributions to the heavier tails
of returns comes to light in the values of the Anderson & Darling statistic. Looking at
the statistics for the GH, NIG and HYP distributions, no striking differences are found.
Recalling the flatness of the likelihood function and the proximity of the log-likelihood values
in Tables 1.13 and 1.14, this result is no surprise and underlines the overfitting of generalized
hyperbolic distributions with arbitrary A. The values of the Kolmogorov and L? distances of
GH, NIG and hyperbolic distributions are very close, and the distribution with the highest
value changes. Both, Anderson & Darling statistic and the L' distance reveal the following
ranking in the fit: GH, NIG, hyperbolic and normal distribution.

Another way to analyze the discrepance of GH distributions to their subclasses is to
perform a statistical test under the hypothesis that the true distribution is included in the
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Table 1.4: Likelihood ratio test of GH estimates under the hypothesis of a hyperbolic
resp. NIG distribution.

Hyperbolic NIG
statistic p-value statistic p-value

NYSE indices, 1746 observations, January 2, 1990 to November 11, 1996

Composite 0.097 0.756 3.003 0.083
Finance 0.758 0.384 0.234 0.629
Industrial 1.245 0.264 0.915 0.339
Transport 15.1 0.0001 7.107 0.008
Utility 1.614 0.204 0.16 0.689
German stock, 1598 observations, January 1, 1988 to May 24, 1994

BASF 21.435 3.6e—06 8.397 0.004
Bayer 15.375 0 4.3 0.038
Daimler Benz 18.385 1.8e—05 4.476 0.034
Deutsche Bank 11.604 0.001 0.764 0.382
Siemens 32.195 1.3e—08 12.113 0.001
RWE 18.196  1.9e—05 0.005 0.946

hyperbolic resp. NIG subclass of GH distributions. In Table 1.4 we provide the results of a
likelihood ratio test.

Looking at the p-values, we see that the NIG and the hyperbolic hypothesis is not rejected
at a 5% niveau for all NYSE indices but the NYSE Transport Index. Both hypotheses are
rejected in most cases for the German stocks. This is no surprice for a large data set, since the
likelihood ratio test is consistent (see Theorem 6.60 and the following remarks in Witting and
Miiller-Funk 1995). Nevertheless, this result hints at an even better fit of NIG and hyperbolic
distributions for the NYSE indices in comparison to German stocks. This is also visible in
the qg-plots on page 12.

1.5 High-Frequency Data

Generalized hyperbolic distributions are also appropriate for the modelling of intraday data.
We explore a data set published by Olsen & Associates (1998) in preparation of the HFDF
IT conference 1998. See Appendix A.1 for a detailed description of the data set. We estimate
distributions of intraday returns for different time lags, using data recorded from the global
foreign exchange (FX) market and from the US-market. For high-frequency data we follow
Guillaume et al. (1997) in the definition of a log-price

p(t) = [log pask(t) + log pria(t)]/2 (1.29)

and the corresponding return
r(t) = p(t) — pt — At), (1.30)

where At is the time interval. We estimate the GH parameters after removing all zero-
returns. Although this is only a provisional approach to focus on time periods where trading

14



USD-DEM 6 hour returns / 1373 obs. USD-DEM 6 hour returns / 1373 obs.

8] — Empirical o
Rl [R— Normal S
3] - Hyperbolic
N NIG S
§ GH >
2 a
20 0]
o9 S
o 3
8 ~o
—
-
=) S
Irs) ", o
°© o/ -
-0.006 -0.004 -0.002 0.0 0.002 0.004 0.006 © .0.01 -0.005 0.0 0.005 0.01
S&P500 1 hour returns / 1703 obs. S&P500 1 hour returns / 1703 obs
o P
&1 — Empirical 3 2N
————————— Normal -
8| --- Hyperbolic 5
N NIG =
c S b
8o o
3 3
o
-
-0.006 -0.002 0.0 0.002 0.006 $.015 -0.01 -0.005 0.0 0.005 0.01 0.015

Figure 1.5: Densities and log-densities of high frequency data.

takes place, we can conclude that under the assumption of independence the class of GH
distributions provides excellent fits to the empirically observed distributions. This assumption
is of course not realistic, considering the seasonalities and long-range dependence usually
observed in these time series. The microstructure one finds in these globally traded assets
needs much more attendance, particularly in comparison to daily data from a single market.
However, the results given in Figure 1.5 encourage further research. In particular, stochastic
volatility models with generalized hyperbolic marginals may be interesting.

1.6 Finite-Sample Properties

In this section we investigate the stability of the estimation of GH distributions by a simulation
study. We generate random numbers from the GH distribution estimated for the Bayer returns
(see Table 1.14) using the quantile function and a random number generator on [0, 1], and
we produce data sets with different sample sizes. Note, that the choice of the sampling
distributions restricts the validity of the following results to typical log-return distributions
of financial assets. On page 17 we show the results of the simulation. Similar results are
obtained for other sampling distributions.
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Volatility and Quantiles

First, we assume that the true distribution is GH, compute its theoretical standard deviation
and 1% quantile, and compare both with the values resulting from likelihood estimates of
hyperbolic and NIG distributions and the nonparametric estimates. The results are given in
Table 1.6.

