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Preface

During the last years banks have realized that default risk cannot be neglected.
The subjective assessment of credit worthiness has to be replaced with a more
objective way of estimating default risk.

Mathematical credit risk models in the literature are mainly models based
on Brownian motion although it is known that real-life financial data provides a
different statistical behavior than that implied by these models. Lévy processes
are an appropriate tool to increase accuracy of models in finance. They have been
used to model stock prices, and term structures of interest rates, thus allowing
more accurate derivative pricing and risk management. In this study we discuss
how general Lévy processes can be applied to credit risk and market models.
There are also a few jump-diffusion models where the jump-components have
sample paths of bounded variation, but some of the very important subclasses
are special types of Lévy processes.

The emphasis in this study lies on the application of Lévy processes in credit
risk models. We will mainly deal with the question of pricing defaultable cor-
porate bonds. However we will also consider a portfolio model where the main
question is the modeling of the loss distribution. Furthermore, we present a Lévy
Libor model which contains the classical Libor model as a special case.

In Chapter 1 we briefly survey some aspects of credit risk, generalized hy-
perbolic distributions and Lévy processes. In the overview of the structural
approach, we show how Lévy processes can be used to generalize the classical
structural approach due to Merton (1974). In Chapter 2 we present and general-
ize the approach of the commercial software package CreditRisk+TM by Credit
Suisse Financial Products. This chapter might be of some interest to practition-
ers since we introduce an alternative distribution to CreditRisk+TM which allows
for heavier tails and still guarantees analytical tractability.

Then we introduce a credit risk Heath-Jarrow-Morton-framework based on
Lévy processes in Chapter 3, where we generalize the Gaussian approach in Bi-
elecki and Rutkowski (1999, 2000). With a view to more realistic modeling we
also include the topic of reorganization within this framework, which is based on
an idea of Schönbucher (1998, 2000a).

In Chapter 4 we show how the market practice of pricing caplets with the
Black formula can be pushed further to a model where the driving process is a
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Özkan. Very special thanks go to Verena Trenkner.

II



Contents

1 Introduction 1
1.1 Mathematical approaches . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Structural models . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 Intensity-based models . . . . . . . . . . . . . . . . . . . . 5
1.1.3 Portfolio approaches . . . . . . . . . . . . . . . . . . . . . 7

1.2 Practical approaches . . . . . . . . . . . . . . . . . . . . . . . . . 7
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Chapter 1

Introduction

1.1 Mathematical approaches

A default-free zero-coupon bond is a financial security paying its owner one cur-
rency unit at a prespecified date T in the future. A defaultable bond, usually a
corporate bond, is a financial security promising its owner to pay one currency
unit at a prespecified maturity date T in the future. In contrast to the case of
default-free bonds the issuer of a credit risky bond will default with a certain
probability before or at time T . In case of default the holder of such a bond will
receive only a fractional amount of the promised currency unit or nothing at all.

Roughly speaking, models for credit risk can be divided into two categories:
structural models, see Merton (1974), where the quantity one models is the total
value of the firm, and intensity based models, where default itself is modeled,
namely typically as a jump-process (see e.g. Jarrow and Turnbull (1995)). An-
other group are portfolio models, where the loss distribution of the portfolio is of
special interest. We give a short overview to these types of models. Of course,
the distinction between these approaches is not always strict.

1.1.1 Structural models

Credit risk is the risk that an obligor cannot meet his obligations because the
amount of liabilities due surpasses the amount of funds available. Since the funds
available as well as the liabilities are stochastic variables, one way of modeling
credit risk is the modeling of these variables as stochastic processes.

The value-of-firm based models go back to the famous Nobel-prized article of
Black and Scholes (1973) and to Merton (1974). These models are also called
‘structural’ or ‘classical’ models – ‘structural’ because the variables underlying
the model are imposed in the firm’s balance sheet.

The main idea is that the debt of a firm can be interpreted as a combination of
a default-free bond and a put option on the value of the firm. We consider a firm
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which is financed by equity and zero coupon debt with face value K maturing at
date T .

We assume a stochastic basis (Ω,F ,P) with a filtration (Ft)t≥0 satisfying the
usual conditions. The measure P is the real-world measure. The value of the
firm at time t is denoted by Vt, which we model as an adapted exponential Lévy
process

Vt = V0 exp (Lt). (1.1)

In the original paper of Merton (1974) the Lévy process L is a Brownian motion
with drift, more precisely Lt = (µ− σ2/2)t+ σWt, where µ ∈ IR, σ > 0 and W is
a standard Brownian motion. However, the calculations can be done analogously
for an arbitrary Lévy process. A Lévy process is essentially a process with in-
dependent and stationary increments. We give details and references in Section
1.3. For example, we may take L as a generalized hyperbolic Lévy process, see
Eberlein and Keller (1995), or Eberlein and Prause (2002), or we may use the
variance gamma model as in Madan (2000). Concerning the market we make the
same assumptions as in the original paper, see Merton (1974, Assumption A1 –
A7).

At maturity T the firm is obliged to pay the amount K to the bond holder.
If the value of the firm at time T is less than the debt K, the firm will not be
able to meet its obligations, i.e. the firm holders have to abandon the company.
This means at time T the bond holder receives

min(VT , K) = max(K, 0)−max(K − VT , 0)

= K − (K − VT )+. (1.2)

Default is only triggered, when the value of the firm at maturity date T , VT ,
is less than the firm’s debt K. In this basic model default cannot occur before
the maturity date T . The payoff to the bond holder at T equals the payoff of a
default-free bond with face value K minus a European put option on the value
of the firm with strike K. In other words, purchasing a note from a risky firm is
the same as purchasing a risk-free bond and simultaneously selling a put option
to the borrower that states that the bond holder will buy the firm for the amount
of the note. The recovery rate, i.e. the fraction of amount that the bond holder
receives in case of default, is VT/K. Hence, by equation (1.2), the value of the
bond at time t is

K exp(−r(T − t))− Put(Vt, K, T − t,Q), (1.3)

where r is the interest rate, which is assumed to be constant over time and the
second term is the price of the put option, i.e.

Put(Vt, K, T − t,Q) = IEQ[e−r(T−t)(K − VT )+ | Ft],

and Q is an equivalent martingale measure. In the Merton-approach there is
a unique martingale measure Q and the price of the put is calculated with the
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classical Black-Scholes option formula. In the general Lévy setting there is usually
no unique martingale measure. In the generalized hyperbolic setting, one can take
for example the Esscher transform, see e.g. Eberlein and Keller (1995) or Eberlein
and Prause (2002).

The value of the put option reflects the risk of default. The higher the default
risk, the higher is the value of the option, i.e. the more the firm holder has to
pay to the lender to ‘convince’ him. An important credit risk measure is the
probability that a default will occur given the information at time t under the
real-world measure P , denoted by DefP(t). It can easily be calculated that this
probability is given by

DefP(t) = FPLT−t (log(K/Vt)),

where FPLT−t is the cumulative distribution function of the law of LT−t, PLT−t .
This can be seen as follows. Due to the independent and stationary increments
of L we have

DefP(t) = P (VT < K | Ft) = P (Vt exp(LT − Lt) < K | Ft)
= P(LT − Lt < log (K/Vt)) = FPLT−t (log(K/Vt))).

In the Merton model, we have

DefP(t) = N

(
(σ
√
T − t)−1

(
ln (K/Vt)− (µ− 1

2
σ2)(T − t)

))
,

where N is the cumulant standard normal distribution function, see e.g. Jarrow
and van Deventer (1999) or Crouhy, Galai, and Mark (2000). Note that in the
classical setting we have DefP(t) = N(−d), where d is known as the ”distance-to-
default”. In the generalized hyperbolic setting there is no closed form expression
for the cumulant distribution function, but we can calculate the distribution of
LT−t numerically by efficient fast Fourier methods. If the Lévy process remains a
Lévy process under the measure Q, then the risk-neutral default probability can
be calculated in exactly the same way as under the real-world measure.

In Figure 1.1 we simulated paths of the value of the firm by using stock data
and compare the probability of default in the classical Merton model and the gen-
eralized hyperbolic model. Figure 1.2 shows the ratio of the default probabilities.
When the time to maturity T − t is large the difference between the Merton and
the generalized hyperbolic model can be neglected. However, close to maturity
the distribution of the increments of L has much less mass in the tails in the
Merton model than in the generalized hyperbolic model. For example the normal
distribution is close to maturity more optimistic than the generalized hyperbolic
distribution when the value of the firm is strictly greater than K. These facts
are well known from option pricing theory, see e.g. Eberlein and Prause (2002).

There are several generalizations of the Merton model. Black and Cox (1976)
consider different classes of seniority and also include the possibility of default
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Figure 1.1: Classical Merton vs. generalized hyperbolic Merton.

before the maturity T . The default time is modeled as a first passage time
over a given boundary. Unfortunately, it seems to be impossible to determine
the distribution of a crossing time for general Lévy processes. The distributions
of first hitting times are only known in some very special cases, such as Lévy
processes with bounded variation, see e.g. Gusak and Koralyuk (1968), or in
case of a Brownian motion with constant drift, see e.g. Harrison (1985).

Geske (1977) prices defaultable bonds paying coupons by using a compound
option approach. The cost of deposit insurance is discussed in Merton (1977,
1978), and Ronn and Verma (1986).

Further work in this area has been done by Longstaff and Schwartz (1995).
The Longstaff-and-Schwartz model allows for stochastic interest rates and corre-
lation between interest rates and the value of the firm. Their model implies that
credit spreads are strongly negatively correlated to the level of interest rates.
This is consistent with data placed at disposal by Moody’s. This fact is also
affirmed in Duffee (1998), where negative correlation between credit spreads and
U.S. Treasury yields is documented.

Jump-diffusion approaches substituting the geometric Brownian motion in
the Merton model are considered in Schönbucher (1996) and Zhou (1997). The
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motivation in Zhou is an empirical investigation by Jones, Mason, and Rosenfeld
(1984). They show that credit spreads on corporate bonds are too high to be
matched by the classical approach.

Structural models can also be applied to value the impact of credit risk on
the pricing of options. Johnson and Stulz (1987), and Hull and White (1995),
use extended Merton models to price ‘vulnerable’ options. These are options on
the firm’s bonds, written by a third party, who could also default. An empiri-
cal investigation is done in Anderson and Sundaresan (2000). They found that
structural credit risk models track credit spreads very well during some periods
but fail during other periods.

The structural approach can also be applied to sovereign risk, see e.g. Kar-
mann and Plate (2000). Brady bonds are used to estimate the probability of
default of a country in Claessens and Pennacchi (1996).

Another application is the topic of optimal capital structure of a firm, see e.g.
Brennan and Schwartz (1978), Leland (1994), Leland and Toft (1996). Recent
articles on this topic are Duffie and Lando (2001), Uhrig-Homburg (2001) and
Hilberink and Rogers (2002). The first paper studies implications of imperfect
information, the second article endogenizes the firm’s default point assuming that
equity issuance is costly. The latter includes a generalization where jumps of the
firm value are generated by a spectrally negative Lévy process, i.e. a Lévy process
with sample paths of bounded variation with no positive jumps.

Credit derivatives and stochastic liabilities are modeled in Ammann (1999).

1.1.2 Intensity-based models

In intensity-based models the time of default is specified usually as the jump time
of a one-jump process. The intensity-based approaches are often formulated in
terms of the hazard rate and do not necessarily rely on the value of the firm. For
the discussion of the hazard rate with a view to credit risk models we refer to
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Jeanblanc and Rutkowski (2000) and Blanchet-Scalliet and Jeanblanc (2002).
The first approaches in intensity-based models have been made in Pye (1974),

Ramaswamy and Sundaresan (1986), Litterman and Iben (1991), and Jarrow and
Turnbull (1995). In the Jarrow-Turnbull approach the interest rate is constant
and the default time is exponentially distributed with parameter λ. Jarrow and
Turnbull consider the ‘promised dollars’ of corporate bonds as a foreign currency.
Other intensity-based models have been developed in Duffie, Schroder, and Ski-
adas (1996), Duffie and Singleton (1999a), and Lando (1998). In the latter paper
the dependence between stochastic intensities and the spot rate are handled.

The mathematical background for the intensity-based models are in general
default-free term structure models. Most of the models, we mentioned above
build on short-rate models. But there are also a few models which build on the
more general Heath-Jarrow-Morton framework (HJM), see Heath, Jarrow, and
Morton (1992). In Björk, Kabanov, and Runggaldier (1997) the HJM-framework
which is based on Brownian motions has been pushed further to jump-diffusions
already with a view to applications in credit risk. In Eberlein and Raible (1999)
the HJM-framework has been developed further to Lévy processes and in Björk,
Di Masi, Kabanov, and Runggaldier (1997) to semimartingales. The latter also
discusses important questions of martingale measures and completeness of the
market. An overview of default-free term structure models can be found for
example in Björk (1998), or Musiela and Rutkowski (1998).

Credit ratings are key inputs to the more advanced intensity-based models
of Jarrow, Lando, and Turnbull (1997), Thomas, Allen, and Morkel-Kingsbury
(1998), Lando (1998, 2000), Schönbucher (2000a), Bielecki and Rutkowski (1999,
2000). The Jarrow-Turnbull approach is refined in the work of Jarrow, Lando,
and Turnbull (1997) by taking the fact into account that the credit quality of
the obligor may change over time. This is done by including the information of
the rating of the company, which is modeled by a Markov chain with state space
K = {1, . . . , K}, where 1 corresponds to the best possible rating different from
default-freeness, and K is the state of default.

There are only a few examples of intensity-based approaches which do not
restrict themselves to continuous models based on Brownian motion. Examples
are Duffie and Singleton (1999a), Schönbucher (2000a, Section 2.7), or Hoogland,
Neumann, and Vellekoop (2001), but the emphasis lies always on jump-diffusions,
where the jump component has sample paths of bounded variation. We go one
step further in direction of more realistic assumptions and consider models based
on Lévy processes.

In Chapter 3 we generalize the Bielecki-Rutkowski approach to construct an
intensity-based term structure model based on Lévy processes. We also include
the topic of restructuring after default, since in practice a default does not nec-
essarily lead to the liquidation of the company. The topic of reorganization in a
mathematical setting has first been introduced in Schönbucher (1998, 2000a).
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1.1.3 Portfolio approaches

Portfolio approaches are usually based on simulation techniques. A portfolio
model based on the Merton approach which is designed to take care of market
risk has been developed in Iscoe, Kreinin, and Rosen (1999) and is discussed in
Kafetzaki-Boulamatsis and Tasche (2001). A related work which builds on the
Longstaff-and-Schwartz model can be found in Barnhill and Maxwell (2002). A
methodology for scenario simulation for credit risk within a multi-currency port-
folio can be found in Jamshidian and Zhu (1997). An analytical approximation
technique for the value at risk of a portfolio which includes defaultable securities
is developed in Duffie and Pan (2001).

Recent papers study different methodologies to include dependent defaults.
Jarrow and You (2001) model dependence via changing the default intensity. Cor-
related jump-intensity processes are considered in Duffie and Singleton (1999b).
Dependence structures modeled by copulas can be found e.g. in Frey and Mc-
Neil (2001), Schönbucher and Schubert (2001), or Giesecke (2001). A different
approach based on Polya’s urn scheme is developed in Schmock and Seiler (2002).

This overview of mathematical approaches to credit risk is far from being
complete. We refer to the following (incomplete list of) surveys for further refer-
ences and also for the detailed discussion of the pros and contras of the different
approaches: Cooper and Martin (1996), Lando (1997), Altman and Saunders
(1998), Ammann (1999), Jeanblanc and Rutkowski (1999), Jarrow and Turnbull
(2000), Madan (2000), Schönbucher (2000a), and Bielecki and Rutkowski (2002).

1.2 Practical approaches

In general, commercial software packages for credit risk management estimate
the distribution of losses faced by a holder of a portfolio of credit risky securities.
The pricing of defaultable securities under a risk-adjusted measure is in general
not considered. These approaches are closely related to the portfolio approaches
in the last subsection.

Some of the widely-used credit risk assessment software packages are
CreditMetricsTM (by J.P. Morgan), CreditRisk+TM (by Credit Suisse Fi-
nancial Products) and the KMV approach including CreditMonitorTM and
PortfolioManagerTM. Other commercial credit risk products have been devel-
oped by McKinsey, Midas Kapiti International, Kamakura, and many other
firms. CreditMetricsTM is a rating-based model, CreditRisk+TM is an actuar-
ial or intensity-based model, and KMV builds on the Merton approach, where
the distance-to-default plays an important role for appreciating default risk.

Some of the software packages permit a closer look, while others are ‘black
boxes’. Credit Suisse Financial Products and J.P. Morgan have released their ap-
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proaches freely to the public. A survey on CreditMetricsTM and CreditRisk+TM,
two of the benchmarks for credit risk analysis, can be found for example in Nelken
(1999). Broeker and Rolfes (1998) note that CreditRisk+TM is preferable for illiq-
uid loan portfolios because of lower data requirements, while CreditMetricsTM

appears more suitable for liquid corporate bonds, because information on rat-
ings can be used. A detailed comparison of CreditMetricsTM and CreditRisk+TM

was done by Gordy (2000). Gordy shows that the underlying probabilistic struc-
tures of both software packages are similar. A description of the different ap-
proaches by J.P. Morgan, Credit Suisse Financial Products, KMV, and McKin-
sey can be found in Crouhy, Galai, and Mark (2000). Koyluoglu and Hickman
(1998) show that the approaches used in these products can be summarized un-
der a general framework if one examines only the default component of portfo-
lio credit risk. Broeker and Rolfes (1998) propose a way to include ratings in
CreditRisk+TM and show that the loss distribution is very similar to the one
calculated in CreditMetricsTM. Some aspects of the McKinsey-approach can be
found in Wilson (1998). An empirical investigation, where the focus is on the
credit spreads in the KMV/Merton model, is done in Bohn (1999). Bürgisser,
Kurth, and Wagner (2001) and Giese (2002) handle inter alia correlated defaults
in the CreditRisk+TM -framework. Kern and Rudolph (2001) present an empiri-
cal comparison of CreditMetricsTM, CreditRisk+TM, and CreditPortfolioViewTM

(McKinsey) with regard to middle market loan portfolios. Haaf and Tasche (2002)
investigate contributions of single obligors using the Value-at-Risk and expected
shortfall as risk measures in the CreditRisk+TM -approach.