The first observation is, that the estimation of the standard deviation is strikingly poor.
For 250 observations, which corresponds to the number of trading days in one year, the mean
absolute errors are larger than 5% and for 1598 (=~ 6.5 years) about 3%. In most cases we
observe an underestimation of the volatility and the nonparametric estimate of the volatility
gives better results.

On the contrary, the parametric results for the estimation of 1% quantiles are better than
the non-parametric. However, the mean absolute errors measured in percent are even larger
than the corresponding errors for the standard deviation.

Skewness, Kurtosis, and Subclass

Due to the flat log-likelihood the comparison of single parameter values of the sampling and
the estimated distribution does not make sense. Therefore, we prefer to compute the error in
the estimate for the subclass A, the Kolmogorov distance max;er |Fsampling () — Fest ()]
and the Anderson & Darling statistic defined in (1.28). The results are given in Table 1.7.

Latter Table shows that only for large sample sizes the parameter A is close to the sampling
distribution. This reveals that the estimation of the subclass, characterized by A, is difficult.
For instance, the mean absolute error in the estimation of A for 1598 observations is of the
same order of magnitude as the difference in A between NIG and hyperbolic distributions.
Recall from Section 1.4 that the difference between the subclasses in terms of the likelihood
is small. Of course, it is not possible to find financial time series at any given length without
getting in trouble with changes of regime.

Table hints at the number of observations necessary for a desired precision of the estimate.
The Kolmogorov and A&D distance decrease with increasing sample size. From these results
we conclude—as a rule of thumb—that at least 250 observations are necessary to obtain a
reasonable fit.

Another way to visualize the stability of the GH estimates with respect to the shape of
the distribution is given in Figure 1.8. We generated 100 i.i.d. random samples of length
250 and 1598 for the hyperbolic distribution estimated for the Bayer stock. The shape of the
hyperbolic distributions estimated from these random samples is shown in the shape triangles.
Obviously, it is preferable to estimate shape parameters from time series longer than one year.

1.7 Minimum-Distance Estimation

In this section we apply different estimation methods by replacing the log likelihood function
with other score functions. We want to know whether one of these different approaches yields
a better fit, in particular, to tails of GH distributions. This may improve the modelling of
the probability of extreme events. We estimate parameters for the GH, NIG and hyperbolic
distributions using the metrics already applied in Section 1.4. The results are given on page
33 for Deutsche Bank returns. Note, that the numerical differences in the values for GH,
NIG and hyperbolic distributions are small for each distance. For the minimal Kolmogorov
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Table 1.6: Simulation study: estimation of standard deviation and quantiles. Sampling
distribution: Bayer ML estimate for the GH distribution with standard deviation 0.01147
and 1%-quantile —0.0298; 1000 iterations.

Sample size 250 random numbers 1598 random numbers
Average Error  AbsErr SquErr Error  AbsErr  SquErr
% % % %
Standard Deviation
Empirical 0.21 7.07 1.15e—6 —0.26 2.95 1.78e -7
Hyperbolic  —2.95 592  T7.13e—7 -3.20 3.51  229e—7
NIG —1.05 6.40  8.69e—7 —1.63 2.84 1.62e—7
1%-Quantile

Empirical 3.67 14.33  2.80e—5 0.79 594  5.03e—6
Hyperbolic 3.39 9.70  1.27e—5 2.92 4.40  2.66e—6
NIG —0.08 11.38  1.86e—5 —0.27 4.53  2.99¢—6

Table 1.7: Stability of the estimation of the full GH distribution, i.e. with arbitrary A. Sam-
pling distribution: GH maximum-likelihood estimate for Bayer; 100 iterations.

Sample Size Mean Absolute Errors Mean Mean
A St Dev Kolm. dist. A&D-stat.
50 9.182 0.00161 0.0937 0.908
100 4.31 0.00128 0.0586 0.566
150 3.43 0.00105 0.0451 0.433
200 3.572 0.00268 0.0419 0.399
250 2.405 0.00356 0.035 0.333
500 2.127 0.000561 0.0262 0.25
750 1.874 0.000549 0.0233 0.221
1000 1.81 0.00104 0.0189 0.178
1598 1.33 0.000362 0.0153 0.145
2500 0.976 0.000351 0.0119 0.112
5000 0.484 0.000205 0.00721 0.068
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Figure 1.8: Stability of GH estimates: Estimation of a hyperbolic distribution from 250
resp. 1598 random variates. This procedure is repeated 100 times.

distance and the minimal Anderson & Darling distance we observe values for A close to —1/2,
which indicates that NIG distributions provide a very good fit with respect to these metrics.

Is it useful to use different metrics for the estimation of distributions from log-returns
in Finance? To answer this question, we compare the empirical skewness and kurtosis with
those values for the estimated distributions. The exact values of the skewness and kurtosis
for a specified generalized hyperbolic distribution are computed by the formulas given in
Barndorff-Nielsen and Bleesild (1981). Both values are complicated expressions in terms
of modified Bessel functions. The results are given in Table 1.15. They indicate that the
Anderson & Darling statistic and the Kolmogorov distance have poor finite-sample properties
as estimators, in particular, in comparison to L? distances of CDF's or the maximum likelihood
approach. On the one hand, the kurtosis of estimated generalized hyperbolic distributions is
always closer to the empirical kurtosis. On the other hand estimated generalized hyperbolic
distributions are sometimes skewed in the other direction than the empirical distribution.
Similar results are obtained for other stock data sets. In general, the Anderson & Darling
statistic and the Kolmogorov distance yield estimates for which skewness and kurtosis deviate
in an irregular pattern from the empirical values. The estimates based on LP-norms are closer
to the empirical kurtosis, but the estimation of the skewness is rather poor. We obtain the
best fits to the empirial skewness and kurtosis, also for other datasets, following the maximum
likelihood approach. Therefore, considering the finite-sample properties, it is not favourable,
to replace the ML approach by one of the proposed distances.

1.8 Measures of Risk

A good fit of the empirically observed semi-heavy tails is also important for the estimation
of Value-at-Risk (VaR). The motivation to introduce the concept of Value-at-Risk was the
necessity to quantify the risk for complex portfolios in a simple way. The VaR to a given
level of probability « is defined as the maximal loss inherent to a portfolio position over a
future holding period which is exceeded only with a probability of o € (0,1). This level of
probability is typically chosen as 1% or 5%. It should not be confused with the confidence
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Figure 1.9: VaR of a portfolio with linear risk and the value of one currency unit (US-$ or
Deutsche Mark). The exposure period is one trading day. We compare the empirical VaR at
different levels of probability to the estimated VaR using GH, NIG, hyperbolic and normal

distributions.

level. We look at the whole interval of levels of probability. This approach corresponds to the
multivariate approach in Davé and Stahl (1997). They propose to measure VaR for a whole
range of levels of probability «. Since we are interested in extreme events, we have only a
small number of observations; e.g. in a 99% quantile we obtain about 16 observations for our
data sets. Looking into VaR as a function of « gives an impression for the behaviour of a risk
measure.

First of all, we analyze VaR for portfolios with linear risk, e.g. portfolios consisting of only
one stock or index. The VaR estimates for the GH, NIG and hyperbolic distribution are given
in Figure 1.9. Obviously the class of generalized hyperbolic distributions and its subclasses
provide better fits to the empirical VaR—in particular for small levels of probability—than
the normal distribution.

A detailed discussion of the various approaches to risk measurement especially for multi-
variate price processes is given in Chapter 5. The good description of the risk inherent in
a financial asset by GH distributions may also be used as a basic ingredience to portfolio
optimiziation approaches. For instance, Sulem (1999) has shown that a smaller part of the
capital is invested in the risky asset, if the process of the risky asset is non-Gaussian.

1.9 Subordination, Lévy-Khintchine Representation

In the following section we derive the Lévy-Khintchine representation of GH distributions for
arbitrary A. In the case A = 1 and A = —1/2 the corresponding densities have been derived by
Keller (1997, Proposition 51) and Barndorff-Nielsen (1998). However, the Lévy-Khintchine
representation for arbitrary A is rather unpleasant, therefore we add subsequently a simpler
version for positive .

Apart from the fact that the subordination allows to calculate the Lévy-Khintchine rep-
resentation, it gives also a link to other approaches to explain the behaviour of asset prices
by a simpler process viewed on business time scales. See Schnidrig and Wiirtz (1995) for
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empirically constructed business times scales for high-frequency data, and Geman, Madan,
and Yor (1998) for time-transformed Brownian motions as a model for asset prices.

Subordination

A straightforward approach to calculate the Lévy density of the GH distribution is based
on the representation of the GH Lévy motion as a Brownian motion W (t) with independent
random time Y (¢). This representation is denoted as subordination (Huff 1969).

Proposition 1.31 (Lévy-Khintchine Representation). A wvariable X following a cen-
tered and symmetric GH with parameters (X, a,0,6,0), A € IR has the Lévy-Khintchine rep-
resentation of the characteristic function

X(u) = fwrry = exp ( / Oo(cos(ux) - 1)dMX(x)> (1.32)

[e.9]

with spectral measure

oo p—|z
Mx(z) = —sign(x)/o / \/% exp(—y?/2t)dy dMy (t). (1.33)

The spectral measure My of the random time Y has the density

h(z) = [52 /00 e~ % g\ (20%€)d€ + max{0, )\}é] e~ /2 (1.34)
0 x
with

2 2 2 -1
o(@) = [/ (B (VE) + N3 (V)] (135)
Further, J and N are modified Bessel functions.*

Proof. As a consequence of the variance-mean mixture, GH Lévy motions may be written as
subordinated processes W (Y (7)) in the sense of Huff (1969). Here W () denotes a Brownian
motion and Y'(¢) an independent random time with characteristic function

fyry(u) = exp <T(z’uw + /O oo(em — 1)dMy(x))> .

From Theorem 4 in Huff (1969) follows that the subordinated process W (Y (7)) has the
following Lévy triplet v = 0, 0 = Ty, and

o L exp(—12 .
M(z) = TMo(z) = T/o /oo\/ﬁ p(—y7/2t)dy dMy (1), <0

—TMy(-z), x> 0.

Consequently one obtains for the characteristic function at T' = 1 the following expression

oy = e (v /24 [ (costur) - Dai(a)).