1.3 Lévy processes

Lévy processes play a fundamental role in the theory of mathematical finance
as well as in other fields as physics or telecommunications, see e.g. Barndorff-
Nielsen, Mikosch, and Resnick (2001). The first stock model ever was a Brownian
motion and goes back to Bachelier (1900). The Brownian motion is the only
nondeterministic Lévy process with continuous sample paths. Lévy processes
include a number of standard processes as special subclasses, e.g. Brownian
motion, Poisson and compound Poisson processes, or stable processes. Note that
the sum of a Brownian motion and a compound Poisson process is again a Lévy
process, so that Lévy processes contain also this very important class of jump-
diffusions.

The results that we present here can be found in the monographs Bertoin
(1996), Sato (1999), and Applebaum (2002). Related books are for example
Jacod and Shiryaev (1987) and Protter (1995).

We assume as given a complete probability space (Ω,F ,P) equipped with a
filtration (Ft)t≥0, such that the filtered probability space (Ω,F ,P, (Ft)t≥0) satis-
fies the usual conditions, see for example Jacod and Shiryaev (1987).
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A Lévy process on IRd is defined as follows.

Definition 1.1 An adapted stochastic process L= (Lt)t≥0 with values in IRd is
a Lévy process if the following conditions are satisfied:

1. L0 = 0 a.s.

2. L has independent increments, i.e.
Lt − Ls is independent of Fs for any 0 ≤ s < t <∞.

3. L has stationary increments, i.e.
for any s, t > 0 the distribution of Lt+s − Lt does not depend on t.

4. L is stochastically continuous, i.e.
for every t ≥ 0 and ε > 0 : lim

s→t
P(|Ls − Lt| > ε) = 0.

The definition of a Lévy process can also be formulated without using a fil-
tration explicitly, see Sato (1999, Definition 1.6). There is a unique modification
of L which is càdlàg (continue à droite avec des limites à gauche, that means:
right-continuous sample paths with existing left-hand limits), and which is again
a Lévy process, see e.g. Theorem I.30 in Protter (1995). We will always work
with this modification.

Due to the stationary and independent increments every Lévy process on
IRd is fully characterized by an infinitely divisible probability distribution which
equals PL1 , the law of L1. The well-known Lévy-Khintchine formula determines
the characteristic function of infinitely divisible distributions:

φL1(z) := IE[exp(i〈z, L1〉)]

= exp

i〈b, z〉 − 1
2
〈z, cz〉+

∫
IRd

(
ei〈z,x〉 − 1− i〈z, x〉1lD(x)

)
ν(dx)

 , z ∈ IRd,

(1.4)

where D := {y ∈ IRd : |y| ≤ 1}, 〈x, y〉 :=
∑d

j=1 xjyj is the Euclidean scalar

product; b ∈ IRd, c is a symmetric nonnegative-definite d × d matrix, and ν is a
measure on IRd satisfying ν({0}) = 0. Because

ei〈z,x〉 − 1− i〈z, x〉1l{|x|≤1} =

{
O(|x|2), as |x| → 0,

O(1), as |x| → ∞,

it is also required that ν satisfies
∫

IRd
(|x|2 ∧ 1) ν(dx) < ∞, so it is ensured that

x 7→ ei〈z,x〉 − 1− i〈z, x〉1l{|x|≤1} is integrable with respect to ν.
Remark: Due to the properties of the Lévy process we have φLt = (φL1)t.
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Definition 1.2 The triplet (b, c, ν) is called the generating triplet of L1 or of
the corresponding Lévy process L = (Lt)t≥0. The matrix c is called the Gaussian
covariance matrix, and ν is called its Lévy measure.

Remark: Knowledge of the generating triplet (b, c, ν) is sufficient to determine
some very fundamental sample path properties of the Lévy process L. For
example, the sample paths of L are continuous (a.s.) if and only if ν = 0. If
ν(IRd) = ∞, then, (a.s.) jumping times are countable and dense in [0,∞). It
can also be seen from the generating triplet, whether a Lévy process has sample
paths of bounded variation or not: L has sample paths of infinite variation on
any time interval (0, t] if and only if c 6= 0 or

∫
{|x|≤1} |x| ν(dx) = ∞. These

properties as well as further ones can be found in Sato (1999, Section 21).

Obviously, there is a connection between the jumps of L and the Lévy mea-
sure ν. Explicitly, if we introduce the integer-valued random measure of jumps
associated with L

µL(ω; dt, dx) :=
∑
s

1l{4Ls 6=0}(ω)ε(s,4Ls(ω))(dt, dx), (1.5)

where 4Ls = Ls − Ls− and εa is the Dirac measure in a. Note that the sum
on the right-hand side is well defined because of the càdlàg property of sample
paths. Then µL is a Poisson random measure and

νL(dt, dx) := dt ν(dx) (1.6)

is its intensity measure. For any B ∈ B(IR+ × IRd), µL(.;B) has Poisson distri-
bution with mean νL(B) (possibly 0 or +∞), see Sato (1999, Theorem 19.2) or
Jacod and Shiryaev (1987, II.2.6.(iii) and II.4.20).

Note that the definition of µL is valid for any adapted càdlàg IRd-valued pro-
cess, see Jacod and Shiryaev (1987, II.1.16) and that in case that L is an additive
process µL is a Poisson random measure, too. An additive process satisfies the
same conditions as a Lévy process but does not necessarily have stationary in-
crements, see Sato (1999).

Let us mention, that if
∫
Dc
|x| ν(dx) < ∞, or equivalently IE[|L1|] < ∞, the

Lévy-Khintchine formula can be rewritten as

φL1(z) = exp

i〈b1, z〉 − 1
2
〈z, cz〉+

∫
IRd

(
ei〈z,x〉 − 1− i〈z, x〉

)
ν(dx)

 , z ∈ IRd, (1.7)

where b1 = IE[L1], and c and ν are invariant to equation (1.4). In Chapter 3
and 4 we will work with stochastic integrals with respect to Lévy processes. The
mathematical background for stochastic integrals customized to Lévy processes
can be found in Applebaum (2002) or for the more general semimartingales in
Jacod and Shiryaev (1987).
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1.4 Generalized hyperbolic distributions

As mentioned above, it is sufficient to know the distribution of L1 to determine
the Lévy process L = (Lt)t≥0. We say that L is a generalized hyperbolic Lévy
motion, if the law of L1 is generalized hyperbolic. Generalized hyperbolic distri-
butions have been introduced in Barndorff-Nielsen (1977), and have found many
successful applications in the last years.

Definition 1.3 The Lebesgue density of a one-dimensional generalized hyper-
bolic distribution is given by

ghyp(x;λ, α, β, δ, µ) = a(λ, α, β, δ)(δ2 + (x− µ)2)0.5(λ−0.5)

×Kλ−0.5(α
√
δ2 + (x− µ)2 ) exp(β(x− µ)), x ∈ IR,

where a(λ, α, β, δ) =
(α2 − β2)0.5λ

√
2παλ−0.5δλKλ(δ

√
α2 − β2 )

and where Kλ is a modified Bessel function of the third kind with index λ. The
five parameters are assumed to satisfy the following conditions:

λ, µ ∈ IR,

λ < 0 ⇒ δ > 0, |β| ≤ α,

λ = 0 ⇒ δ > 0, |β| < α,

λ > 0 ⇒ δ ≥ 0, |β| < α.

The generalized hyperbolic distribution can be obtained as a mean-variance
mixture of the normal and the generalized inverse Gaussian distribution. The
generalized inverse Gaussian distribution plays an important role in Chapter 2.

Definition 1.4 The generalized inverse Gaussian distribution is defined by the
following Lebesgue density.

gig(x;λ, ψ, χ) =
(ψ/χ)0.5λ

2Kλ(
√
ψχ )

xλ−1 exp

(
−1

2
(χx−1 + ψx)

)
1lIR+(x). (1.8)

Then we have the following mixture representation for the generalized hyper-
bolic distribution

ghyp(x;λ, α, β, δ, µ) =

∞∫
0

normal(x;µ+ βy, y) gig(y;λ, δ2, α2 − β2) dy, (1.9)

11



where normal(.;µ, σ2) is the Lebesgue density of the normal distribution with
mean µ and variance σ2.

Important subclasses are the hyperbolic and the normal inverse Gaussian
(NIG) distribution.

Definition 1.5 For λ = 1 we get the hyperbolic distribution given by its Lebesgue
density

hyp(x;α, β, δ, µ) =

√
α2 − β2

2αδK1(δ
√
α2 − β2 )

exp
(
−α
√
δ2 + (x− µ)2 + β(x− µ)

)
,

(1.10)

where µ ∈ IR, δ ≥ 0 and |β| < α.

Definition 1.6 For λ = −0.5 we get the normal inverse Gaussian distribution.
Its Lebesgue density is

nig(x;α, β, δ, µ) =
αδ

π
exp

(
δ
√
α2 − β2 + β(x− µ)

) K1(α
√
δ2 + (x− µ)2 )√

δ2 + (x− µ)2
,

(1.11)
where µ ∈ IR, δ ≥ 0 and |β| < α.

The moment generating function u 7→
∫

eux ghyp(x;λ, α, β, δ, µ) du, |β + u| <
α, plays an important role in financial mathematics. Prause (1999, Lemma 1.13)
shows that the moment generating function in the generalized hyperbolic case is
given by

Mghyp(u;λ, α, β, δ, µ) = euµ
(

α2 − β2

α2 − (β + u)2

)0.5λ
Kλ(δ

√
α2 − (β + u)2 )

Kλ(δ
√
α2 − β2 )

.

(1.12)

The moment generating function of the normal inverse Gaussian distribution is

Mnig(u;α, β, δ, µ) = exp
(
µu+ δ

(√
α2 − β2 −

√
α2 − (β + u)2

))
. (1.13)

Thus, it is clear that, if X1, . . . , Xn are NIG-distributed according to
Xi ∼ NIG(α, β, δi, µi), then the sum is again normal inverse Gaussian:
X1 + . . .+Xn ∼ NIG(α, β,

∑n
i=1 δi,

∑n
i=1 µi).

12



The characteristic function φ of the generalized hyperbolic distribution is
given by

φGH(u) = exp

(
iµu+

λ

2
log

(
α2 − β2

α2 − (β + iu)2

)) Kλ

(
δ
√
α2 − (β + iu)2

)
Kλ

(
δ
√
α2 − β2

) .

(1.14)
In the NIG case the characteristic function simplifies enormously:

φNIG(u) = exp
(
iµu+ δ

(√
α2 − β2 −

√
α2 − (β + iu)2

))
. (1.15)

According to Hawkes, see Rogers and Williams (1994, Chapter I, Theorem
(30.3)), the existence of a classical local time, which is defined as the Lebesgue
density of the following measure m, where

m(A) =

∞∫
0

e−t1lA(Ls) ds, A ∈ B(IR)

is equivalent to
∞∫

0

Re

(
1

1− ψ(u)

)
du <∞, (1.16)

where φ(u) = exp(ψ(u)) and Re(z) is the real part of a complex number z ∈ C.
Obviously, in the NIG case ψ(u) is asymptotically linear in u. Thus, the integral
in equation (1.16) does not converge. Note that although the local time in the
classical sense does not exist, the local time in the more general sense is defined,
see Protter (1995, Chapter IV.5). The non-existence of the classical local time
is typical for processes with sample paths of bounded variation. An exception to
this rule is, besides of the NIG case, the Cauchy process. Here a link between the
generalized hyperbolic distribution and the Cauchy distribution can be suspected.
The Lebesgue density of the Cauchy distribution with parameters c and µ is given
by cauchy(x; c, µ) = 1

π
c

c2+(x−µ)2 , c > 0, µ ∈ IR.

By Blæsild (1999), cited in Prause (1999), it has only be shown that the
Cauchy distribution with parameters c = 1 is a limiting case. But also the
general Cauchy distribution appears to be a limiting distribution.

Proposition 1.7 The Cauchy distribution with parameters δ and µ is obtained
as a limiting case of the generalized hyperbolic distribution for λ = −1

2
, α, β → 0.

Proof: This can be seen directly from the characteristic function in equation
(1.15), which converges for α, β → 0 to φcauchy(u) = exp (iµu+ δ|u|), the charac-
teristic function of the Cauchy distribution. Alternatively, one can also consider

13



the densities itself. We define

a(λ, α, β, δ) :=

(√
α2−β2

δ

)λ
√

2πKλ

(
δ
√
α2 − β2

) ,

b(x;λ, α, β, δ, µ) :=

Kλ−0.5

(
α
√
δ2 + (x− µ)2

)
(

1
α

√
δ2 + (x− µ)2

)1/2−λ ,

c(x; β, µ) := exp (β (x− µ)) .

Thus ghyp(x;λ, α, β, δ, µ) = a(λ, α, β, δ)b(x;λ, α, β, δ, µ)c(x; β, µ). We show that
each of the functions on the right-hand side converge. Then the left-hand side
converges to the product of the limits of the right-hand side.

It is clear that for β → 0 the function c(x; β, µ) converges for all x ∈ IR to 1.
Next we calculate the limit for a(λ, α, β, δ). The Bessel function Kλ is sym-

metric in λ, i.e.

Kλ(γ) = K−λ(γ).

For γ ↘ 0 and λ > 0, we have

Kλ(γ) ' Γ(λ)2λ−1γ−λ,

see e.g. Antosiewicz (1968). Note that in our case −λ > 0.
Therefore, Kλ(δ

√
α2 − β2 ) = K−λ(δ

√
α2 − β2 ) and K−λ(δ

√
α2 − β2 ) '

Γ(−λ)2−λ−1δλ
√
α2 − β2

λ
.

Hence

a(λ, α, β, δ) =

(√
α2−β2

δ

)λ
√

2πKλ

(
δ
√
α2 − β2

)
' (

√
α2 − β2 )λ

√
2πδλΓ(−λ)2−(λ+1)δλ(

√
α2 − β2 )λ

=
2λ+1

√
2πδ2λΓ(−λ)

=
δ

π
.

Next, we calculate the limit of b(x;λ, α, β, δ, µ) for α, β → 0. Due to the
symmetry in λ we have that

Kλ−0.5(α
√
δ2 + (x− µ)2 ) = K0.5−λ(α

√
δ2 + (x− µ)2 ).
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With the same arguments as above we get

b(x;λ, α, β, δ, µ) =
K0.5−λ(α

√
δ2 + (x− µ)2 )(

1
α

√
δ2 + (x− µ)2

)0.5−λ

'
Γ(0.5− λ)2−0.5−λ

(
α
√
δ2 + (x− µ)2

)λ−0.5

αλ−0.5
(√

δ2 + (x− µ)2
)0.5−λ

= Γ (0.5− λ) 2−(λ+0.5)
(√

δ2 + (x− µ)2
)2λ−1

=
1

δ2 + (x− µ)2
.

Therefore a, b, and c converge for α, β → 0, λ = −0.5 and hence the density
of the generalized hyperbolic distribution converges to

δ

π

1

δ2 + (x− µ)2
,

i.e. the Lebesgue density of the Cauchy distribution with parameters (δ, µ). �

Another interesting connection between one-dimensional NIG-Processes and
Cauchy processes is that in both cases there exists no real number that will be
hit by the process in finite time with positive probability, this can be seen by
combining Theorem 4.1 and 4.2 in Sato (2001).

Other limiting distributions and special cases of the generalized hyperbolic
distribution include the normal distribution, the hyperboloid, the normal recip-
rocal inverse Gaussian, the variance gamma, the Student-t, the generalized inverse
Gaussian, or the skewed Laplace distribution. Detailed information can be found
in Prause (1999, Chapter 1.1).
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Chapter 2

A Portfolio Approach

In this chapter we study the methodology of the software package CreditRisk+TM

and show how it can be generalized in a natural way. In contrast to the approach
of Section 1.1.1 and Chapter 3 this chapter deals with a portfolio approach, where
only the common behavior of the portfolio is modeled instead of the dynamics of
a single defaultable bond.

Observed default rates vary over time. This fact is taken into account in
CreditRisk+TM by modeling default rates as random variables. First we present
the CreditRisk+TM methodology as it is described in the technical document
Credit Suisse Financial Products (1997) before we introduce the more flexible dis-
tribution in Section 2.3. Several authors have written surveys on CreditRisk+TM ,
examples are Wilde (2000) or Nelken (1999).

We will change the CreditRisk+TM terminology slightly to insert it in a more
mathematical framework.

2.1 Default events with fixed default rates

Consider a portfolio of N ∈ IN obligors, and denote the annual probability of
default by pA, A ∈ {1, . . . , N}. Let D be the random variable on a probability
space (Ω,A, P ) describing the number of defaults in the portfolio within the next
year. Thus, D is a nonnegative, integer-valued random variable, and we can
define the probability generating function of D as follows

F (z) = IE[zD] =
∞∑
n=0

P (D = n)zn, z ∈ IR. (2.1)

The probability generating function has some especially useful properties.
First, the series in equation (2.1) is absolutely convergent at least for |z| ≤ 1.
Consequently, we can calculate the probabilities P (D = n) by differentiating F
term by term. Second, if X and Y are two stochastically independent random
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variables, the probability generating function of X + Y is the product of the
probability generating functions of X and Y . Third, if FY (z |X = x) is the
probability generating function of Y conditional on X = x and X has distri-
bution with density f, then the unconditional probability generating function of
Y is FY (z) =

∫
FY (z |X = x)f(x) dx. For a survey on probability generating

functions see e.g. Feller (1968) or Gut (1995).
Let us consider the sub-portfolio consisting of only one debtor, namely

A ∈ {1, . . . , N}. Let D(A) := 1l{Obligor A does default within next year} be the Bernoulli
random variable describing whether A does default or not. The probability gen-
erating function FA of D(A) is given by FA(z) = P (D(A) = 0)z0 + P (D(A) =
1)z1 = 1 + (z − 1)pA, where pA = P (D(A) = 1) is the default probability of A.
Under the assumption that default events in the portfolio are stochastically in-
dependent, F is the product of the probability generating functions of the single
debtors. Therefore the probability generating function of the number of defaults
within the portfolio, F , is given by

F (z) =
N∏
A=1

FA(z) =
N∏
A=1

(1 + (z − 1)pA). (2.2)

Hence, using the logarithm series and assuming that the probabilities of de-
fault are uniformly small, we get the following approximation

logF (z) =
N∑
A=1

log(1 + (z − 1)pA)

=
N∑
A=1

∞∑
k=1

(−1)k−1

k
((z − 1)pA)k

≈
N∑
A=1

(z − 1)pA

=

(
N∑
A=1

pA

)
(z − 1)

= µ(z − 1), where µ :=
N∑
A=1

pA.