—00
Replacing My with the spectral measure of GIG distributions yields the result above. The
density of My is given in Barndorff-Nielsen and Shephard (1998, Theorem 4.1).° O

[e.9]

“Sometimes N is denoted by Y, see e.g. Halgreen (1979)
5See Table 1.1 for an overview over the various parametrizations.
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Remark 1.36. The Lévy triplet of GH symmetric and centered GH distributions contains
no Brownian part. Of course, assuming a drift u # 0 does not change this.

Moreover, the Lévy-Khintchine representation of skewed GH distributions are related to
symmetric GH distributions Lemma 1.51. Obviously, also skewed GH Lévy motions are pure
Jump processes.

Positive A\

In the case A > 0 we get a simpler Lévy-Khintchine representation which does not translate
to negative A, since a integral representation similar to Theorem B.19 is not valid.

Lemma 1.37. Denote by {(u) = fooo e " gig(z)dz the Laplace transform of the GIG distri-

bution. Then we have po(u) = 5(“72 — zﬂu) where @q is the characteristic function of the GH
distribution with pu = 0.

Proof. The GH distribution has the following mixture representation gh(dr) =

Jo° N(Bw, w)(dz) gig(w)dw where N is the normal distribution. With Lukasz (1970, The-
orem 12.1.1) follows

qolw = [ abdn) = [T [ N gl
_ /0 " exp (- <“; - wu> w> gig(w)duw

2
- g(“——wu>.
2 0

Lemma 1.38. For the symmetric centered case 3 = = 0 we obtain the following represen-
tation for the Laplace transform of the GIG distribution

a? A2 K,\(5\/a2+2u)
§u) = <a2 + 2u> K (ad) '

Proof. Note that &(u) = ¢(v2u) holds for 8 = 0. The result follows with Lemma 1.37. O

Lemma 1.39. The Laplace transform of the GIG(\, 6%, a? — 32) distribution is given by

B a? — 32 )‘/2K)\(5 a2 — 32+ 2u)
5(u)_<042_52_|_2u> K}\((; /a2—ﬂ2) )

Proof. We abbreviate the norming constant of the generalized inverse Gaussian distribution
by

o ()M?
b\, X, ) = 2K(VIX)

21



where y = 62 and 1 = o® — 3%. Hence, the Laplace transform is given by

g(u) = b()‘7X7¢) [)m e " exp <_%(§ + ¢J))> dx
b\, X, )
b\, X, ¥ + 2u)
W/ )M 2K\(VXY)
2K (v/x (¢ + 2u)) <M>W
X

_ < Y >)\/2K)\( (W + 2u))
P+ 2u Ka(Vxy)

Replacing ¢ and x completes the proof. O

For the proof of the following theorem we need some integral representations.

Lemma 1.40.
u? e — 1 —jux V2%
—ln(l + —) = /—e 12l gy (1.41)
2z ||
2 wur 1—1
—ln(l + “—2) = /Me—awx (1.42)
a ||
Proof. See Keller (1997, Lemma 50c and p. 83) O

Theorem 1.43. The Lévy-Khintchine representation of the characteristic function of the
generalized hyperbolic distribution for A > 0 is

Inp(u) = dup+ / (e —1 — juz)g(z)dx

o) = & /°° exp( — /2y + ?Jal)
[ \Jo w2y (J3(0v/2y) + Y (0v2y))

dy + )\ea|m|>

Proof. First of all, we assume that 4 = 8 = 0 and define w, := dv a2 + 2u. Hence, we can
follow

diu Ing(u) = diu In Ky (wy,) — diu In(o? + 2u)™?
~ K\(wy)8?/w, A2
K (wy) 202+ 2u
2 2

- <—wi Ko (1) — KH<wu>> -2

PN PKyi(w,) A2
T W wKw) el
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Since A > 0, we can use Theorem B.19 to derive the following by integrating the latter

identity
u 2
Iné(u) = / ( g2 toi(wn) 20 A) dv

wy Ky— 1(wv) w2

_ 52//9A dd_/\/Q "
+ 2v
dv 2u
- dy — \n(1+ 22):
/0 /0 y—|—62(a2+2v)g>\(y) Y n< +a2>a

here we use that [J' Cl du = In(C +u) — In(C) = In(1 + u/C). Denote 1) = a* and by the
change of variable y — In(2) = 2622 — 624 we get

- /w In(1 + ;)gA<252(z - %))dz —Aln (1 n %“)

Hence, with Lemma 1.37 we obtain

Inp(u) = lng(%)

= —52/00 (26%(= — ¢))ln(1—|— 2)dz—)\ln(1+ 2)
- oz 2 22 b

Applying the integral representations of Lemma 1.40 and the change of variable z — A(y) =
Y+ %, and interchanging integrals, we obtain

np(u) = 6 /w/Qg)\(%Q(z—%))/ﬂe@xdxdz

]

+ /\/ i S L iuwefamdx
||
ur 1—34 00
= /—e e </ 52g,\(252y)6_\/2?ﬁ—0‘2‘$‘dy + )\e_o‘m) dx.
0

]

Therefore, the Lévy Khintchine representation of the characteristic function in the case of
symmetric centered GH distributions is given by

Inp(u) = /(ewx — 1 —dux)g(x)dx
1 </oo . vy +atle) )\e_0‘|“"|> |

9(@) = y(J3(6v/2y) + Y (3/2y))

where A > 0. With Lemma 1.51, we obtain the Lévy measure of the skewed GH distribution.
Introducing also p proves the desired result. U
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Levy measures: NYSE Composite Index
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Figure 1.10: Lévy measure of GH, NIG and hyperbolic distributions.