Because the random variables D(A), A ∈ {1, . . . , N}, are Bernoulli distributed
with parameter pA, µ =

∑N
A=1 pA is the expected number of default events in one

year within the entire portfolio.
Using the last equation and the Taylor expansion of the exponential function,
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we get

F (z) ≈ exp(µ(z − 1)) = exp(−µ) exp(µz) (2.3)

=
∞∑
n=0

e−µµn

n!
zn.

Thus, D is approximately Poisson distributed with parameter µ:

P (D = n) ≈ e−µµn

n!
. (2.4)

Note that the Poisson distribution is a distribution on {0, 1, 2, . . .}, and hence
it is possible that a Poisson random variable takes values in {N + 1, N + 2, . . .}.
This implies that an obligor may default several times. But if the number of
obligors N is sufficiently large this will happen only with a neglectable probability.
This can not be interpreted as default after restructuring of the firm because in
the CreditRisk+TM -model the recovery rate is zero. A model which includes
multiple defaults in a rigorous way is the model by Schönbucher (1998) and the
related approach in Section 3.5.

Equation (2.4) is the reason why the CreditRisk+ approach is an inten-
sity based approach. The parameter µ is the intensity of the Poisson process
(Nt)0≤t≤T , where Nt is the number of defaults up to time t.

The difference between the exact probability distribution and the approx-
imated probability distribution is rather small when default probabilities are
small, but for larger default probabilities this approximation gets worse. This
can be seen in Figure 2.1, Figure 2.2, and Figure 2.3.
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Figure 2.1: Example Portfolio of three obligors: Difference between exact
and approximated distribution when default probabilities are small: p =
(0.002, 0.003, 0.004).
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Figure 2.2: Example: Difference between exact and approximated distribution
when default probabilities are middle: p = (0.02, 0.03, 0.04).
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Figure 2.3: Example: Difference between exact and approximated distribution
when default probabilities are large: p = (0.2, 0.3, 0.4).
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2.2 Loss distribution with fixed default rates

In this section we show how CreditRisk+TM uses the distribution of default events
to calculate the loss distribution of a portfolio. Again, the main instrument is the
probability generating function. To make this approach feasible, it is necessary
to group, i.e. to discretize, the exposures into bands. The width of bands should
be small compared with the average size characteristic of the portfolio.

Again, we need some notation:

A = Obligor index, A ∈ {1, . . . , N},
EA = Exposure of obligor A,
pA = Probability of default of obligor A,
λA = Expected loss of A.

In order to discretize the exposure and the expected loss on debtor A, it is
essential to represent the exposure and the expected loss as multiples of a unit
amount L. Gordy (2000) mentions that the loss distribution is quite robust to
the choice of L.

νA = EA
L

exposure expressed as a multiple of L, νA is rounded to the nearest

integer greater than EA
L

,

εA = λA
L

expected loss as a multiple of L.

Now the portfolio can be divided into exposure bands Bj, j ∈ {1, . . . ,m},
where obligors are grouped according to their common exposure value νA. For-
mally, each band Bj is interpreted as a nonempty subset of {1, . . . , N}, where
Bj ∩Bi = ∅ for i 6= j.

Note that one can easily replace the assumption of zero recovery by a fixed
recovery rate rA for each obligor. All one has to do is to replace the exposure EA
by (1− rA)EA, and νA by (1− rA)νA. The warranted pay-out rAEA has then to
be considered separately as the pay-out of a default free bond.

We introduce some further notation.

νj = Common exposure in band Bj in units of L,

εj = Expected loss in Bj in units of L,

µj = Expected number of defaults in Bj.

Thus, εj = µjνj. Since νj = νA, for all A ∈ Bj, and εj =
∑

A∈Bj εA, it follows
that

µj =
εj
νj

=
∑
A∈Bj

εA
νA
.
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The total expected number of defaults is denoted by

µ =
m∑
j=1

µj =
m∑
j=1

εj
νj
.

Let LOSS be the random variable describing the aggregate losses in units of L in
the portfolio within one year and let LOSS[Bj], j ∈ {1, . . . ,m}, be the respective
random variable for band Bj. Consequently, LOSS =

∑m
j=1 LOSS[Bj], where

the right-hand side is assumed to be an independent sum. Furthermore, we
introduce the random variables D[Bj], j ∈ {1, . . . ,m}, representing the number
of defaults in band Bj. Then, LOSS[Bj] = D[Bj]νj, j ∈ {1, . . . ,m}.

Let G : z 7→ G(z) and Gj : z 7→ Gj(z) be the probability generating functions
of LOSS and LOSS[Bj], respectively. Therefore,

G(z) =
m∏
j=1

Gj(z)

=
m∏
j=1

∞∑
n=0

P (LOSS[Bj] = n)zn

=
m∏
j=1

∞∑
n=0

P (D[Bj]νj = n)zn

=
m∏
j=1

∞∑
n=0

P (D[Bj] = n)zνjn (2.5)

≈
m∏
j=1

∞∑
n=0

e−µjµnj
n!

zνjn

=
m∏
j=1

exp (−µj + µjz
νj)

= exp

(
−µ+

m∑
j=1

µjz
νj

)
. (2.6)

It will be convenient to define a polynomial P of degree m by setting:

P (z) =

∑m
j=1 µjz

νj

µ
=

∑m
j=1

(
εj
νj

)
zνj∑m

j=1
εj
νj

. (2.7)

The probability generating function G can now be expressed as

G(z) = exp (µ(P (z)− 1)) = F (P (z)),
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where F , given in equation (2.2), is the probability generating function of D,
which is the random variable describing the number of defaults within the next
year.

One way to get the loss distribution is applying the relation P (LOSS = n) =
dnG
dzn

(0)/(n!) to equation (2.6). However it turns out that this approach can be
very time consuming. The computation of An := P (LOSS = n), n ≥ 0, can be
done more efficiently by the recursive algorithm

A0 = G(0) = e−µ (2.8)

An =
∑
j:νj≤n

1

n
εjAn−νj . (2.9)

Once again, it is possible to evaluate the exact distribution of losses using
equation (2.2) and (2.5). Although it would take too much time and space to
write down the exact probability generating function explicitly, it is still possible
to write an algorithm, e.g. in MathematicaTM, which allows us to calculate the
distribution of LOSS efficiently. Depending on the implementation language the
exact approach may be even easier to implement than the recursion algorithm in
equations (2.8) and (2.9).

The next example described in Table 2.1 and Figure 2.4 is a ”toy example”,
which shows how small the differences can be.
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Figure 2.4: Example: Exact loss distribution; see example Table 2.1.

The different numerical approaches are compared in Table 2.2. The recursive
algorithm and the approach using equation (2.6) give the same numerical results.
The differences are neglectable.
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Name Band Exposure νA pA

1 B1 10 0.001
2 B1 10 0.002
3 B1 10 0.005

4 B2 12 0.008
5 B2 12 0.003
6 B2 12 0.006
7 B2 12 0.002

8 B3 8 0.01
9 B3 8 0.009

10 B3 8 0.011

11 B4 5 0.02
12 B4 5 0.025

Table 2.1: Example: Portfolio

Loss k P (LOSS = k): exact P (LOSS = k): recursion

0 0.902358 0.90303
5 0.0415528 0.0406363
8 0.027346 0.0270909

10 0.00771824 0.00813855
12 0.0172475 0.0171576
13 0.00125926 0.00121909
15 0.000333675 0.000338805

≥ 16 0.00218486 0.00238922

Table 2.2: Comparison of the numerical approaches: loss distribution
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2.3 Sector analysis

One of the main tools in modeling default rates as random variables is partitioning
the debtors in different sectors. The idea is that default rates can be related to the
influence of a relative small number of background factors. First, it is assumed
that each debtor within the portfolio belongs to only one sector, e.g. the country
of domicile.

Again, it is necessary to introduce some notation. Let Sk, 1 ≤ k ≤ ñ, be the
sectors. For now the Sk, 1 ≤ k ≤ ñ are subsets of {1, . . . , N}. Each sector can
now be divided in bands, as done in the previous section.

Let D[Sk], 1 ≤ k ≤ ñ, be the random variable describing the number of
defaults in Sk within the time horizon and let M [Sk], 1 ≤ k ≤ ñ, be the mean
number of defaults in sector Sk, which is also modeled as a random variable with
mean µk and variance σ2

k. This means that PD[Sk] is a mixture distribution on
IR+, where its mean is distributed according to another distribution PM [Sk].

We summarize the notation as follows:

M [Sk] = random variable describing
the mean number of defaults in sector Sk,

µk = IE[M [Sk]] long term annual average number of defaults in Sk,

σk =
√

Variance(M [Sk]).

Each sector Sk is partitioned into m(k) ∈ IN bands B
(k)
j , 1 ≤ j ≤ m(k). The

common exposure in units of L in band B
(k)
j is denoted by ν

(k)
j , 1 ≤ j ≤ m(k).

The expected loss in band B
(k)
j in sector Sk in units of L is denoted by ε

(k)
j .

Ek
j = L ν

(k)
j , 1 ≤ j ≤ m(k), exposure size in exposure band B

(k)
j

in sector Sk.

λ
(k)
j = Lε

(k)
j , 1 ≤ j ≤ m(k), expected loss in exposure band B

(k)
j

in sector Sk.

µ
(k)
j = Expected number of defaults in band B

(k)
j in sector Sk.

The expected number of defaults in sector Sk is µk =
m(k)∑
j=1

µ
(k)
j =

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

.

It is assumed that the random variables M [Sk], 1 ≤ k ≤ ñ, are stochastically
independent. Conditional on the value of M [Sk], it is possible to write down
the probability generating function for the distribution of the number of defaults
D[Sk] as follows:

FD[Sk]|M [Sk]=x(z) = ex(z−1),

see also equation (2.3).
If the distribution of M [Sk] is absolutely continuous with respect to the

Lebesgue measure, i.e. PM [Sk](dx) = fk(x) dx, for some suitable density func-
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tion fk, we get

FD[Sk](z) =
∞∑
n=0

P (D[Sk] = n)zn

=
∞∑
n=0

∞∫
0

P (D[Sk] = n|M [Sk] = x)PM [Sk](dx)zn

=

∞∫
0

∞∑
n=0

znP (D[Sk] = n|M [Sk] = x)︸ ︷︷ ︸
=FD[Sk]|M [Sk]=x(z)

fk(x) dx

=

∞∫
0

ex(z−1)fk(x) dx. (2.10)

In order to obtain a closed form expression for the probability generating func-
tion in equation (2.10), it is assumed in the CreditRisk+TM technical document
that M [Sk] is Gamma-distributed with mean µk and variance σ2

k. Therefore the
density fk of PM [Sk] is given by

fk(x) =
1

βαkk Γ(αk)
e
− x
βk xαk−1,

where Γ(.) is the Gamma function, αk =
µ2
k

σ2
k
, and βk =

σ2
k

µk
.

Using this assumption FD[Sk] expresses as follows

FD[Sk](z) =

(
1− βk

1+βk

1− βk
1+βk

z

)αk

, (2.11)

or
FD[Sk](z) = (1− pk)αk(1− pkz)−αk ,

where pk := βk
1+βk

. Using the Taylor expansion of FD[Sk] we get

FD[Sk](z) = (1− pk)αk
∞∑
n=1

(
n+ αk − 1

n

)
pnkz

n.

Therefore, the number of defaults in Sk is distributed according to a negative
binomial distribution. This is similar to the problem studied in Arbous and
Kerrich (1951), where the negative binomial distribution arises when the number
of accidents sustained by individuals in a time interval is Poisson distributed with
parameter µ and µ is assumed to be Gamma-distributed.
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It is interesting to note, that in a different portfolio approach in Schmock
and Seiler (2002) where Polya’s urn scheme and the theory of exchangeable se-
quences is used to model dependent credit risk, the number of defaults justifies
the Dirichlet-binomial distribution.

One disadvantage of the negative binomial distribution is its lack of flexibility,
e.g. it cannot have skewness coefficient greater than two and mode greater than
zero, see e.g. Stein, Zucchini, and Juritz (1987). Furthermore, practitioners prefer
distributions which allow more mass in the tails of the distributions. A similar
problem arises in modeling stock prices. In the classical model in Samuelson
(1965), the stock price follows a geometric Brownian motion, and thus log returns
are normal-distributed. However, empirical studies show that real-life stock data
provides more mass in the tails than normal distributions, see e.g. Mandelbrot
(1963) or more recently Eberlein and Keller (1995).

One can overcome this problem and get close to perfect fits of the whole distri-
bution including the tails by using (generalized) hyperbolic distributions, see e.g.
Eberlein and Keller (1995), Prause (1999), or Eberlein (2001). The family of gen-
eralized hyperbolic distribution has been introduced in Barndorff-Nielsen (1977)
to model particle size distributions of wind blown sands. The interesting point
is that generalized hyperbolic distributions are normal mean-variance mixture
distributions of normal and generalized inverse Gaussian (GIG) distributions, see
equation (1.9). So the heavy tails of the generalized hyperbolic distributions arise
from the GIG distribution. That is the reason why we consider the mixture of
the Poisson distribution with the generalized inverse Gaussian distribution. The
resulting mixture distribution is also known as the Sichel distribution.

The assumption that M [Sk] is Gamma-distributed can be replaced by any
distribution on IR+, but preserving the analytic tractability of the default distri-
bution is an important point. We assume that PM [Sk] follows a GIG distribution
with parameters λk, ψk, χk, i.e. the Lebesgue density fk of PM [Sk] is given by, cf.
Definition 1.4,

fk(x) =
(ψk/χk)

λk/2

2Kλk(
√
ψkχk)

xλk−1 exp

(
−1

2
(χkx

−1 + ψkx)

)
1lIR+(x),

where λk ∈ IR and ψk, χk ∈ IR+. In case that λk > 0 and χk → 0 we get the
Gamma distribution. Other interesting cases are the inverse Gaussian distribu-
tion (λk = −1

2
), or the hyperbola distribution (λk = 0). For a detailed survey on

the generalized inverse Gaussian distribution we refer to Jørgensen (1982).
The mixture distribution of Poisson and GIG has been introduced first in

Sichel (1971). In Sichel (1975) a short survey and an application in linguistics
can be found. The special case, where the mixing distribution is inverse Gaussian
(IG), i.e. λk = −1

2
, is also known as the inverse Gaussian Poisson distribution

(IGP). The IGP is of special interest because it leads to relative simple estimators
and provides good fits in several applications, see Stein, Zucchini, and Juritz
(1987).
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If we assume that the mean number of defaults in sector Sk, M [Sk], is GIG dis-
tributed with parameters λk, ψk, χk we get for z < 1+ ψk

2
a closed form expression

for the probability generating function of D[Sk]

FGIG
D[Sk](z) =

(ψk/χk)
λk/2

2Kλk

(√
ψkχk

) ∞∫
0

xλk−1 exp

(
−1

2
(χkx

−1 + (ψk − 2z + 2)x)

)
dx

=
(ψk/χk)

λk/2

2Kλk

(√
ψkχk

) 2 Kλk

(√
2− 2 z + ψk

√
χk
)

(2− 2 z + ψk)
λk
2

(
1
χk

)λk
2

(2.12)

=

(
ψk

2− 2z + ψk

)λk/2 Kλk(
√

2− 2z + ψk
√
χk)

Kλk(
√
ψk
√
χk)

. (2.13)

Equation (2.12) can be easily seen from the Lebesgue density f of the GIG
distribution. Since

∫∞
0
fk(x) dx = 1 we have

∞∫
0

xλk−1e−
1
2

(χkx
−1+ψkx) dx =

2Kλk(
√
χkψk)

(ψk/χk)λk/2
,

for χk, ψk > 0.
By taking derivatives of the moment generating function FGIG

D[Sk] and using
properties of the modified Bessel functions of the third kind one can derive the
probability of n ∈ IN0 defaults in sector Sk

P (D[Sk] = n) =
1

n!

(
χk
ψk

)n/2(
ψk + 2

ψk

)−(λk+n)/2 Kλk+n

(√
χk(ψk + 2)

)
Kλk

(√
χkψk

) .

In Sichel (1971) a useful recurrence formula is derived, so that only the mod-
ified Bessel functions Kλk and Kλk+1 need to be calculated. In our parameteriza-
tion we get for n ≥ 2

P (D[Sk] = n) =
2(n− 1)(λk + n− 1)P (D[Sk] = n− 1) + χkP (D[Sk] = n− 2)

n(n− 1)(ψk + 2)
.

In case that we choose λk = −1
2

in equation (2.13), we get the IGP distri-

bution. We use K− 1
2
(x) =

√
π/2x−1/2e−x to simplify the probability generating
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function of D[Sk]

F IG
D[Sk](z) =

(
ψk

2− 2z + ψk

)−1/4
√
π/2(2− 2z + ψk)

−1/4χ
−1/4
k e−

√
2−2z+ψk

√
χk√

π/2ψ
−1/4
k χ

−1/4
k e−

√
ψkχk

= exp
(√

χk

(√
ψk −

√
2− 2z + ψk

))
.

Calculating the derivatives 1
n!

dn F IG
D[Sk]

dzn
(z)|z=0, n = 0, 1, 2, . . . , yields

P (D[Sk] = 0) = F IG
D[Sk](0) = e

√
χk(
√
ψk−
√

2+ψk),

P (D[Sk] = n) =
e
√
χk(
√
ψk−
√

2+ψk)

n!

n−1∑
`=0

(n− 1 + `)!

(n− 1− `)! `!
2−` (χk(ψk + 2))−`/2 .

Next we study the connection between µk, σ
2
k and the parameters λk, χk, and

ψk. According to Jørgensen (1982) the moments of the random variable M [Sk] ∼
GIG(λk, χk, ψk) are given by

IE[M [Sk]
`] =

Kλk+`

(√
χkψk

)
Kλk

(√
χkψk

) (√χk
ψk

)`
, ` ∈ IN.