In Figure 1.10 we show the Lévy densities of GH distributions estimated for the NYSE
composite index. Since the estimated value of A = 0.84 is closer to the hyperbolic distribution,
in this case the NIG distribution has more large jumps than the GH distribution.

1.10 The Generalized Hyperbolic Lévy Motion

Barndorff-Nielsen and Halgreen (1977) showed that the GIG distribution given in Definition
1.7 is infinitely divisible. A direct consequence of this fact is that a mixture of normal
distributions with GIG distributions is again an infinitely divisible distribution. Therefore, we
can construct Lévy processes based on these distributions. Unfortunately only in the special
case of normal inverse Gaussian distributions, i.e. for A = —1/2, the family of distributions
{GH(-1/2,a,3,td,tu), t € (0,00)} forms a semi-group under convolution. Consequently,
the convolutions of generalized hyperbolic distributions in general are no longer generalized
hyperbolic. Nevertheless, with the following Lemma we can reduce the calculation of the
n-fold convolution to the symmetric case.

Lemma 1.44. The convolution semigroup of GH Lévy motions X is characterized by the
densities

ebx

0(8)

gh* (25 \, @, 8,6, ) = gh* (25 \, @, 0, 6, 1)
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Proof. Recall that a = a(\, «, 3,d) was defined as the norming factor of the GH distribution.
For a two-fold convolution we obtain:

gh**(z) = gh*(z;\ o, B,6,p) = / gh(z — y) gh(y)dy

= /(52 F(z—y + p)?) A R)/2
X K)\, 1/2 (O(\/(52 + (.’,U —y+ M)Q)e,@(xfyfp,)

< (874 (y = )2 Ky (/02 4 (y = 0)2) " Py
= d*(\ o, B,8) exp(fz — 28p)a"2(\, a,0,68) gh**(z; )\, @, 0, 6, )
" a’(\ a, 3,0)
a?(\, «,0,0) exp(26u)
= (M(B; 1 0,0,6,) ) exp(fx) gh* (w5 \, , 0,6, p1)
=:Mo(B3)

exp(Bx) gh™(z; X, a, 0,6, 1)

Clearly, this result translates to IN.
gh*"(z) = M, "(8) exp(Bz) gh™(z; A\, 2, 0,0, 1) Vn € IN.
We use the following abbreviation for an element of the convolution semigroup of symmetric
GH distributions.
7 exp(fz)
flz) =
M§(8)
Then we obtain for 0 < s, < 1

- eBla—y) at . By
(fs*ft)(QT) = gh (x_y’)‘aa70757:u’)Mg(ﬁ)

M§(3)
Bz
€ * *S
= W/gh t(l’—y;A,Oé,O, (57 H) gh (y;A,Oé,O, (57 H)dy
ebr
= f(gh*t(';)\vavoaév :U/) *gh*s(-;)\,a,(),é, /J,))(Jf)
Mg*e(9)

gh*!(z; X, ,0,0, 1), for 0 <t < 1.

gh™*(y; A, , 0,8, ) dy

At last we define gh*!(z) = f(z), which yields the result. O

Consequently, we obtain a real valued expression for the characteristic function in the
symmetric centered case § = p = 0.

a? )A/Q Ki(6vVa? +u?)

(p(u; A, 5) = <a2 T+ 2 K)\(OC(S) ) (145)

and the density gh*' of £(X;) with X; symmetric and centered, is given by the Fourier
inversion formula

1 o0
gh*(2; )\, @,0,6,0) = —/ cos(uz)p(u; \, a, 8) du (1.46)
0

™
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where ¢ > 0. The Fast Fourier Transformation (FFT) allows to compute this density in
an efficient way (Press, Teukolsky, Vetterling, and Flannery 1992). At the end of 1.14 we
propose an alternative method to compute quantiles of convolutions of GH distributions,
which translates also to densities. Of course, in the case of the NIG distribution the density
gh*' can be computed directly

nig* (z; o, 8, 6,0) = nig(z; o, 4,5,0)  for t > 0. (1.47)

On the one hand the estimation of NIG distributions is more time consuming, on the other
hand convolutions, necessary for option pricing, are easier to obtain.

1.11 The Exponential Lévy Model

We consider the following financial market living on a stochastic basis (Q, F, (F)o<t<T, P)
which satisfies the usual conditions. We model two assets: The first one is a risk free asset
(Bt)o<t<T evolving according to the equation

AB, = rB,dt. 0<t<T
{ p=rBdt, 0<t< (1.48)

By =1,

where r is a given interest rate and T is the fixed horizon date for all market activities. The
second asset is a stock with price process (St)o<i<7 given as follows

Sy = Sp exp(Xy). (1.49)

where X; is a GH Lévy process. This process is purely discontinuous as well. We are in
an incomplete setting, therefore we have to select a particular equivalent martingale mea-
sure. Arbitrage free prices are obtained as expectations under these measures (Delbaen and
Schachermayer 1994). Moreover, Eberlein and Jacod (1997) have shown in the hyperbolic
model that prices in the whole trivial no-arbitrage-interval are possible. See Raible (1999) for
similar results for other GH distributions.