Therefore in the GIG case one has to know more than µk = IE[M [Sk]] and
σ2
k = IE[M [Sk]

2] − µ2
k to determine the parameters λk, χk, and ψk. Under the

assumption M [Sk] ∼ IG(χk, ψk) we have the following expressions for the mean
and the variance of M [Sk]

µk =
K 1

2

(√
χkψk

)
K− 1

2

(√
χkψk

)√χk
ψk

=

√
χk
ψk
, (2.14)

σ2
k = IE

[
M [Sk]

2
]
− µ2

k

=
K 3

2

(√
χkψk

)
K− 1

2

(√
χkψk

) (√χk
ψk

)2

− χk
ψk

=

(
1 +

1√
χkψk

)
χk
ψk
− χk
ψk

=

√
χk(√
ψk
)3 . (2.15)
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We have used the following properties of the modified Bessel function Kλ, see e.g.
Abramowitz and Stegun (1968),

Kλ(x) = K−λ(x),

K 1
2
(x) =

√
π

2
x−

1
2 e−x,

K 3
2
(x) = K 1

2
(x)

(
1 +

1

x

)
.

Solving equations (2.14) and (2.15) gives the following relationship

χk =
µ3
k

σ2
k

, (2.16)

ψk =
µk
σ2
k

. (2.17)

Using these two equations (2.16) and (2.17) and the estimators µ̂k and σ̂k
suggested by CreditRisk+TM(Chapter A7.3), we get estimators χ̂k and ψ̂k, re-
spectively.

Further information on Sichel distributions can be found in Willmot (1986). A
multivariate extension has been developed in Stein, Zucchini, and Juritz (1987).
The multivariate extension can be used to include sector correlations within the
portfolio, where one can follow the approach in Giese (2002).

2.4 Default losses with variable default rates

Remember that LOSS is the random variable describing the aggregate losses
in our portfolio in units of L. Analogously, LOSS[Sk] and LOSS[B

(k)
j ] are the

random variables, describing the losses in units of L in Sector Sk and band B
(k)
j ,

respectively.
The probability generating function GLOSS can be written as

GLOSS(z) =
ñ∏
k=1

GLOSS[Sk](z),

since we have assumed LOSS[Sk], k = 1, . . . , ñ, to be stochastically independent.
The authors of the CreditRisk+TM technical document show that

GLOSS[Sk](z) = FD[Sk](Pk(z)), (2.18)

where FD[Sk](.) is the probability generating function of D[Sk], which is the num-
ber of defaults in Sk, defined in equation (2.11) and Pk(.) is a polynomial similar
to the polynomial P (.) in equation (2.7), defined as
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Pk(z) =

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

zν
(k)
j

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

. (2.19)

Therefore,

GLOSS(z) =
ñ∏
k=1

 1− pk

1− pk
µk

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

zν
(k)
j


αk

,

where pk and αk are defined as in Section 2.3.
The distribution of LOSS is then calculated using a recurrence relation, which

is applied to the Taylor series expansion of GLOSS(.). A drawback of this recursive
algorithm is that it can lead to material rounding errors (sometimes even nega-
tive probabilities) if large portfolios and many sectors are being considered. In
practical implementations, it is sometimes not at all possible to calculate higher
loss quantiles (e.g. 99.9 %) or only at errors as high as 30 %, see Giese (2002).
An alternative recursive algorithm using saddle point approximation has been
developed by Gordy (2001). Giese (2002) has developed a faster, more stable
and precise algorithm by making use of the cumulant generating function of the
gamma distribution.

Equation (2.18) can also be used in the GIG and IG case. There, we get
closed form expressions as well:

GGIG
LOSS(z) =

ñ∏
k=1

(
ψk

2− 2Pk(z) + ψk

)αk Kλk

(√
χk
√

2− 2Pk(z) + ψk

)
Kλk

(√
ψkχk

) ,

where Pk(z) is defined in equation (2.19). In the IG case we get

GIG
LOSS(z) =

ñ∏
k=1

GIG
LOSS[Sk](z)

= exp


ñ∑
k=1

√
χk

√ψk −

√√√√√√2− 2∑m(k)
j=1

ε
(k)
j

ν
(k)
j

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

zν
(k)
j + ψk


 .

An example will be discussed in Section 2.6 to compare the
CreditRisk+TM approach with the IG approach. Before we start with the
example portfolio, we introduce another approach which may be used to

30



calculate the loss distribution. The idea is, that the assumptions made in Section
2.3 for D[Sk] hold analogously for D[B

(k)
j ].

Then, we have

LOSS =
ñ∑
k=1

LOSS[Sk]

=
ñ∑
k=1

m(k)∑
j=1

LOSS[B
(k)
j ].

Assuming that all sums are stochastically independent, we have

GLOSS(z) =
ñ∏
k=1

m(k)∏
j=1

G
LOSS[B

(k)
j ]

(z).

Therefore, it is sufficient to calculate the probability generating functionG
B

(k)
j

.

Since LOSS[B
(k)
j ] = ν

(k)
j D[B

(k)
j ], it follows that

G
LOSS[B

(k)
j ]

(z) =
∞∑
n=0

P (LOSS[B
(k)
j ] = n)zn

=
∞∑
n=0

P (ν
(k)
j D[B

(k)
j ] = n)zn

=
∞∑
n=0

P (D[B
(k)
j ] = n)zν

(k)
j n.

The power series expansion of a probability generating function is absolutely
convergent in D = {z : |z| < 1}. Therefore, in D it is possible to differentiate
with respect to z term by term

P (LOSS[B
(k)
j ] = `) =

1

`!

dnG
LOSS[B

(k)
j ](z)

dz`
|z = 0

=
1

`!

∞∑
n=`

(ν
(k)
j n)!

(ν
(k)
j n− `)!

P (D[B
(k)
j ] = n)zν

(k)
j n−`|z = 0

=
∞∑
n=`

(
ν

(k)
j n
`

)
P (D[B

(k)
j ] = n)zν

(k)
j n−`|z = 0.

Hence, it is sufficient to know the distribution of D[B
(k)
j ], which has been

computed in Section 2.3.
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2.5 Generalized sector analysis, risk contribu-

tion, and correlation

Generalized sector analysis

The sector analysis introduced in Section 2.3 implies that the default event of
each obligor depends on only one systematic background factor. As before, the
number of systematic default factors is assumed to be relatively small. But now
the default event of each obligor may be affected by several factors. This means
that the concept of sectors has to be replaced by another method, e.g. the concept
of systematic default factors.

Let ñ ∈ IN be the number of systematic default factors. Let θA,k be the

proportional influence of the k-th systematic factor, such that
∑ñ

k=1 θA,k = 1 for
each A ∈ {1, . . . , N}.

The sector analysis approach is a special case of the systematic factor approach
and can be obtained by taking

θA,k = δA,k :=

{
1 if A ∈ Sk,
0 if A 6∈ Sk.

Remember that the probability generating function of the losses in sector Sk
was Gk(z) = FD[Sk](Pk(z)), where Pk is the polynomial given in equation (2.19).
By simple transformations we get

Pk(z) =

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

zν
(k)
j

m(k)∑
j=1

ε
(k)
j

ν
(k)
j

=

∑
A∈Sk

εA
νA
zνA∑

A∈Sk

εA
νA

=

N∑
A=1

δA,k
εA
νA
zνA

N∑
A=1

δA,k
εA
νA

.

This can be generalized as follows

Pk(z) =

N∑
A=1

θA,k
εA
νA
zνA

N∑
A=1

θA,k
εA
νA

.

The probability generating function of the one-year-losses in the portfolio is
assumed to be of the following form

G(z) =
ñ∏
k=1

Gk(z) =
ñ∏
k=1

FDk(Pk(z)),
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where FDk is the probability generating function of Dk, a non-negative random
variable with mean Mk, where as in Section 2.3 Mk is a non-negative random

variable with mean µk =
N∑
A=1

θA,kµA and standard deviation σk =
N∑
A=1

θA,kσA.

In case that θA,k = δA,k we have Dk = D[Sk] and Mk = M [Sk], where µA
and σA are the mean and the standard deviation of the random variable DA =
1l{Obligor A does default within next year}.

It is sufficient to add another sector to take the firm specific factors into
account. This additional band must have N bands, i.e. each band corresponds
with one obligor.

Risk contribution

The risk contribution of an individual obligor A′ is defined as the marginal effect
to the presence of the exposure EA′ on the standard deviation σ or a given quantile
of the loss distribution.

The technical document suggests a heuristic formula for the risk contribution
of obligor A′, denoted by RCA′ ,

RCA′ = EA′
∂σ

∂EA′
.

The last formula has to be interpreted as

RCA′ = EA′
σ(
∑

A∈{1,...,n}EA)− σ(
∑

A∈{1,...,n}\A′ EA)∑
A∈{1,...,n}EA −

∑
A∈{1,...,n}\A′ EA

= σentire portfolio − σportfolio without A′

The marginal effect on the α-quantile of the loss distribution can be defined
as

RCA′(α) = α-quantileloss distr., entire portf. − α-quantileloss distr., portf. without A′ .

Using the derivatives of the probability generating function the variance of the
loss distribution is calculated as

σ2 =
ñ∑
k=1

ε2
k

(
σk
µk

)2

+
N∑
A=1

εAνA.

Then the technical document derives an explicit formula for the risk contri-
bution on the standard deviation.

RCA′ =
EA′

2σ

(
2EA′µA′ +

ñ∑
k=1

(
σk
µk

)2

2εkθA′,kµA′

)

=
EA′µA′

σ

(
EA′ +

ñ∑
k=1

(
σk
µk

)2

εkθA′,k

)
.
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A more advanced method regarding the Value-at-Risk and expected shortfall
contribution of each obligor within the portfolio has been developed in Haaf and
Tasche (2002). For more information on the expected shortfall see e.g. Artzner,
Delbaen, Eber, and Heath (1999) or Eberlein and Prause (2002).

Pairwise correlation

The method of the generalized sector analysis implies correlation between the
different debtors. Let A and B be two obligors of our portfolio. Let ρAB
be the pairwise correlation between the default indicator variables D(A) =
1l{Obligor A does default within next year} and D(B) := 1l{Obligor B does default within next year}.
Again we set pA = P (D(A) = 1) and pB = P (D(B) = 1)

Let pAB be the probability that both obligors, A and B, default within the
time horizon. Then the correlation ρAB is

ρAB =
pAB − pApB

(pA − p2
A)1/2(pB − p2

B)
1
2

.

Note that since D(A) and D(B) are Bernoulli random variables, we have that
E[D(I)] = pI , I = A,B, and since D(A) and D(B) are indicator functions,
we have D(I)2 = D(I), for I = A,B. By evaluating a formula for pAB the
correlation of the defaults of A and B simplifies to

ρAB = (pApB)1/2

n∑
k=1

θA,kθB,kpApB

(
σk
µk

)2

.

The last equation implies that two debtors which have no sector in common
will have zero correlation. Since historical data suggests that σk/µk ≈ 1 one can
expect default correlations to be of the same order as default probabilities.

2.6 The CreditRisk+TM example

To compare the GIG approach with the CreditRisk+TM approach, we study the
example given in the technical document. The example portfolio consists of
25 obligors, listed in Table 2.3. In this example all obligors are in one single
sector, e.g. the domestic country. All exposures are also presented as multiples
of L = 202389, see the column with heading νA in Table 2.3. The parameters
µA and σA are determined by the rating class of each firm. Because the random
variable D(A) — describing whether debtor A does default or not — is Bernoulli
distributed, we have that pA = µA.

According to the technical document we estimate µ̂1 =
∑

A∈S1
pA = 3.266

and σ̂1 =
∑

A∈S1
σA = 1.633. Furthermore, p1 = β1

1+β1
=

σ2
1

σ2
1+µ1

= 0.449491, and

α1 = (µ̂1/σ̂1)2 = 4.
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Name Exposure νA pA σA

1 358475 2 0.30 0.15
2 1089819 6 0.30 0.15
3 1799710 9 0.1 0.05
4 1933116 10 0.15 0.075
5 2317327 12 0.15 0.075
6 2410929 12 0.15 0.075
7 2652184 14 0.30 0.15
8 2957685 15 0.15 0.075
9 3137989 16 0.05 0.025

10 3204044 16 0.05 0.025
11 4727724 24 0.015 0.0075
12 4830517 24 0.05 0.025
13 4912097 25 0.05 0.025
14 4928989 25 0.30 0.15
15 5042312 25 0.1 0.05
16 5320364 27 0.075 0.0375
17 5435457 27 0.05 0.025
18 5517586 28 0.03 0.015
19 5764596 29 0.075 0.0375
20 5847845 29 0.03 0.015
21 6466533 32 0.30 0.15
22 6480322 33 0.30 0.15
23 7727651 39 0.016 0.008
24 15410906 77 0.1 0.05
25 20238895 100 0.075 0.0375

Aggregate exposure 130513072
Expected Loss 14221863

Table 2.3: Example: CreditRisk+TM Sector Analysis.
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Γ IG

Expected Loss 14540148 14643573
90.0 % – Quantile 31977462 31775073
99.0 % – Quantile 56061753 54442641
99.9 % – Quantile 78122154 67395537

Table 2.4: Comparison of the expected loss and quantiles.

Table 2.4 shows that the inverse Gaussian approach is a real alternative to the
Gamma approach by CreditRisk+. Figure 2.7 visualizes the difference between
the α-quantiles of the loss distribution for α ∈ [0.9, 0.999].

The loss distribution in the inverse Gaussian setting, shown in Figure 2.5,
has heavier tails than the loss distribution in the Γ-setting. Figure 2.6 shows the
ratio of the credit loss density in the inverse Gaussian approach and the credit
loss density in the Γ case.
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Figure 2.5: Example: Credit loss distribution in the inverse Gaussian approach.
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Chapter 3

The Intensity-based Lévy Credit
Risk Model

3.1 Introduction

A new approach to modeling credit risk based on the Heath-Jarrow-Morton
methodology (see Heath, Jarrow, and Morton (1992)) was introduced in Bielecki
and Rutkowski (1999, 2000, 2002). The main inputs to the Bielecki-Rutkowski
model are the information on credit rating migration and the instantaneous for-
ward rates. The result is an arbitrage-free model of defaultable (corporate) bonds.
We follow this approach to construct a credit risk framework for the defaultable
term structure driven by Lévy processes.

This chapter is organized as follows. First, we will present the Lévy term
structure model introduced in Eberlein and Raible (1999) and Raible (2000) in a
slightly more general setting, namely under the real-world measure. Next, we will
expand this model by introducing defaultable bonds. In order to reflect reality,
we will also consider restructuring after default. Finally, we will determine the
market price of risk, and give an outline of the implementation of the model. The
empirical relevance of the Lévy approach is illustrated by the analysis of a bond
price data set. A similar approach to the Bielecki-Rutkowski approach has been
developed in Schönbucher (1998). At the end of this chapter we show how the
Schönbucher approach can be generalized with regard to Lévy processes.

Let T ∗ > 0 be a fixed time horizon date for all market activities. A default-
free zero-coupon bond with maturity date T ≤ T ∗ is a financial security paying to
its owner one currency unit at a prespecified date T in the future. A defaultable
bond, in general a corporate bond, is a financial security promising its owner to
pay one currency unit at the prespecified maturity date T in the future. The
payment of the promised money unit depends on the financial capability of the
issuer to pay the debt at time T . It might happen that the issuer defaults before
or at time T , so the holder of the defaultable bond gets only a fractional amount
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of the promised currency unit or even nothing at all.
We denote by B(t, T ) the time t, 0 ≤ t ≤ T , price of a default-free T -maturity

bond. Note, that B(T, T ) = 1.
We denote by DC(t, T ) the time t price of a defaultable bond maturing at

T . In this case, we have DC(T, T ) ≤ 1 and DC(T, T ) = 1 on {τ > T}, where
we write τ to denote the time of default, which is a stopping time on a suitable
enlargement of the stochastic basis (Ω,F , P, (Ft)0≤t≤T ∗), which will be specified
in Section 3.2. The subscript C stresses the dependence of the defaultable bond
from the credit migration process C, which will be specified in Section 3.3 and
Section 3.4, respectively. Some results of this chapter have been presented in
Eberlein and Özkan (2002).

3.2 The default-free term structure

A term structure model can be specified through the modeling of bond prices or
equivalently, as proposed by Heath, Jarrow, and Morton (1992) (HJM), the (in-
stantaneous) forward rates. Given the forward rates the bond prices are defined
by setting

B(t, T ) = exp

− T∫
t

f(t, u) du

 , for all t ∈ [0, T ]. (3.1)

The short time interest rate or spot rate is specified as r(t) := f(t, t) when the
forward rate is given. A general and more detailed introduction to bond markets
can be found in Björk (1998) or Musiela and Rutkowski (1998).

In this section we give a short overview of the Lévy term structure model,
which has been introduced by Eberlein and Raible (1999) and which is a gener-
alization of the HJM methodology.

Let L = (L1, . . . , Ld) be a d-dimensional Lévy process defined on a complete
probability space (Ω,F ,P) endowed with a filtration (Ft)0≤t≤T ∗ . Let N := {A ∈
F |P(A) = 0} be the set of P-null-sets in F = FT ∗ and N := σ(N) be the σ-
field generated by N . We assume that (Ft)0≤t≤T ∗ is the smallest right-continuous
filtration such that L is adapted and N ⊂ F0 (see Jacod and Shiryaev (1987,
III.2.12)). Let P be the predictable σ-field on Ω× IR+. The probability measure
P plays the role of the real-world measure. Note that the HJM approach in
Eberlein and Raible (1999) was stated under the martingale measure.

The Lévy measure ν of the distribution of L1 is assumed to satisfy the follow-
ing integrability condition: there are constants M, ε > 0, such that∫

{|x|>1}

exp(u>x) ν(dx) <∞ for all u ∈ [−(1 + ε)M, (1 + ε)M ]d, (3.2)

39



or equivalently, see Sato (1999, Theorem 25.3),

IE[exp(u>L1)] <∞ for all u ∈ [−(1 + ε)M, (1 + ε)M ]d.

Hence, the Lévy process L is a d-dimensional special semimartingale. Regarding
the instantaneous forward rates we make the following assumption.