1.12 Derivative Pricing by Esscher Transforms

In the sequel we investigate the risk-neutral probability measure obtained as Esscher equiva-
lent measure P? given by

dPﬁ — eﬁthtlogM(ﬁ)dP. (150)

Sometimes (1.50) is called exponential tilting. Esscher (1932) introduced these measure trans-
forms for different economic and statistical applications (see for instance Jensen 1995, pp. 11—
16 for a discussion). Gerber and Shiu (1994) proposed to use this equivalent measure transfor-
mation for the pricing of derivatives. They define the Esscher transform for 0 < ¢ < oo. This
transformation does not define an equivalent measure on F= (see Proposition 19 Remark ii
in Keller 1997). Otherwise, if we look only on a finite time horizon the problem is not to proof
the equivalence of the measure but to give a consistency condition, that the new process is
an equivalent Lévy process (see the remark of Delbaen, Schachermayer and Schweizer in the
discussion of Gerber and Shiu 1994, pp. 148-151).

It is remarkable that the Esscher tranform may also be obtained by a transformation of
the Lévy triplet.
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Lemma 1.51. Let X be a Lévy process with Lévy triplet (0,0, F) and let y(x) = exp(Vz) and
suppose that f| exp(Vz)dF < oo, then the new measure Q) defined by the change of triplet
according to

z|>1

<b, = b+/h(y— 1)df,d =0,F :yF)
is the Esscher transform of P.

The assertion was proved by Keller (1997, Lemma 21 and equation 1.29). The lemma
allows to compute the Esscher transformed risk-neutral density by Fourier inversion methods
when only the characteristic function of the real-world measure is known.

Esscher Transforms in Finance

In a discrete time setting a generalization of (1.50) is proposed by Biihlmann, Delbaen,
Embrechts, and Shiryaev (1996) considering conditional Esscher transforms. In their case
one finds a reason to choose the Esscher transform as a risk-neutral measure by equilibrium
arguments. See also Shiryaev (1999, pp. 683-690) for Esscher transforms in finance and
Keller (1997, Section 1.4.3) for an equilibrium approach leading to Esscher transform as a
risk-neutral measure. However, in the two equilibrium approaches the settings and utility
functions are different.

Moreover, Grandits (1996) considered one step processes: then the risk-neutral Esscher
probability measure corresponds to the p-optimal measure for p — 1. The p-optimal measure
is a generalization of the variance-optimal measure.

From a mathematical and numerical point of view the simplicity and analytical tractability
of the Esscher transform is favourable.

Esscher Prices and the Minimal Martingale Measure

Chan (1999) asserts that the Esscher transform yields an equivalent martingale measure for
the stockprice model

dSt = O'tSt—dXt + tht,dt (152)

where (X¢)o<t<7 is a Lévy process with Elexp(hX1)] < oo for all h € (h1, h2), 0 < hy, he < 0.

The diffusion and drift coefficients (o¢)o<t<7 and (b:)o<t<r are defined to be deterministic

continuous functions. The condition on X in Chan (1999), which is fulfilled for a GH Lévy

motion, implies that X; has finite moments of all order. In the model (1.52) the Esscher

transform yields a minimal martingale measure in the sense of Follmer and Schweizer (1991).
On the contrary, in the model

St = S(] exp(atXt + btt), (153)

where the price follows an exponential Lévy process, the minimal martingale measure does
not coincide with the Esscher transform. However, both measures are very close. They are
identical in the case of a Brownian motion X, and if the Lévy measure of X is concentrated
around 0, the Esscher martingale measure approximates the minimal martingale measure.
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Esscher Prices in the GH Model

With Keller (1997, Lemma 14) we have to find the solution of
M +1)

S V() (1.54)
T SO el ) R Y VG CE I
2 a? —(B+9+1) K)\((;\/az_(ﬁ_i_,ﬁ_i_l)Q)

where M is the moment generating function given in Lemma 1.13 and r» > 0 the constant
interest rate (corresponding to the time lag for which the GH law was estimated). We find
the solution ¥y by a refined bracketing method. In the case of a NIG distribution equation
(1.54) simplifies to

r=p+d(v/a2—(B+9)2—\a2—(B+9+1)2). (1.55)
The density of the Esscher transform is obtained from the convolution semi-group (gh*');~o.
To avoid the computation of convolutions for asymetric densities we reduce the computation,
in the way we described above, with FF'T to the symmetric case. We use the fact that Lemma
52 of Keller (1997) translates directly to generalized hyperbolic distributions. My(u) denotes
the moment generating function given in Definition 1.13 for § = 0.
dz

* ¢ *
gh*™ (2N, 3,6, 1) = MHV) gh™ (w3 A, . 8,6, )
eﬁx eﬂw

_ *t _ .
= Mt(ﬂ)Mg(ﬂ)gh (x — pt; A\, 0, 0,6,0). (1.56)