Assumption (A1): For any fixed maturity T ≤ T ∗ the default free instantaneous
forward rate f(t, T ) satisfies

df(t, T ) = ∂2A(t, T ) dt− ∂2Σ(t, T )> dLt, (3.3)

where ∂2 denotes the derivation operator with respect to the second ar-
gument; and the P ⊗ B(IR+)-measurable stochastic processes Σ and A
with values in IRd and IR respectively are defined on Ω × ∆, where
∆ = {(s, T ) ∈ IR+ × IR+ | 0 ≤ s ≤ T ≤ T ∗}. The stochastic processes Σ
and A are path-wise twice continuously differentiable in the second variable,
where the partial derivatives of A and Σ are bounded and ∂22Σ(ω; t, T ) is
a continuous function in t. In addition, we assume that Σ(s, T )i > 0 for
each i = 1, . . . , d and for all (s, T ) ∈ ∆ with s 6= T , and A(s, s) = 0 and
Σ(s, s) = (0, . . . , 0)>.

An equivalent representation of df(t, T ) can be obtained by the canonical
decomposition of L (see e.g. Jacod and Shiryaev (1987, II.2.38)), namely

Lt = bt+ cWt +

t∫
0

∫
IRd

x (µL − νL)(ds, dx), (3.4)

where b ∈ IRd, c is a d × d matrix, W is a standard d-dimensional Brownian
motion, µL is the random measure of jumps, and νL is its compensator (see Jacod
and Shiryaev (1987) for the definitions of µL and νL). Note that νL(dt, dx) =
ν(dx) dt. Without loss of generality we can assume b = 0 ∈ IRd, so that Lt =
cWt +

∫ t
0

∫
IRd
x (µL − νL)(ds, dx).

The instantaneous forward rate dynamics (3.3) is equivalent to

df(t, T ) = ∂2A(t, T ) dt− ∂2Σ(t, T )>c dWt

−
∫

IRd

∂2Σ(t, T )>x
(
µL − νL

)
(dt, dx). (3.5)

The existence of the integral
∫ t

0

∫
IRd

(∂2Σ(s, T )>x)(µL− νL)(ds, dx) is ensured
by Jacod and Shiryaev (1987, II.1.30).

As shown in Raible (2000, Section 6.3.2), it can be easily seen that the
Lévy term structure is a special case of the Björk/Di Masi/Kabanov/Runggaldier
framework presented in Björk, Di Masi, Kabanov, and Runggaldier (1997).
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Proposition 3.1 The bond price B(t, T ) is given by

B(t, T ) = B(0, T ) exp

 t∫
0

(r(s)− A(s, T )) ds+

t∫
0

Σ(s, T )> dLs

 (3.6)

= B(0, T ) exp

 t∫
0

(r(s)− A(s, T )) ds+

t∫
0

Σ(s, T )>c dWs

+

t∫
0

∫
IRd

Σ(s, T )>x (µL − νL)(ds, dx)

 .

(3.7)

Proof: The proof of this equation is mainly the same as in Björk, Di Masi,
Kabanov, and Runggaldier (1997, Proposition 5.2). Equation (3.3) yields for
0 ≤ t ≤ u ≤ T ∗

f(t, u)− f(0, u) =

t∫
0

∂2A(s, u) ds−
t∫

0

∂2Σ(s, u)> dLs [Pr3.1.a]

and

f(u, u) = f(0, u) +

u∫
0

∂2A(s, u) ds−
u∫

0

∂2Σ(s, u)> dLs. [Pr3.1.b]

Equations (3.1) and [Pr3.1.a] yield

lnB(t, T ) = −
T∫
t

f(t, u) du = −
T∫
t

(f(0, u) + f(t, u)− f(0, u)) du

= −
T∫
t

f(0, u) +

t∫
0

∂2A(s, u) ds−
t∫

0

∂2Σ(s, u)> dLs

 du.

Hence by Fubini’s Theorem, see Protter (1995, Theorem IV.4.45),

lnB(t, T ) = −
T∫
t

f(0, u) du−
T∫
t

t∫
0

∂2A(s, u) ds du+

T∫
t

t∫
0

∂2Σ(s, u)> dLs du

= −
T∫
t

f(0, u) du−
t∫

0

T∫
t

∂2A(s, u) du ds+

t∫
0

T∫
t

∂2Σ(s, u)> du dLs.
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Therefore

lnB(t, T ) = −

 T∫
0

f(0, u) du−
t∫

0

f(0, u) du


−

t∫
0

 T∫
s

∂2A(s, u) du−
t∫

s

∂2A(s, u) du

 ds

+

t∫
0

 T∫
s

∂2Σ(s, u)> du−
t∫

s

∂2Σ(s, u)> du

 dLs

= −
T∫

0

f(0, u) du−
t∫

0

T∫
s

∂2A(s, u) du ds+

t∫
0

T∫
s

∂2Σ(s, u)> du dLs

+

t∫
0

f(0, u) du+

t∫
0

t∫
s

∂2A(s, u) du ds−
t∫

0

t∫
s

∂2Σ(s, u)> du dLs.

Using Fubini’s Theorem, we get

lnB(t, T ) = lnB(0, T )−
t∫

0

A(s, T ) ds+

t∫
0

Σ(s, T )> dLs

+

t∫
0

f(0, u) du+

t∫
0

u∫
0

∂2A(s, u) ds du−
t∫

0

u∫
0

∂2Σ(s, u)> dLs du.

With equation [Pr3.1.b] we get

lnB(t, T ) = lnB(0, T ) +

t∫
0

(r(s)− A(s, T )) ds+

t∫
0

Σ(s, T )> dLs.

This proves equation (3.6). By combining equations (3.6) and (3.4) we get
equation (3.7). Note that we have assumed b = 0. �
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Proposition 3.2 The dynamics of B(t, T ) for fixed T ∈ [0, T ∗] is given by

dB(t, T ) = B(t−, T )

(r(t) +
1

2
|Σ(t, T )>c|2 − A(t, T )) dt

+ Σ(t, T )>c dWt

+

∫
IRd

Σ(t, T )>x
(
µL − νL

)
(dt, dx)

+

∫
IRd

(
exp

(
Σ(t, T )>x

)
− 1− Σ(t, T )>x

)
µL(dt, dx)

 .

(3.8)

Proof: Equation (3.7) yields

lnB(t, T ) = lnB(0, T ) +

t∫
0

(r(s)− A(s, T )) ds

+

t∫
0

Σ(s, T )>c dWs

+

t∫
0

∫
IR

Σ(s, T )>x (µL − νL)(ds, dx).

On the other hand the Itô formula, as given e.g. in Goll and Kallsen (2000,
Lemma A.5), results in

lnB(t, T ) = lnB(0, T ) +

t∫
0

1

B(s−, T )
dB(s, T )

− 1

2

t∫
0

1

B(s−, T )2
d〈Bc(., T ), Bc(., T )〉s

+

t∫
0

∫
IR

(
ln

(
B(s−, T ) + x

B(s−, T )

)
− x

B(s−, T )

)
µB(.,T )(ds, dx).

It is simple to get Bc(., T ) from the Itô formula applied to f(Xt) =
exp(lnB(t, T )), see Corollary A.6 in Goll and Kallsen (2000) and its proof where
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one can find formulae for the semimartingale characteristics in a more general
case. We can easily calculate

〈Bc(., T ), Bc(., T )〉t =

t∫
0

(
B(s−, T )2|Σ(s, T )>c|2

)
ds.

Note that the jumps of B(., T ) satisfy the following relationship

4B(t, T ) = B(t−, T )
(
e4 lnB(t,T ) − 1

)
= B(t−, T )

(
eΣ(t,T )>4Lt − 1

)
.

Using the definitions of the random jump measures µB(.,T ) and µL we get

t∫
0

∫
IR

(
ln

(
B(s−, T ) + x

B(s−, T )

)
− x

B(s−, T )

)
µB(.,T )(ds, dx)

= −
∑

0<s≤t

(
exp

(
Σ(s, T )>4Ls

)
− 1− Σ(s, T )>4LS

)

= −
t∫

0

∫
IRd

(
exp

(
Σ(s, T )>x

)
− 1− Σ(s, T )>x

)
µL(ds, dx).

Therefore,

t∫
0

1

B(s−, T )
dB(s, T ) =

t∫
0

(
r(s) +

1

2
|Σ(s, T )>c|2 − A(s, T )

)
ds

+

t∫
0

Σ(s, T )>c dWs

+

t∫
0

∫
IRd

Σ(s, T )>x
(
µL − νL

)
(ds, dx)

+

t∫
0

∫
IRd

(
exp

(
Σ(s, T )>x

)
− 1− Σ(s, T )>x

)
µL(ds, dx).

The last equation proves our proposition. �

The short-term interest rate r(t) = f(t, t) helps us to introduce the adapted
process B = (Bt)t∈[0,T ∗] of finite variation with continuous sample paths given by

Bt := exp

 t∫
0

r(s) ds

 . (3.9)
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In financial interpretation B is the risk-free savings account. Further details on
the risk-free savings account can be found for example in Musiela and Rutkowski
(1998, Section 11.1.3).

Proposition 3.3 The discounted bond price Z(t, T ) := 1
Bt
B(t, T ) satisfies

Z(t, T ) = Z(0, T ) exp

− t∫
0

A(s, T ) ds+

t∫
0

Σ(s, T )>c dWs

+

t∫
0

∫
IRd

Σ(s, T )>x
(
µL − νL

)
(ds, dx)

 (3.10)

and follows the stochastic dynamics

dZ(t, T ) = Z(t−, T )

a(t, T ) dt+

∫
IRd

Σ(t, T )>x
(
µL − νL

)
(dt, dx)

+ Σ(t, T )>c dWt +

∫
IRd

(
eΣ(t,T )>x − 1− Σ(t, T )>x

)
µL(dt, dx)

 ,

(3.11)

where

a(t, T ) = −A(t, T ) +
1

2
|Σ(t, T )>c|2. (3.12)

Proof: This is a direct consequence of Proposition 3.2 or of Björk, Di Masi,
Kabanov, and Runggaldier (1997, Proposition 5.3). �

3.2.1 Absence of arbitrage

The Lévy term structure model presented in Eberlein and Raible (1999) operates
directly under a martingale measure. Here, we model the forward rate under the
real-world measure P, see Assumption (A1), as in Björk, Di Masi, Kabanov, and
Runggaldier (1997, Section 5.4).

Let Pt := P|Ft be the restriction of P to the σ-algebra Ft and

Q :=
{

P̃ ∈M1(Ω,F) : P̃t ∼ Pt for all 0 ≤ t <∞ and

(Z(t, T ))0≤t≤T is a local P̃−martingale for every T ∈ [0, T ∗]
}
,

where M1(Ω,F) denotes the set of all probability measures on the measurable
space (Ω,F). Following Björk, Di Masi, Kabanov, and Runggaldier (1997) we
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say that the EMM-property holds if Q is nonempty. EMM is the abbreviation
for “equivalent martingale measure”. In the setting of Eberlein and Raible
(1999) P is a martingale measure, and therefore the EMM-property holds.
Raible (2000) shows that Q is a singleton, and therefore the Lévy term structure
model in Eberlein and Raible (1999) is approximately complete (see Björk, Di
Masi, Kabanov, and Runggaldier (1997, Section 6)).

The EMM-property implies that the coefficients of the model in Assumption
(A1) are interrelated and cannot be chosen in an arbitrary way. The following
result is based on Björk, Di Masi, Kabanov, and Runggaldier (1997, Proposition
5.3) and is a generalization of the HJM-equality.

Proposition 3.4

P ∈ Q ⇔ (i)

t∫
0

∫
IR

(
eΣ(s,T )>x − 1− Σ(s, T )>x

)
ν(dx) ds <∞

(ii) a(t, T ) +

∫
IR

(
eΣ(t,T )>x − 1− Σ(t, T )>x

)
ν(dx) = 0 dP⊗ dt−a.e.

If P ∈ Q, then the stochastic dynamics of Z(t, T ) in equation (3.11) can be
written as

dZ(t, T ) = Z(t−, T )

Σ(t, T )>c dWt +

∫
IRd

(
eΣ(t,T )>x − 1

) (
µL − νL

)
(ds, dx)

 .

To ensure that Q is nonempty we have to assume the following condition,
see Theorem 5.7 in Björk, Di Masi, Kabanov, and Runggaldier (1997).

Condition (M1): Suppose that there exists a predictable process φ : Ω× IR+ →
IRd and a predictable function Ỹ : Ω× IR+ × IRd → IR+\{0} such that

1.
∫ t

0 |φ(s)|2 ds <∞ P-a.s.,

2.
∫ t

0

∫
IRd

(
1−

√
Ỹ (s, x)

)2

ν(dx) ds <∞ P-a.s.,

3. For any T ∈ [0, T ∗]∫ t
0

∫
IRd

(
eΣ(s,T )>x − 1

)
1l{Σ(s,T )>x>ln 2}Ỹ (s, x) ν(dx) ds <∞ P-a.s.,
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4. For any T ∈ [0, T ∗]

a(t, T ) + Σ(t, T )>c φ(t)

+

∫
IRd

((
eΣ(t,T )>x − 1

)
Ỹ (t, x)− Σ(t, T )>x

)
ν(dx) = 0, dP⊗ dt−a.s.

(3.13)

5. IEP[ρt] = 1 for all t ∈ [0, T ∗], where ρ = (ρt)t∈[0,T ∗] is the process given by

ρt = exp

 t∫
0

φ(s)> dWs −
1

2

t∫
0

|φ(s)|2 ds

+

t∫
0

∫
IRd

(
Ỹ (s, x)− 1

) (
µL − νL

)
(ds, dx)

−
t∫

0

∫
IRd

(
Ỹ (s, x)− 1− ln Ỹ (s, x)

)
µL(ds, dx)

 .

(3.14)

Conditions (M1.1.) – (M1.3.) are the usual integrability conditions for φ and Ỹ .
Condition (M1.4.) is a generalization of the well-known HJM-equality. Condition
(M1.5.) ensures that the measure P∗ which is defined by dP∗

dP
= ρT ∗ is a local

martingale measure which is equivalent to P. It follows from Proposition 5.7 in
Björk, Di Masi, Kabanov, and Runggaldier (1997) that P∗ is an element of Q.
Note that its density is explicitly given by

dP∗

dP
= exp

 T ∗∫
0

φ(s)> dWs −
1

2

T ∗∫
0

|φ(s)|2 ds

+

T ∗∫
0

∫
IRd

(
Ỹ (s, x)− 1

) (
µL − νL

)
(ds, dx)

−
T ∗∫
0

∫
IRd

(
Ỹ (s, x)− 1− ln Ỹ (s, x)

)
µL(ds, dx)


(3.15)

Remark: In case that the discontinuous part of L has sample paths of finite
variation, i.e.

∫
{|x|≤1} |x| ν(dx) <∞, then the density process ρ simplifies notably
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to

ρt = exp

 t∫
0

φ(s)> dWs −
1

2

t∫
0

|φ(s)|2 ds

+

t∫
0

∫
IRd

ln Ỹ (s, x)µL(ds, dx) +

t∫
0

∫
IRd

(
1− Ỹ (s, x)

)
νL(ds, dx)

.
The dynamics of the discounted bond price process Z(., T ) under the proba-

bility measure P∗ can be expressed as, see Björk, Di Masi, Kabanov, and Rung-
galdier (1997, equation (5.41)),

dZ(t, T ) = Z(t−, T )

a(t, T ) + Σ(t, T )>cφ(t)

+

∫
IRd

((
eΣ(t,T )>x − 1

)
Ỹ (t, x)− Σ(t, T )>x

)
ν(dx)

 dt

+ Σ(t, T )>c dW̃t

+

∫
IRd

(
eΣ(t,T )>x − 1

)(
µL − Ỹ (t, x)νL

)
(dt, dx)


= Z(t−, T )

Σ(t, T )>c dW̃t +

∫
IRd

(
eΣ(t,T )>x − 1

) (
µL − ν̃L

)
(dt, dx)

 ,

(3.16)

where W̃t := Wt −
∫ t

0
φ(s) ds is a d-dimensional standard Brownian process

under P∗ and the random measure ν̃L(ω; dt, dx) := Ỹ (ω, t, x)νL(dt, dx) is the
P∗-compensator of µL.

Remark: Due to equation (3.2) L1 has a moment generating function u 7→
IE[eu

>L1 ] on some open interval (−a, b)d ⊃ [−M,M ]d, a, b,M > 0. Therefore,
the logarithm of the moment generating function κ is well-defined by

κ(u) := ln IE[eu
>L1 ], u ∈ (−a, b)d. (3.17)

If A(t, T ) = κ(Σ(t, T )), then equation (3.13) holds for φ = 0 and Ỹ = 1. Thus
P = P∗. This means that the Lévy term structure model is considered directly
under the martingale measure. More information on this case can be found in
Eberlein and Raible (1999) and Raible (2000).
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3.2.2 Construction of the density process

In this subsection we want to motivate the assumption made in Condition
(M1.5.). Instead of assuming the existence of φ and Ỹ as done above, we can
also construct explicitly an equivalent martingale measure for fixed time hori-
zon. We follow Shiryaev (1999, Section VII.3g), where martingale measures are
constructed in the semimartingale framework.

For fixed T ∈ [0, T ∗] we define the process M = (Mt)0≤t≤T by

Mt =

t∫
0

(Z(s−, T ))−1 dZ(s, T ), (3.18)

which is a special semimartingale. Instead of considering M we could consider Z
itself, but this is technically more sumptuary. The semimartingale characteristics
are the main input to the construction of the martingale measure, see Jacod and
Shiryaev (1987, Section II.2). The determination of the semimartingale charac-
teristics of Z can be achieved with some effort by using Corollary A.6 in Goll and
Kallsen (2000). In contrast, the characteristics of M can be easily deduced from
the dynamics of M . Note that both approaches lead exactly to the same density
process.

The dynamics of M is given by, cf. equation (3.11),

dMt = a(t, T ) dt+

∫
IRd

(
eΣ(t,T )>x − 1− Σ(t, T )>x

)
νL(dt, dx)

+ Σ(t, T )>c dWt +

∫
IRd

(
eΣ(t,T )>x − 1

) (
µL − νL

)
(dt, dx).

The jumps of M , 4M , satisfy

4Mt =

∫
IRd

(
eΣ(t,T )>x − 1

)
µL({t}, dx) =

(
eΣ(t,T )>4Lt − 1

)
1l{4Lt 6=0} > −1.

Thus,

t∫
0

∞∫
−1

f(s, u)µM(ds, du) =

t∫
0

∫
IRd

f(s, eΣ(s,T )>x − 1)µL(ds, dx),

for any positive measurable function f on IR+ × (−1,∞) and also

t∫
0

∞∫
−1

f(s, u) νM(ds, du) =

t∫
0

∫
IRd

f(s, eΣ(s,T )>x − 1) νL(ds, dx).
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As a result of the last two equations the dynamics dMt can be written as

dMt = a(t, T ) dt+ Σ(t, T )>c dWt

+

∞∫
−1

(u− ln(u+ 1)) νM(dt, du) +

∞∫
−1

u
(
µM − νM

)
(dt, du).

(3.19)

Equation (3.19) gives the canonical decomposition of M . The semimartingale
characteristics (BM , CM , νM) of M are given by

BM
t =

t∫
0

a(s, T ) ds+

t∫
0

∞∫
−1

(u− ln(u+ 1)) νM(ds, du), (3.20)

where a(s, T ) is given in equation (3.12),

CM
t = 〈M c,M c〉t =

t∫
0

|Σ(s, T )>c|2 ds, (3.21)

and finally

νM ([0, t]×G) =

t∫
0

∫
IRd

1l[0,t]×G(s, eΣ(s,T )>x − 1) νL(ds, dx). (3.22)

The change of measure is fully characterized by two processes (or measurable
functions) β and Y , as can be seen in Girsanov’s Theorem, which can be found
in a general setting in Jacod and Shiryaev (1987, III.3.24).

Due to the fact that M is a special semimartingale, the measure we construct
is a martingale measure, if we can find two predictable processes or functions
β : IR→ IR and Y : IR+ × (−1,∞)→ IR+ \ {0}, see Shiryaev (1999), such that

BM
t +

t∫
0

β(s) dCM
s +

t∫
0

∞∫
−1

u (Y (s, u)− 1) νM(ds, du) = 0, (3.23)

or equivalently,

t∫
0

a(s, T ) ds+

t∫
0

∫
IRd

(
eΣ(s,T )>x − 1− Σ(s, T )>x

)
νL(ds, dx)+

t∫
0

β(s)cΣ2(s, T ) ds

+

t∫
0

∫
IRd

(
eΣ(s,T )>x − 1

)(
Y
(
s, eΣ(s,T )>x − 1

)
− 1
)
νL(ds, dx) = 0. (3.24)
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One solution to the integral equation (3.24) is given by

β(s) =
A(s, T )− 1

2
|Σ(s, T )>c|2

|Σ(s, T )>c|2
, s < T

β(T ) = 0,

(3.25)

and

Ỹ (s, x) = Y (s, eΣ(s,T )>x − 1) =


Σ(s,T )>x

eΣ(s,T )> x−1

, if Σ(s, T )>x 6= 0,

1, if Σ(s, T )>x = 0,

x ∈ IRd,

(3.26)
where

Y (s, u) =


ln(u+1)

u
, if u 6= 0,

1, if u = 0,

u > −1. (3.27)
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Figure 3.1: Two-dimensional plot of Ỹ , equation (3.26). This example: Vasiček
volatility structure Σ(t, T ) = σ̂

a
(1− e−a(T−t)), σ̂ = 0.015, a = 0.5, T = 10.

In Figure 3.1 we visualize this special choice of Y . Note the typical shape of
Y , Y (s, u) is close to one for u close to 0, intuitively speaking, the behavior of very
small jump sizes is very much the same under both equivalent measures. There
is an interesting connection to Raible (2000, Proposition 2.20), he shows that in
case of a generalized hyperbolic Lévy processes with parameters (λ, α, β, δ, µ), an
equivalent change of measure such that the process remains generalized hyperbolic
with parameters (λ′, α′, β′, δ′, µ′) is fully characterized by the condition that δ = δ′

and µ = µ′. And exactly these parameters δ and µ are characterized by the small
jumps, see Corollary 2.23 and Proposition 2.24 in Raible (2000). The choice of
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β and Y is not unique. If β and Y are deterministic then the semimartingale
characteristics remain deterministic, i.e. the process has still independent – but
not necessarily stationary – increments. If we make assumptions concerning the
drift A, then the change of measure can be accomplished in such a way that the
driving Lévy process is again a Lévy process under the new measure. In this
case Ỹ is a deterministic function that does not depend on the time parameter,
see e.g. Raible (2000, Proposition 2.19) or Jacod and Shiryaev (1987, Theorem
IV.4.39). Some more aspects regarding the change of measure in the context of
Lévy processes can be found in Sato (2000).

Equation (3.23) is the analogue of equation (3.13) with φ(s)> :=
β(s)Σ(s, T )>c. In addition, note that

t∫
0

∞∫
−1

f(s, u)Y (s, u) νM(ds, du) =

t∫
0

∫
IRd

f(s, eΣ(s,T )>x − 1)Ỹ (s, x) νL(ds, dx)

for any positive measurable function f .
We assume that

t∫
0

β2(s)dCM
s <∞, (3.28)

t∫
0

∞∫
−1

(
1−

√
Y (s, u)

)2

νM(ds, du) <∞, for every t ∈ [0, T ]. (3.29)

Note that (|x|2 ∧ |x|)Y (t, x) ∗ νMt ∈ Aloc, see Jacod and Shiryaev (1987, I.3.8),
because Y (t, x) ≤ 1. Consequently, M remains a special semimartingale under
the new measure. (Wolfgang Kluge shows in his diploma thesis that this is true
also in the setting where the change of measure is such that L remains a Lévy
process under the new measure.)

Provided that the inequalities (3.28) and (3.29) hold, we can apply Theorem
3 in Shiryaev (1999, page 703) to construct the density process ρ, which is the
Doléans-Dade exponential (see Jacod and Shiryaev (1987, I.4)) of the process
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N = (Nt). The process N is given by

Nt =

t∫
0

β(s) dM c
s +

t∫
0

∞∫
−1

(Y (s, u)− 1)
(
µM − νM

)
(ds, du)

=

t∫
0

A(s, T )− 1
2
|Σ(s, T )>c|2

|Σ(s, T )>c|2
Σ(s, T )>c︸ ︷︷ ︸

=φ(s)>

dWs

+

t∫
0

∫
IRd

(
Y (s, eΣ(s,T )>x − 1)− 1

) (
µL − νL

)
(ds, dx)

=

t∫
0

φ(s)> dWs +

t∫
0

∫
IRd

(
Σ(s, T )>x

eΣ(s,T )>x − 1
− 1

)(
µL − νL

)
(ds, dx). (3.30)

Therefore

4Nt =

∫
IRd

(
Σ(t, T )>x

eΣ(t,T )>x − 1
− 1

)
µL({t}, dx) > −1

and for any positive measurable function f

t∫
0

∞∫
−1

f(s, u)µN(ds, du) =

t∫
0

∫
IRd

f

(
s,

Σ(s, T )>x

eΣ(s,T )>x − 1
− 1

)
µL(ds, dx).

The density process ρ is given by

ρt = E(N)t

= exp

Nt −
1

2

t∫
0

β2(s) dCM
s +

t∫
0

∞∫
−1

(ln(u+ 1)− u) µN(ds, du)

 .
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Hence

ρt = exp

 t∫
0

φ(s)> dWs +

t∫
0

∫
IRd

Σ(s, T )>x

eΣ(s,T )>x − 1
− 1

(
µL − νL

)
(ds, dx)

− 1

2

t∫
0

(A(s, T )− 1
2
|Σ(s, T )>c|2)2

|Σ(s, T )>c|4
|Σ(s, T )>c|2 ds

+

t∫
0

∫
IRd

(
ln

(
Σ(s, T )>x

eΣ(s,T )>x − 1

)
− Σ(s, T )>x

eΣ(s,T )>x − 1
+ 1

)
µL(ds, dx)


= exp

 t∫
0

φ(s)> dWs −
1

2

t∫
0

|φ(s)|2 ds

+

t∫
0

∫
IRd

(
Ỹ (s, x)− 1

) (
µL − νL

)
(ds, dx)

+

t∫
0

∫
IRd

(
ln Ỹ (s, x)− Ỹ (s, x) + 1

)
µL(ds, dx)

 . (3.31)

In case that L is a Lévy processes where the discontinuous part has sample
paths of finite variation the density process simplifies to

ρt = exp

 t∫
0

φ(s)> dWs −
1

2

t∫
0

|φ(s)|2 ds+

t∫
0

∫
IRd

ln

(
Σ(s, T )>x

eΣ(s,T )>x − 1

)
µL(ds, dx)

−
t∫

0

∫
IRd

(
Σ(s, T )>x

eΣ(s,T )>x − 1
− 1

)
νL(ds, dx)


= exp

 t∫
0

φ(s)> dWs −
1

2

t∫
0

|φ(s)|2 ds+

t∫
0

∫
IRd

ln Ỹ (s, x)µL(ds, dx)

−
t∫

0

∫
IRd

(
Ỹ (s, x)− 1

)
νL(ds, dx)

 . (3.32)

The form of the density process ρ in equation (3.31) that we have constructed
in the last section coincides with the form of the density process given in equation
(3.15).

In the next section we will extend the default-free bond market and consider
defaultable bonds.
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3.3 Pre-default term structure

Rating agencies, like Moody’s or Standard & Poor’s, provide valuable information
on the credit worthiness of major firms. Furthermore, banks have tailor-made
internal rating systems for their credit portfolios. More information on this topic
can be found e.g. in Crouhy, Galai, and Mark (2001). Our credit risk model is
able to exploit this rating information. The possible rating classes are described
by the set K = {1, 2, . . . , K}, where class 1 corresponds to the best possible
rating different from default-freeness, and the class K corresponds to the default
event. For example, in the Second Consultative Paper of the Basel Committee on
Banking Supervision (Basel II) the number of ratings is at least eight, including
the state of default.

Furthermore, we assume that recovery rates δi ∈ [0, 1) are constant in each
class. The recovery rate δi is the fraction of the face value which the bond
holder receives at the maturity date T in the case of default if the bond was in
rating class i before default. An interesting way of summarizing different recovery
conventions can be found in Belanger, Shreve, and Wong (2001).

In this section we consider the default-free term structure given in Section
3.2, and K − 1 different term structures each corresponding to one rating class
i ∈ K \ {K}.

Assumption (A2): For any T ∈ [0, T ∗] the instantaneous forward rate corre-
sponding to the rating class i ∈ {1, . . . , K − 1} satisfies under the real-world
probability measure P

dgi(t, T ) = ∂2Ai(t, T ) dt− ∂2Σi(t, T )> dL
(i)
t , (3.33)

where the P ⊗ B(IR+)-measurable stochastic processes Ai and Σi satisfy the
regularity conditions of (A1). We assume that the canonical decomposition of

L(i) is L
(i)
t = bit + ciWt+

∫ t
0

∫
IRd
pix (µL − νL)(ds, dx), where bi ∈ IRd may be

assumed to be zero again, and pi and ci are d× d-matrices.

If d ≥ K we may take ci = c and pi = Id, but if one prefers to design a
low-dimensional Lévy term structure model, the ci and pi will allow for more
flexibility.

Using the canonical decomposition of L(i) equation (3.33) can be written as

dgi(t, T ) = ∂2Ai(t, T ) dt− ∂2Σi(t, T )>ci dWt

−
∫

IRd

∂2Σi(t, T )>pix
(
µL − νL

)
(dt, dx).

(3.34)
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Furthermore, to exclude arbitrage we assume that

gK−1(t, T ) > gK−2(t, T ) > . . . > g1(t, T ) > f(t, T ).

Thus risky corporate bonds have higher forward rates than less risky bonds.
This reflects the fact that the higher the default risk, the lower is the price of
the bond. For conditions which generate monotonicity in the Gaussian case see
the comparison theorems in Chapter IX of Revuz and Yor (1999).

We set

Di(t, T ) = exp

− T∫
t

gi(t, u) du

 (3.35)

for i = 1, . . . , K−1. By analogy with the bond price process B(., T ), see equation
(3.8), we obtain the following dynamics of Di(., T ):

dDi(t, T )

= Di(t−, T )

(ai(t, T ) + gi(t, t)) dt+

∫
IRd

Σi(t, T )>pix
(
µL − νL

)
(dt, dx)

+ Σi(t, T )>ci dWt +

∫
IRd

(
eΣi(t,T )>pix − 1− Σi(t, T )>pix

)
µL(dt, dx)

 ,

(3.36)

where

ai(t, T ) =
1

2
|Σi(t, T )>ci|2 − Ai(t, T ). (3.37)

We define Zi(t, T ) := 1
Bt
Di(t, T ). Under P the process Zi(., T ) satisfies

dZi(t, T ) = Zi(t−, T )

(ai(t, T ) + gi(t, t)− r(t)) dt

+

∫
IRd

(
eΣi(t,T )>pix − 1− Σi(t, T )>pix

)
νL(dt, dx)

+Σi(t, T )>ci dWt +

∫
IRd

(
eΣi(t,T )>pix − 1

) (
µL − νL

)
(dt, dx)

 .
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By analogy with equation (3.16) we deduce that Zi(., T ) satisfies under P∗

dZi(t, T ) = Zi(t−, T )

(ai(t, T ) + gi(t, t)− r(t) + Σi(t, T )>ciφ(t)
)

dt

+

∫
IRd

((
eΣi(t,T )>pix − 1

)
Ỹ (t, x)− Σi(t, T )>pix

)
νL(dt, dx)

+Σi(t, T )>ci dW̃t +

∫
IRd

(
eΣi(t,T )>pix − 1

)(
µL − Ỹ (t, x)νL

)
(dt, dx)

.
Therefore, Zi(., T ) is not a local P∗-martingale in general.

Remark: The process Di(., T ) (respectively Zi(., T )) is not the genuine price
(respectively discounted price) of a defaultable bond. It is its conditional price
at time t given that the defaultable zero coupon bond is in the rating class
i ∈ K \ {K} during the time interval [0, t].

For the construction of the unconditional zero coupon bond price we have
to take the migrations between the different rating classes into consideration.
Furthermore, the migration intensities will account for credit spreads

γi(t) := gi(t, t)− r(t).

The intensity matrix of the rating migration process will have to satisfy some
condition to guarantee that the discounted defaultable bond price is a martin-
gale under the appropriate measure. This problem will be discussed in the next
section.

The credit migration process is modeled by a conditional Markov process
C1 on the space of rating classes K = {1, . . . , K}. The formal construc-
tion of C1 is done in Appendix A by enlarging the probability space from
(Ω,F ,P∗, (Ft)0≤t≤T ∗) to (Ω̃,G,Q∗, (Gt)0≤t≤T ∗).

To avoid unnecessary and confusing notation we retain the names of the
stochastic processes when we consider them on the enlarged probability space,
e.g. we set Wt(ω̃) = Wt((ω, ω

U , ω)) = Wt(ω), that is we denote the Brownian

motion on Ω̃ by W , too.

The conditional infinitesimal generator of C1 under Q∗ at time t given Gt is

Λt =


λ1,1(t) λ1,2(t) · · · λ1,K−1(t) λ1,K(t)
λ2,1(t) λ2,2(t) · · · λ2,K−1(t) λ2,K(t)

...
...

. . .
...

...
λK−1,1(t) λK−1,2(t) · · · λK−1,K−1(t) λK−1,K(t)

0 0 · · · 0 0

 ,
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where in case i 6= j, λi,j : Ω̃ × IR+ → IR+ are adapted, nonnegative and
Q∗-a.s. integrable on every interval [0, t] and for i = 1, . . . , K − 1, λi,i(t) =
−
∑

j∈K\{i} λi,j(t).

The following proposition is taken from Bielecki and Rutkowski (1999, Propo-
sition 2.1).

Proposition 3.5 For every f : K → IR the process M f is a (Gt)-martingale,
where

M f
t := f(C1

t )−
t∫

0

Λuf(C1
t ) du, for all t ≥ 0.

Now we introduce two important auxiliary processes. Let us define
Hi(t) := 1l{s≥0:C1

s=i}(t), for i ∈ K and let Hi,j(t), i 6= j, be the number of
transitions from rating i to rating j over the time interval [0, t].

Remark: For all i ∈ {1, . . . , K − 1} and t ∈ [0, T ] the following equation holds,

Hi(t) = Hi(0)−
K−1∑

j=1;j 6=i

Hi,j(t) +
K−1∑

j=1;j 6=i

Hj,i(t)−Hi,K(t). (3.38)

This means that, if we know the number of transitions from and to the rating
class i over the time interval [0, t] and whether the rating class at time 0 has
been i then we know whether the rating class at time t is i or different from i.
The same is then true for the left-hand limits in time.

The process Mi,j given by

Mi,j(t) := Hi,j(t)−
t∫

0

λi,j(u)Hi(u) du, ∀t ≥ 0, (3.39)

follows a (Gt)-martingale under Q∗, see Bielecki and Rutkowski (1999, Corollary
2.2).

We define the process C = (C1, C2), where C1 is the current rating at time t,
and C2

t denotes the previous rating before C1
t if a rating changes has happened

on [0, t]. Otherwise C2
t = C1

t .

The default time τ : Ω̃→ IR+ is the (Gt)-stopping time given by

τ := inf
{
t ≥ 0 : C1

t = K
}
, (3.40)

where we set as usual inf ∅ := +∞.
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3.4 Defaultable term structure

In this section we introduce the price of a defaultable bond. The main idea
is to construct the discounted value of the defaultable bond, which changes its
dynamics according to the credit migration process C = (C1, C2).

For abbreviation purposes we introduce for i ∈ K \ {K}

φ̃i(t, T ) :=

∫
IRd

((
eΣi(t,T )>pix − 1

)
Ỹ (t, x)− Σi(t, T )>pix

)
ν(dx),

α̃i(t, T ) := ai(t, T ) + gi(t, t)− f(t, t) + Σi(t, T )>ciφ(t) + φ̃i(t, T ),

β̃i(t, T ) := Σi(t, T )>ci,

ψ̃i(x, t, T ) := eΣi(t,T )>pix − 1,

and

β̃(t, T ) := Σ(t, T )>c, ψ̃(x, t, T ) := eΣ(t,T )>x − 1,

µ̃ := µL, ν̃ := Ỹ νL.