In the case of the NIG distribution we obtain
Yz
gh*tﬁ(w; _1/27 «, /85 55 M) = Meti(ﬂ) Illg(l’, «, ﬁv t57 tlu’) (157)
and especially in the case of a centered NIG distribution we obtain a risk-neutral NIG distri-
bution

gh*t’ﬁ(x; _1/2’ a, 3,0, ()) = nig(x; a, B+ 19,16,0). (1.58)

Consequently, centered NIG transforms are the easiest GH Esscher transforms to implement.
The price of a derivative contract with payoff function h(St) is (for all GH distributions)
given by

Eqgole ™ h(Sr)] = e / h(Soe®)dQ%, .

where QY and Q";(T denote risk-neutral Esscher transformed probability measure and distri-
bution of X7 respectively. For the price of an European call option with payoff function
h(St) = (ST — K)T we obtain

Con = Egoole ""h(Sr)] = e " Eqo, (ST — K)] (1.59)
= efTTEQﬂo [(SoexT - K)" = erT/ (Spe” — K)dQ”;(OT (x)
{Spe*>K}
= So/ gh*T’ﬂOH(l“; co)dr — e "TK gh*T’ﬁO (z;...)dx.
log S—I; log S—I;

For the last step we follow Keller (1997, Section 1.4.2).
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1.13 Computation of Esscher Prices by FFT

The numerical computation of option prices by fast Fourier transforms (FFT) procedes in
four steps:

1. First, we solve equation (1.54), or the given simpler versions for the various subclasses,
to obtain 9y by a refined bracketing method. For ¥y we have the following condition
—a— [ < ¥y < a—F—1. We use these bounds as starting values for the Illinois method
(Thisted 1988). This approach allows us to compute ¥y in less than 10 iterations with
an error smaller than 10719,

2. Second, we calculate the symmetric density gh*? (z — ut;a,0,6,0) using the Fourier
inversion formula (1.46). Although the implementation of sophisticated FFT algorithms
needs some attention to get exact results, the execution needs only fractions of a second.

Two-fold convolutions are used as a standard method in the field of image processesing
and filtering. The numerical problems of the discrete Fourier transforms and simula-
tion results are treated extensively by the computer scientists. Although characteristic
functions are often used in probability theory to prove limit theorems, numerical algo-
rithms for n-fold convolutions with n > 2 for arbitrary measures are no subject in the
numerical literature.

Unfortunately, only in the case of the NIG subclass the density is available as a closed
formula.

3. The Esscher transform is calculated as given in equation (1.56). Since  and p have
often opposite sign, it is numerically favourable to “skew” the distribution in one step.

4. The last step is the calculation of the prices with formula (1.59), which is essentially a
numerical integration.

We summarize the numerical results for the comparison of GH Esscher prices with Black-
Scholes prices in Section 2.3.

1.14 Saddle-Point Approximation to Esscher Prices

An alternative approach to calculate Esscher prices is based on the saddle-point method, a
well-known tool in statistics to approximate densities or tail probabilities, if only the moment-
generating or cumulant generating function is known. See Jensen (1995) for a thorough expo-
sition of saddle-point approximation methods. The idea behind saddle-point approximations
is to compute the density or a tail probability by the Fourier inversion formula (see equation
1.46 for a special case), not by discretizing and the application of the FFT algorithm, but by
an expansion of the convex cumulant generating function at the saddle-point. Hence, the first
derivative vanishes and the approximation obtains a simple form. Rogers and Zane (1999)
proposed to compute option prices by saddle-point methods. In particular, they propose this
for stock price models in which X7 has a NIG distribution® under the martingale measure—
avoiding any “soul-searching” to find a particular martingale measure. In the sequel we show

SRogers and Zane (1999) confuse NIG and hyperbolic distributions. Actually, they give the characteristic
function of the NIG distribution. Since convolutions of NIG distributions are known explicitly, it is not
necessary to approximate them by saddle-point methods.
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that this approximation method is also useful for the calculation of prices with the Esscher
change of measure.

As a first step, we compute the cumulant generating function of X7 under the Esscher
equivalent martingale measure where (X;)o<i<7 follows a GH Lévy process. The cumulant
generating function (CGF) is defined as the log of the moment generating function (MGF)

k(u) :=log M (u) = log Elexp(uX)]. (1.60)

Let M(u,t) and x(u,t) denote the MGF and CGF of the t-fold convolution. Since M (u,t) =
M (u)® for the convolution of i.i.d. random variates, we also have r(u,t) = tr(u).

The moment generating function of the Esscher transform with parameter ¥ is given by
(Gerber and Shiu 1994)

M(u+19,t)

M(u,t,9) = M)

(1.61)

where ¥ € IR is the parameter of the Esscher transform. Using Lemma 1.13 we obtain for the
CGPF of the Esscher transform in the GH model:

k(u,t,9) := log M (u,t,9) = log %
o Mu+9) L M(u+9)
_logW - logW
e a2 (g2 \ VK (/- (B u 0P)
= tlog | —5, <a2—(ﬂ+u+?9)2> Ky (5v/a? = (3 +0)%)
_ D = (B+0) Ky (6v/a® — (B +u+9))
_tuu+?10ga2_(ﬁ_’_u+ﬂ)2 +log Ky (5\/m)

Note, that x(u,tV) exists for |3 + u + 9| < a. Since k(u,t,d) is the cumulant generating
function of a t-fold convolution of a GH distribution with parameter 3’ = 3 + 99, we have
shown again that the risk-neutral Esscher transformation of a Lévy process changes only the
skewness in the following way 3 — 3 + ¥*.