Consequently, the dynamics of Z(., T ) and Zi(., T ), i = 1, . . . , K−1 under Q∗

can now be expressed as

dZ(t, T ) = Z(t−, T )

β̃(t, T ) dW̃t +

∫
IRd

ψ̃(x, t, T ) (µ̃− ν̃) (dt, dx)

 (3.41)

and

dZi(t, T ) = Zi(t−, T )

α̃i(t, T ) dt+ β̃i(t, T ) dW̃t +

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

.
(3.42)

The natural candidate for the discounted price of a defaultable bond at time
t with maturity T is

K−1∑
i=1

(Hi(t)Zi(t, T ) + δiHi,K(t)Z(t, T )).
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This is the definition in Eberlein and Özkan (2002). In this thesis we follow an
alternative approach proposed in Bielecki and Rutkowski (1999, 2000, 2002). The
starting point is less intuitive, but the local martingale property is more obvious
at the beginning.

We define the process (Ẑ(t, T ))0≤t≤T by the following stochastic differential
equation

dẐ(t, T ) :=
K−1∑

i,j=1;i6=j
(Zj(t, T )− Zi(t, T )) dMi,j(t) +

K−1∑
i=1

(δiZ(t, T )− Zi(t, T )) dMi,K(t)

+
K−1∑
i=1

Hi(t−)Zi(t−, T )β̃i(t, T ) dW̃t +
K−1∑
i=1

δiHi,K(t−)Z(t−, T )β̃(t, T ) dW̃t

+
K−1∑
i=1

Hi(t−)Zi(t−, T )
∫

IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt,dx)

+
K−1∑
i=1

δiHi,K(t−)Z(t−, T )
∫

IRd

ψ̃(x, t, T ) (µ̃− ν̃) (dt,dx),

(3.43)

with initial condition

Ẑ(0, T ) =
K−1∑
i=1

Hi(0)Zi(0, T ). (3.44)

Before we can state the next lemma, we need a consistency condition for the
intensity matrix Λt.

Condition (M2): For every i ∈ {1, . . . , K − 1} and t ∈ [0, T ] the following
equality holds

K−1∑
j=1;j 6=i

(Zj(t, T )− Zi(t, T ))λi,j(t) + (δiZ(t, T )− Zi(t, T ))λi,K(t)

+Zi(t−, T )α̃i(t, T ) = 0.

(3.45)

The next lemma is a generalization of Lemma 2.2 in Bielecki and Rutkowski
(2000).

Lemma 3.6 If Condition (M2) holds, then Ẑ(t, T ) can be expressed as

Ẑ(t, T ) =
K−1∑
i=1

Hi(t)Zi(t, T ) +
K−1∑
i=1

δiHi,K(t)Z(t, T ). (3.46)
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Moreover, the process (Ẑ(t, T ))0≤t≤T is a Q∗-martingale and satisfies the fol-
lowing SDE

dẐ(t, T ) =
K−1∑

i,j=1;i6=j

(Zj(t, T )−Hi(t)Ẑ(t, T )) dMi,j(t)

+
K−1∑
i=1

(δiZ(t, T )−Hi(t)Ẑ(t, T )) dMi,K(t)

+
K−1∑
i=1

Hi(t−)Ẑ(t−, T )β̃i(t, T ) dW̃t +HK(t−)Ẑ(t−, T )β̃(t, T ) dW̃t

+
K−1∑
i=1

Hi(t−)Ẑ(t−, T )

∫
IR

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

+HK(t−)Ẑ(t−, T )

∫
IR

ψ̃(x, t, T ) (µ̃− ν̃) (dt, dx)

(3.47)

with the initial condition

Ẑ(0, T ) =
K−1∑
i=1

Hi(0)Zi(0, T ).

Proof: First, we show that Ẑ(t, T ) =
K−1∑
i=1

Hi(t)Zi(t, T ) + δiHi,K(t)Z(t, T ).

Using the following equation, cf. equation (3.39),

dMi,j(t) = dHi,j(t)− λi,j(t)Hi(t) dt = dHi,j(t)− λi,j(t)Hi(t−) dt,

we get
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dẐ(t, T ) =
K−1∑

i,j=1;i6=j

(Zj(t, T )− Zi(t, T )) dHi,j(t)

−
K−1∑

i,j=1;i6=j

(Zj(t, T )− Zi(t, T ))λi,j(t)Hi(t−) dt

+
K−1∑
i=1

(δiZ(t, T )− Zi(t, T )) dHi,K(t)

−
K−1∑
i=1

(δiZ(t, T )− Zi(t, T ))λi,K(t)Hi(t−) dt

+
K−1∑
i=1

Hi(t−)Zi(t−, T )β̃i(t, T ) dW̃t

+
K−1∑
i=1

δiHi,K(t−)Z(t−, T )β̃(t, T ) dW̃t

+
K−1∑
i=1

Hi(t−)Zi(t−, T )

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

+
K−1∑
i=1

δiHi,K(t−)Z(t−, T )

∫
IRd

ψ̃(x, t, T ) (µ̃− ν̃) (dt, dx).

Now, we add and subtract two auxiliary expressions (line three in the next
equation) to make use of the dynamics of Zi(., T ). We do not need to add further
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expressions for the dynamics of Z(., T ), cf. equations (3.41) and (3.42).

dẐ(t, T ) =
K−1∑

i,j=1;i6=j

(Zj(t, T )− Zi(t, T )) dHi,j(t)

+
K−1∑
i=1

(δiZ(t, T )− Zi(t, T )) dHi,K(t)

−
K−1∑
i=1

Hi(t−)Zi(t−, T )α̃i(t, T ) dt+
K−1∑
i=1

Hi(t−)Zi(t−, T )α̃i(t, T ) dt

+
K−1∑
i=1

Hi(t−)

Zi(t−, T )β̃i(t, T ) dW̃t + Zi(t−, T )

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)


+

K−1∑
i=1

δiHi,K(t−)Z(t−, T )

β̃(t, T ) dW̃t +

∫
IRd

ψ̃(x, t, T ) (µ̃− ν̃) (dt, dx)


−

K−1∑
i=1

Hi(t−)

(
K−1∑

j=1;j 6=i

(Zj(t, T )− Zi(t, T ))λi,j(t)

+ (δiZ(t, T )− Zi(t, T ))λi,K(t)

)
dt

=
K−1∑

i,j=1;i6=j

(Zj(t, T )− Zi(t, T )) dHi,j(t) +
K−1∑
i=1

Hi(t−) dZi(t, T )

+
K−1∑
i=1

(δiZ(t, T )− Zi(t, T )) dHi,K(t) +
K−1∑
i=1

δiHi,K(t−) dZ(t, T )

−
K−1∑
i=1

Hi(t−)

(
K−1∑

j=1;j 6=i

(Zj(t, T )− Zi(t, T ))λi,j(t) + Zi(t−, T )α̃i(t, T )

+ (δiZ(t, T )− Zi(t, T ))λi,K(t)

)
dt.

It can be easily seen that under Condition (M2) the process Ẑ(., T ) satisfies

dẐ(t, T ) =
K−1∑

i,j=1;i6=j

(Zj(t, T )− Zi(t, T )) dHi,j(t) +
K−1∑
i=1

Hi(t−) dZi(t, T )

+
K−1∑
i=1

(δiZ(t, T )− Zi(t, T )) dHi,K(t) +
K−1∑
i=1

δiHi,K(t−) dZ(t, T ).
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If we change from the stochastic differential equation representation to the
stochastic integral representation we get

Ẑ(t, T )− Ẑ(0, T ) =
K−1∑

i,j=1;i6=j

t∫
0

(Zj(s, T )− Zi(s, T )) dHi,j(s)

+
K−1∑
i=1

t∫
0

(δiZ(s, T )− Zi(s, T )) dHi,K(s)

+
K−1∑
i=1

t∫
0

Hi(s−) dZi(s, T ) +
K−1∑
i=1

t∫
0

δiHi,K(s−) dZ(s, T ).

It can be shown that for all i ∈ {1, . . . , K − 1} and t ∈ [0, T ]

Hi(t) = Hi(0)−
K−1∑

j=1;j 6=i

Hi,j(t) +
K−1∑

j=1;j 6=i

Hj,i(t)−Hi,K(t).

That is, if we know the number of transitions from and to the rating class i over
the time interval [0, t] and whether the rating class at time 0 was i then we know
that the rating class at time t is i or different from i. The same is then true for
the left-hand limits in time.

Thus,

Ẑ(t, T )− Ẑ(0, T ) =
K−1∑

i,j=1;i6=j

t∫
0

(Zj(s, T )− Zi(s, T )) dHi,j(s)

+
K−1∑
i=1

t∫
0

(δiZ(s, T )− Zi(s, T )) dHi,K(s)

+
K−1∑
i=1

t∫
0

Hi(0) dZi(s, T )−
K−1∑
i=1

K−1∑
j=1;j 6=i

t∫
0

Hi,j(s−) dZi(s, T )

+
K−1∑
i=1

K−1∑
j=1;j 6=i

t∫
0

Hj,i(s−) dZi(s, T )

−
K−1∑
i=1

t∫
0

Hi,K(s−) dZi(s, T ) +
K−1∑
i=1

t∫
0

δiHi,K(s−) dZ(s, T ).
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Hence,

Ẑ(t, T ) =
K−1∑

i,j=1;i6=j

t∫
0

(Zj(s, T )− Zi(s, T )) dHi,j(s)

+
K−1∑
i=1

t∫
0

(δiZ(s, T )− Zi(s, T )) dHi,K(s)

+
K−1∑
i=1

t∫
0

Hi(0) dZi(s, T )−
K−1∑

i,j=1;i6=j

t∫
0

Hi,j(s−) dZi(s, T )

+
K−1∑

i,j=1;i6=j

t∫
0

Hj,i(s−) dZi(s, T )

−
K−1∑
i=1

t∫
0

Hi,K(s−) dZi(s, T ) +
K−1∑
i=1

t∫
0

δiHi,K(s−) dZ(s, T ) + Ẑ(0, T ).

Note that

K−1∑
i,j=1;i6=j

t∫
0

Zj(s, T ) dHi,j(s) =
K−1∑

i,j=1;i6=j

t∫
0

Zi(s, T ) dHj,i(s).

Therefore,

Ẑ(t, T ) =
K−1∑

i,j=1;i6=j

 t∫
0

Zi(s, T ) dHj,i(s) +

t∫
0

Hj,i(s−) dZi(s, T )


−

K−1∑
i,j=1;i6=j

 t∫
0

Zi(s, T ) dHi,j(s) +

t∫
0

Hi,j(s−) dZi(s, T )


+

K−1∑
i=1

δi

 t∫
0

Z(s, T ) dHi,K(s) +

t∫
0

Hi,K(s−) dZ(s, T )


−

K−1∑
i=1

 t∫
0

Zi(s, T ) dHi,K(s) +

t∫
0

Hi,K(s−) dZi(s, T )


+

K−1∑
i=1

t∫
0

Hi(0) dZi(s, T ) + Ẑ(0, T ).

[L3.6.a]

We take a closer look at the expression in the first brackets in equation [L3.6.a].
The process Zi is a semimartingale for every i ∈ {1, . . . , K − 1} and Hj,i is an
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(Gt)-adapted, cádlág process with paths of bounded variation starting in zero, i.e.
Hj,i(0) = 0. Therefore, we can apply Proposition I.4.49 in Jacod and Shiryaev
(1987) and obtain

t∫
0

Zi(s, T ) dHj,i(s) +

t∫
0

Hj,i(s−) dZi(s, T ) = Zi(t, T )Hj,i(t).

By analogy we get the other expressions in the remaining brackets, and finally
we have

Ẑ(t, T ) =
K−1∑

i,j=1;i6=j

Zi(t, T )Hj,i(t)−
K−1∑

i,j=1;i6=j

Zi(t, T )Hi,j(t)

+
K−1∑
i=1

δiZ(t, T )Hi,K(t)−
K−1∑
i=1

Zi(t, T )Hi,K(t)

+
K−1∑
i=1

Hi(0)Zi(t, T )−
K−1∑
i=1

Hi(0)Zi(0, T ) + Ẑ(0, T ).

Remember that the initial condition for Ẑ(., T ) is Ẑ(0, T ) =
K−1∑
i=1

Hi(0)Zi(0, T ).

Ẑ(t, T ) =
K−1∑
i=1

Zi(t, T )

(
Hi(0)−

K−1∑
j=1;j 6=i

Hi,j(t) +
K−1∑

j=1;j 6=i

Hj,i(t)−Hi,K(t)

)

+
K−1∑
i=1

δiHi,K(t)Z(t, T )

=
K−1∑
i=1

(Hi(t)Zi(t, T ) + δiHi,K(t)Z(t, T )) .

This proves the first part of the lemma. For the second part it is enough to
state that

Hi(t)Ẑ(t, T ) = Hi(t)
K−1∑
j=1

(Hj(t)Zj(t, T ) + δjHj,K(t)Z(t, T ))

= Hi(t)Zi(t, T ), i = 1, . . . , K − 1, [L3.6.b]

and

HK(t)Ẑ(t, T ) =

(
K−1∑
i=1

Hi,K(t)

)
Ẑ(t, T )

=
K−1∑
i=1

δiHi,K(t)Zi(t, T ). [L3.6.c]
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It is sufficient to put the last two equations [L3.6.b] and [L3.6.c] in equation
(3.47) to get equation (3.43), i.e. the definition of Ẑ(., T ).

The local martingale property follows immediately from Proposition 3.5 com-
bined with Jacod and Shiryaev (1987, I.4.34(b) and II.1.8.(ii)). By construction
it is bounded by 0 and 1, hence it is of class [D]. By Jacod and Shiryaev (1987,
I.1.47 c)) we can conclude that Ẑ(., T ) is a martingale under Q∗. �

Remark: Ẑ(t, T ) =
K−1∑
i=1

Hi(t)Zi(t, T ) +
K−1∑
i=1

δiHi,K(t)Z(t, T )

can be rewritten in a more intuitive way

Ẑ(t, T ) = 1l{C1
t 6=K}ZC1

t
(t, T ) + 1l{C1

t =K}δC2
t
Z(t, T ).

We are now in the position to define the price of a defaultable T -maturity
bond associated to the credit migration process C = (C1, C2).

We set

DC(t, T ) := BtẐ(t, T ) (3.48)

=
K−1∑
i=1

Hi(t)Di(t, T ) +
K−1∑
i=1

Hi,K(t)δiB(t, T ) (3.49)

or more intuitively,

DC(t, T ) = 1l{C1
t 6=K}DC1

t
(t, T ) + 1l{C1

t =K}δC2
t
B(t, T ).

The next theorem shows that the process DC(t, T ) introduced in equation
(3.48) has an intuitive interpretation in terms of recovery rate and default time.

Note that the process Ẑ(., T ) given by equation (3.46) follows a (Gt)-
martingale under Q∗.

Theorem 3.7 The time t price DC(t, T ), 0 ≤ t ≤ T , of a defaultable bond ma-
turing at time T , which is currently rated as Ct, equals

DC(t, T ) =
K−1∑
i=1

Hi(t)e
−
∫ T
t gi(t,u) du +

K−1∑
i=1

δiHi,K(t)e−
∫ T
t f(t,u) du, (3.50)

or equivalently

DC(t, T ) = B(t, T )

(
K−1∑
i=1

Hi(t)e
−
∫ T
t γi(t,u) du +

K−1∑
i=1

δiHi,K(t)

)
, (3.51)

where γi(t, u) := gi(t, u) − f(t, u), 0 ≤ t ≤ u ≤ T, i = 1, . . . , K − 1, is the i-th
forward credit spread.
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Moreover, the defaultable bond price DC(t, T ) satisfies the following version
of the risk-neutral valuation formula

DC(t, T ) = BtIEQ∗

[
1

BT

(
1l{τ>T} + δC2

T
1l{τ≤T}

)
| Gt
]
, (3.52)

where τ is the time of default as given in equation (3.40).

Proof: Equation (3.50) is an immediate consequence of equation (3.49) and the
definitions of Di(t, T ) and B(t, T ), see equation (3.35) and equation (3.1), respec-
tively. Equation (3.51) is a simple consequence of equation (3.50).

Since the terminal payoff of the defaultable bond is

DC(T, T ) = 1l{τ>T} + δC2
T
1l{τ≤T},

and since Ẑ(., T ) is a Q∗-martingale such that Ẑ(T, T ) = 1
BT
DC(T, T ), we have

DC(t, T ) = BtẐ(t, T )

= BtIEQ∗

[
Ẑ(T, T ) | Gt

]
= BtIEQ∗

[
1

BT

(
1l{τ>T} + δC2

T
1l{τ≤T}

)
| Gt
]
.

�

All three representations in Theorem 3.7 explain the defaultable price in a
very intuitive way. The first of the two summands in equation (3.50) is the bond
price expressed in terms of the defaultable forward rate given the state of the
credit migration process. The second summand gives the reduced value in the
case of default. Equation (3.51) shows explicitly the relation between the default-
free and the defaultable bond price. The factor by which the default-free price is
reduced is determined by the actual forward credit spread and the recovery rate.
Equation (3.52) is the appropriate extension of the usual risk-neutral valuation
formula to the case of defaultable instruments. See also Jarrow, Lando, and
Turnbull (1997), where a similar valuation formula is the starting point for the
derivation of the forward rates, or the references in Lando (1997) and Bielecki
and Rutkowski (2002).

3.5 Reorganization and multiple defaults

In many cases firms which have to declare default are not liquidated but are
restructured. An empirical investigation of firms in reorganization can be found
in Franks and Torous (1989, 1994). After reorganization, companies are again
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subject to default risk, i.e. potentially they might default again in the future.
Schönbucher (1998, 2000a) has proposed an intensity-based model which includes
multiple defaults. The framework he uses is closely related to Duffie and Singleton
(1999a).

As in Schönbucher (1998, 2000a) we shall assume that if a default occurs,
the firm will be reorganized and the effect on the bond is that the bond
holder will loose a certain amount, which is represented by a (now possibly
random) quantity q ∈ [0, 1). As a consequence default is no longer an
absorbing state of the conditional Markov chain C1 which describes the rat-
ings migration. We assume that the state space of C1 is the set {1, 2, . . . , K − 1}.

The idea described above is summarized in the next assumption.

Assumption (A3): Define τ0 := 0, and q0 := 0.