The price of a European put option under an equivalent martingale measure () is according
to the martingale pricing theory given by

p=E9e (K - Sp)T] (1.62)

with strike price K and stock price St under Q). Since we model the logarithm X; = log(.S;/So)
of the stockprice S¢, we could also write

p=e "TEQ(K — Spe*T)*]
= ¢ rTHlog S p@ [(exp(log K —log Sy) — exp(XT))+]
=k
= Soe T EQ[(eF — X1, (1.63)

where k = log(K/Sy). Note, that the value of a European put p and a European call ¢ with
the same strike price K are closely related by

p=c—Sy+e K, (1.64)
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where Sy is the stock price at time 0. This follows from a trivial arbitrage consideration and
does not depend on the model.

Now we construct an exponential family by a second exponential tilting under the mar-
tingale measure ). See Jensen (1995, Chapter 1.2) for a short introduction.

We assume that the cumulant generating function x of X7 under @ is finite in some open
stripe {2z : —a_ < Rez < a4} containing the imaginary axis with a_ > 0 and a4 > 1. Define
the measure @, by the

% = exp(yX1 — K(y)). (1.65)

Note, that this exponential tilting (or Esscher transform) is not related to the Esscher tranform
used to obtain the equivalent martingale measure. Then the cumulant transform s, of @, is
given by

fy(u) = Ky +u) — K(y).
Now we can rewrite (1.63) as
p = S0t TTQ(Xr < k) — Soe T VQ (X < k). (1.66)
The tail probabilities Q(X7 < k) and Q1 (X7 < k) may now be approximated by saddle-point
methods.
Lugannani-Rice Formula

We start by reviewing one particular saddle-point method. The exponential family generated
by X and @ defined in (1.65) has the following mean and variance

Ho) = B, X = T-0) (1.67)
2I€
7(9) = Var, X = 12(1) (1.68)

The solution § of Ey(X) = x, x € int C, where C'is the closed convex hull of the support of X,
is unique. When the exponential family is steep we have in fact that {E, X :y € int C} C C,
ie. p(y) = x has a solution g € int © := {y € IR : exp(k(y)) < oo} for any x € int C
(Barndorff-Nielsen 1978, Section 9.3).

One application of saddle-point methods is to find approximations to sums X, of
X1,...,X, ii.d. random variates. The following formula for the approximation of the lower
tail probability proved by Lugannani and Rice (1980) is an improvement to other saddle-point
approximations, since it is valid for all z € IR. See Daniels (1987) for a comparison of the
Lugannani-Rice approach to other saddle-point methods.

Theorem 1.69 (Lugannani-Rice Formula). Assume that the solution ¢ exists and
Laplace-transform integrable. Then

PIX, ) =0(r(0) ~ o) (5055~ 71

N n3/2
@ o )>’
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where p and ® are the density and CDF function of the standard normal distribution, respec-
tively. Furthermore

r(z) = sign(§(x)) /20 (§(2)x — r(5(2))) (1.70)
@) = Vnij(x) o(y(x)). (1.71)

See Jensen (1995, 3.3.2-9) for the proof.

It is remarkable that under the given assumptions the Lugannani-Rice formula holds
uniformly for g(z) in a compact subset of int © (Jensen 1995, Theorem 3.3.2). Note that
a better approximation may be achieved using the higher order terms given in the original
paper of Lugannani and Rice (1980). In general, simulation studies indicate that the use of
the first order approximation yields good results (Daniels 1987).

Properties of the Cumulant Generating Function

Finally, we have to present the properties of GH distributions necessary for the application
of Theorem 1.69.

e The CGF of the GH distribution is the logarithm of the moment generating function
given in Lemma 1.13. For the parameter values which were typically estimated from
financial time series, the MGF and hence the CGF exists and fulfills a4 > 1.

e The Laplace transform is integrable (this follows from Lemma 1.13 and Lukasz 1970,
Section 7.2).

o With Lemma 1.13, equation (1.17) and Definition B.26 the we can compute the first
derivative of the CGF k(u). We assume p = 0 for simplicity and obtain

Ry (5f(u))
W (y) = 20 o 184y < o 1.72
) ) | | (1.72)
where f(y) = v/a? — (8 + y)?. The second derivative is easily computed with equation

(B.32).

Hence, if a solution §j(x) exists, we can apply the Lugannani-Rice Formula to compute the
option price given in equation (1.66).

Note, that the approximation by saddle-point method, which we have proposed here, is
also valid for the approximation of quantiles of convolutions of Gh distributions. Consider,
for example, the calculation of the VaR for a holding period of ten days from a hyperbolic
distribution estimated from daily log-returns.

1.15 Conclusion

In this chapter we developed an algorithm to estimate parameters for the class of general-
ized hyperbolic distributions which includes the hyperbolic and the norm