1. Defaults occur at (totally inaccessible) stopping times τ1 < τ2 < . . ., where
limi→∞ τi =∞.

2. At time τi, i ≥ 1, the face value of the bond is reduced by a factor of 1− qi,
where 0 ≤ qi < 1.

3. The double sequence (τi, qi)i≥0 defines a marked point process

Xt :=
∑
i≥1

qi1l{τi}(t)

with defining measure

µX(ω; dt, dq) =
∑
s

1l{4Xs 6=0}(ω)ε(s,4Xs(ω))(dt, dq)

and predictable Q∗-compensator

νX(ω; dt, dq) = Kω,t(dq)λt(ω) dt,

where λt is the intensity process of the jump times of X and Kω,t(dq) is a

transition kernel from (Ω̃× IR+,P) into (IR,B(IR)), cf. Jacod and Shiryaev
(1987, II.2.10).

We define the process Q = (Qt)t≥0 by

Qt :=
∏

0≤s≤t

(1−Xs) =
∏
τi≤t

(1− qi) (3.53)

and the deflated pseudo-default price is defined by

Z̃i(t, T ) := QtZi(t, T ).
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Figure 3.2 shows a sample path of Q. For the simulation we have assumed that
the waiting time between two defaults is exponentially distributed with rate 3,
and that each qi is uniformly distributed on [0, 1]. Another possible distribution
which allows to consider different seniorities is the β-distribution, see e.g. Gupton,
Finger, and Bhatia (1997).
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Figure 3.2: Simulated sample paths of Q, see equation (3.53).

Due to Assumption (A3.3.) we can conclude that the Q∗-compensator of Q,
denoted by QK , has the following form

QK
t =

t∫
0

ΛQ
s ds,

i.e. if we set Q̃t := Qt −QK
t then (Q̃t)0≤t≤T is a Q∗-martingale.

In Section 3.6 we will determine the intensity process ΛQ more precisely. But in
this section there is no need of its explicit form.

We define˜̃
λi(t, T ) := ai(t, T ) + Σi(t, T )>ciφ(t) +

∫
IRd

φ̃i(x, t, T ) ν(dx).

Then the Q∗-dynamics of Zi(., T ) is

dZi(t, T ) = Zi(t−, T )

(
(
˜̃
λi(t, T ) + γi(t)) dt+ β̃i(t, T ) dW̃t

+

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

 .
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Because the process Q is of bounded variation and Zi(., T ) is a (special)
semimartingale, we have, cf. Jacod and Shiryaev (1987, I.4.49),

dZ̃i(t, T ) = Qt− dZi(t, T ) + Zi(t, T ) dQt

= Z̃i(t−, T )

(
˜̃
λi(t, T ) + γi(t)) dt+ β̃i(t, T ) dW̃t

+

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

+ Zi(t, T ) dQt.

Similar to Section 3.4, we define the following local Q∗-martingale
̂̂
Z(., T ) by

d
̂̂
Z(t, T ) :=

K−1∑
i,j=1;i6=j

(
Z̃j(t, T )− Z̃i(t, T )

)
dMi,j(t)

+
K−1∑
i=1

Hi(t−)Z̃i(t−, T )β̃i(t, T ) dW̃t

+
K−1∑
i=1

Hi(t−)Z̃i(t−, T )

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

+
K−1∑
i=1

Hi(t−)Zi(t, T ) dQ̃t.

(3.54)

Within the framework of multiple defaults Condition (M2) changes to

Condition (M2′): For every i ∈ {1, . . . , K − 1} and t ∈ [0, T ] the following
equation holds

Z̃i(t−, T )(
˜̃
λi(t, T ) + γi(t)) + Zi(t, T )ΛQ

t +
K−1∑

j=1,j 6=i

(Z̃j(t, T )− Z̃i(t, T ))λi,j(t) = 0.

(3.55)

In Section 3.6 we will have a closer look at conditions (M2) and (M2′) to get a
better understanding of both conditions and the relation to the short rate spread
γi(t). The next lemma is similar to Lemma 3.6.
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Lemma 3.8 Under Condition (M2′)
̂̂
Z(t, T ) can be written as

̂̂
Z(t, T ) = Qt

K−1∑
i=1

Hi(t)Zi(t, T ). (3.56)

Furthermore,
̂̂
Z(., T ) is a martingale under Q∗and is the unique solution of the

following stochastic differential equation

d
̂̂
Z(t, T ) =

K−1∑
i,j=1;i6=j

(
Z̃j(t, T )−Hi(t)

̂̂
Z(t, T )

)
dMi,j(t)

+
K−1∑
i=1

Hi(t−)
̂̂
Z(t−, T )β̃i(t, T ) dW̃t

+
K−1∑
i=1

Hi(t−)
̂̂
Z(t−, T )

∫
IRd

ψ̃i(x, t, T ) (µ̃− ν̃) (dt, dx)

+
K−1∑
i=1

Hi(t−)
̂̂
Z(t−, T ) dQ̃t

with initial condition

̂̂
Z(0, T ) =

K−1∑
i=1

Hi(0)Zi(0, T ).

Proof: Using the following equation

dMi,j(t) = dHi,j(t)− λi,j(t)Hi(t) dt = dHi,j(t)− λi,j(t)Hi(t−) dt,

we get

d
̂̂
Z(t, T ) =

K−1∑
i,j=1;i6=j

(
Z̃j(t, T )− Z̃i(t, T )

)
dHi,j(t) +

K−1∑
i=1

Hi(t−) dZ̃i(t, T )

+
K−1∑
i=1

Hi(t−)

(
Z̃i(t−, T )

(˜̃
λi(t, T ) + γi(t)

)
+ Zi(t, T )ΛQ

t

+
K−1∑

j=1;j 6=i

(Z̃j(t, T )− Z̃i(t, T ))λi,j(t)

)
dt.

Under Condition (M2′) we have
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̂̂
Z(t, T )− ̂̂Z(0, T ) =

K−1∑
i,j=1;i6=j

t∫
0

(
Z̃j(s, T )− Z̃i(s, T )

)
dHi,j(s)

+
K−1∑
i=1

Hi(s−) dZ̃i(s, T ).

It can be easily seen that

Hi(t) = Hi(0)−
K−1∑

j=1,j 6=i

Hi,j(t) +
K−1∑

j=1,j 6=i

Hj,i(t).

Therefore

̂̂
Z(t, T ) =

K−1∑
i=1

t∫
0

Hi(0) dZ̃i(s, T ) +
̂̂
Z(0, T )

+
K−1∑

i,j=1,j 6=i

 t∫
0

Z̃i(s, T ) dHj,i(s) +

t∫
0

Hj,i(s−) dZ̃i(s, T )


−

K−1∑
i,j=1,j 6=i

 t∫
0

Z̃i(s, T ) dHi,j(s) +

t∫
0

Hi,j(s−) dZ̃i(s, T )


=

K−1∑
i=1

Hi(0)Z̃i(t, T ) +
K−1∑

i,j=1,j 6=i

Hj,i(t)Z̃i(t, T )−
K−1∑

i,j=1,j 6=i

Hi,j(t)Z̃i(t, T )

=
K−1∑
i=1

Hi(t)Z̃i(t, T ) = Qt

K−1∑
i=1

Hi(t)Zi(t, T ).

Similar to Section 3.4, the discounted bond price follows a bounded local
Q∗-martingale. Hence it is a Q∗-martingale.

For the second part of the lemma we refer to the proof of Lemma 3.6. �

Theorem 3.9 The time t price DC(t, T ), 0 ≤ t ≤ T , of a defaultable bond ma-
turing at time T , which is currently rated as Ct, equals

DC(t, T ) = Qt

K−1∑
i=1

Hi(t)e
−
∫ T
t gi(t,u) du
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or equivalently

DC(t, T ) = B(t, T )Qt

K−1∑
i=1

Hi(t)e
−
∫ T
t γi(t,u) du.

Furthermore, we have the following version of the risk-neutral valuation formula

DC(t, T ) = BtIEQ∗

[
1

BT

QT | Gt
]
.

Proof: The proof of this theorem is analogous to the proof of Theorem 3.7.

3.6 Credit spreads and default intensities

In this section we take a closer look to Condition (M2) and (M2′) to investigate
the relationship between default intensities and short rate credit spreads.

Let us consider the zero-recovery case and assume that we are only interested
whether the company has defaulted or not. In order to avoid arbitrage, we assume
that DC(t, T ) < B(t, T ).

In our notation we have K = {1, 2}, where the state 1 means that the company
is still able to pay its debts and state 2 stands for the state of bankruptcy. The
recovery rate is δ1 = 0.

Furthermore, we assume that the following relationship holds

a1(t, T ) = −Σ1(t, T )>c1φ(t)−
∫

IRd

((
eΣ1(t,T )>p1x − 1

)
Ỹ (t, x)− Σ1(t, T )>p1x

)
ν(dx).

(3.57)

Hence, α̃1(t, T ) = g1(t, t)− f(t, t) = γ1(t, t) and α̃1(t, T ) does not depend on
the maturity T . Equation (3.57) corresponds to the no-arbitrage drift condition
for the default free bond, see equation (3.13), page 47. The dynamics of Z1(., T )
satisfies in this case, cf. equation (3.42) on page 59,

dZ1(t, T ) = Z1(t−, T )

γ1(t, t) dt+ β̃1(t, T ) dW̃t +

∫
IRd

ψ̃1(x, t, T ) (µ̃− ν̃) (dt, dx)

.
Under these assumptions Condition (M2) simplifies to

Z1(t, T )λ1,2(t) = Z1(t−, T )γ1(t, t).

Because Z1(., T ) is càdlàg we have

λ1,2(t) = γ1(t, t) Leb− a.s.
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This means that under the assumptions above the default intensity equals the
short rate credit spread. This relationship has been previously derived in
Maksymiuk and Gatarek (1999).

Before we can consider the non-zero-recovery case which corresponds to Sec-
tion 3.5 we have to take a closer look to the compensator QK =

∫ .
0

ΛQ
s ds of

Q =
∏

s≤.(1 − Xs). First, we calculate the stochastic logarithm of Q. Since
Qt > 0 we can write Q as a Doléans-Dade exponential.

Proposition 3.10 The stochastic logarithm of Q, L(Q)t =
∫ t

0
1

Qs−
dQs, is given

by

L(Q)t = −
t∫

0

1∫
0

q µX(ds, dq). (3.58)

Proof: Since the process Q is purely discontinuous, and therefore its continuous
martingale part is zero, Lemma 2.4 in Kallsen and Shiryaev (2000) yields

L(Q)t = log

(
Qt

Q0

)
−

t∫
0

1∫
0

(
log

(
1 +

u

Qs−

)
− u

Qs−

)
µQ(ds, du).

Using Corollary A.6 in Goll and Kallsen (2000), one can show that the integral
of a µQ-integrable function f is

t∫
0

∫
IR

f(s, u)µQ(ds, du) =

t∫
0

1∫
0

f(s,−qQs−)µX(ds, dq).

The last equation can be interpreted in an intuitive way: if at time s the process
X jumps up with size q, then Q jumps down with size −qQs− at the same time.
Note that Q0 = 1. Therefore,

L(Q)t = log

(
Qt

Q0

)
−

t∫
0

1∫
0

(log(|1− q|) + q) µX(ds, dq)

= log(Qt)−
∑
τi≤t

log(1− qi)−
t∫

0

1∫
0

q µX(ds, dq).

Since logQt =
∑

τi≤t log(1 − qi), see equation (3.53), we get

L(Q)t = −
∫ t

0

∫ 1

0
q µX(ds, dq). �
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The process Nt :=
∫ t

0

∫ 1

0
q µX(ds, dq) is interpreted as the loss summation

function in Schönbucher (1998, 2000a). Note that Nt =
∑

0≤s≤tXs = −L(Q)t, or
equivalently dQt = −Qt− dNt.

The Q∗-compensator of N is given by

At :=

t∫
0

1∫
0

q νX(ds, dq) =

t∫
0

1∫
0

q(s)λ(s) ds,

where q(ω, s) :=
∫ 1

0
qKω,s(dq). The compensator of Q = −

∫ .
0
Qs− dNs is hence

given by −
∫ .

0
Qs− dAs = −

∫ .
0
Qs−q(s)λ(s) ds. Hence ΛQ

t = −Qt−q(t)λ(t).
We consider again the setting that we have described above with the same

assumptions. Now we have K = {1}, since after a default the company is reor-
ganized. Condition (M2′) then simplifies to

Qt−Z1(t−, T )γ1(t)−Qt−Z1(t, T )q(t)λ(t) = 0.

And hence

q(t)λ(t) = g1(t, t)− f(t, t) Leb− a.s.

The last equation corresponds to equation (2.71) in Schönbucher (2000a).
Note that this relationship can not be transfered directly to the case of several
rating classes by considering each rating class for its own. This procedure would
imply that the only possible rating changes are the transitions from non-default
to default. However, one has to take care of rating transitions from one non-
default class to other non-default rating classes. This is why Condition (M2) and
(M2′) involve the transition intensities λij.

3.7 Market price of risk

In our approach we start with the real-world measure P ∈ M1(Ω,F) and con-
struct an equivalent martingale measure P∗ on the same underlying space. In or-
der to include the information given by the credit migration process C = (C1, C2)

we had to go to an enlarged probability space (Ω̃,G,Q∗). The explicit construc-
tion of this enlarged space is given in the appendix.

Now we construct an equivalent measure Q ∼ Q∗ such that the projection
ΠΩ(Q) = P, i.e. the probability measure Q plays the role of the real-world

measure on the enlarged measurable space (Ω̃,G). Furthermore, the conditional
Markov process C shall be a conditional Markov process under Q again. Figure
3.3 shows the relationship between the probability spaces.
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(Ω,F ,P) � (Ω̃,G,Q)

?

(Ω̃,G,Q∗)

6

(Ω,F ,P∗) -

dP∗

dP
= ρ η = dQ

dQ∗

ΠΩ(Q) = P

Enlargement

Figure 3.3: Relationship between the probability spaces.

Let φi,j : Ω×IR+ → IR+ be an arbitrary (Ft)0≤t≤T ∗-predictable function which
according to our convention can be considered as a function on the extended space
Ω̃× IR+ as well. We assume that

T ∗∫
0

φi,j(t)λi,j(t) dt <∞ Q∗-a.s.

Introduce the Q∗-local martingale R by setting

Rt =
K−1∑

i,j=1,i6=j

t∫
0

(φi,j(s)− 1) dMi,j(s), (3.59)

and define a process η = (ηt)0≤t≤T ∗ by the following equation

dηt = ηt−

−φ>(t) dW̃t −
∫

IRd

(
Ỹ (t, x)− 1

) (
µL − νL

)
(dt, dx)

+

∫
IRd

1

Ỹ (t, x)

(
Ỹ (t, x)− 1

)2

µL(dt, dx) + dRt

 ,

(3.60)

with the initial condition η0 = 1.
Note that η is a local martingale with respect to Q∗. The only two expressions

which are not obvious, are the expressions concerning the jumps of L. But here,
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we have that

−
∫

IRd

(
Ỹ (t, x)− 1

) (
µL − νL

)
(dt, dx) +

∫
IRd

1

Ỹ (t, x)

(
Ỹ (t, x)− 1

)2

µL(dt, dx)

= −
∫

IRd

(Ỹ (t, x)− 1)(µL − ν̃L)(dt, dx)−
∫

IRd

(Ỹ (t, x)− 1)(ν̃L − νL)(dt, dx)

+

∫
IRd

1

Ỹ (t, x)
(Ỹ (t, x)− 1)2(µL − ν̃L)(dt, dx) +

∫
IRd

1

Ỹ (t, x)
(Ỹ (t, x)− 1)2ν̃L(dt, dx).

Remember that ν̃L(dt, dx) = Ỹ (t, x)νL(dt, dx). Hence the integrals with respect
to the compensators vanish, because

−
∫

IRd

(Ỹ (t, x)− 1)(ν̃L − νL)(dt, dx) +

∫
IRd

1

Ỹ (t, x)
(Ỹ (t, x)− 1)2ν̃L(dt, dx)

= −
∫

IRd

(Ỹ (t, x)− 1)2 νL(dt, dx) +

∫
IRd

(Ỹ (t, x)− 1)2 νL(dt, dx)

= 0.

Thus η is the stochastic exponential of a local Q∗-martingale, and hence it is a
local Q∗-martingale itself, see Jacod and Shiryaev (1987, I.4.64b).

To state the next theorem we need some more notation from Chapter III in
Jacod and Shiryaev (1987). MQ∗

µL
is the positive measure on (Ω̃× IR+ × IRd,G ⊗

B(IR+)⊗ B(IRd)) defined by MQ∗

µL
(U) = IEQ∗ [(U ∗ µL)T ∗ ]. The σ-field P is given

by P = P ⊗ B(IRd), where P is the predictable σ-field on the enlarged space

Ω̃ × IR+. The “conditional expectation” MQ∗

µL
(U | P̃) is defined in Jacod and

Shiryaev (1987, III.3.16). Note that if the jumps of L and U satisfy 4L4U = 0,

then MQ∗

µL
(4U | P̃) = 0.

Theorem 3.11 If IEQ∗ [ηT ∗ ] = 1 and MQ∗

µL
(4R | P̃) = 0, then dQ

dQ∗
|Gt = ηt defines

an equivalent probability measure Q on the enlarged probability space
(

Ω̃,G
)

such

that ΠΩ(Q) = P.

Proof: From the definition of dP∗

dP
in Section 3.2 we conclude that dP∗

dP
|Ft = ρt.

The density process ρ can be expressed as a Doléans-Dade exponential

dP∗

dP
|Ft = ρt = E(N)t,
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where

Nt =

t∫
0

φ>(s) dWs +

t∫
0

∫
IRd

(Ỹ (s, x)− 1) (µL − νL)(ds, dx).

Applying Itô’s formula yields

1

ρt
=

1

ρ0

−
t∫

0

1

ρ2
s−

dρs

+

t∫
0

1

ρ3
s−

d〈ρc, ρc〉s +

t∫
0

∫
IRd

(
1

ρs− + x
− 1

ρs−
+

x

ρ2
s−

)
µρ(ds, dx).

Note that dρs = ρs− dNs, and ρct =
∫ t

0
ρs−φ

>(s) dWs and hence 〈ρc, ρc〉t =∫ t
0
ρ2
s−|φ(s)|2 ds. If f : [0, T ∗] × IR → IR+ is a measurable function, then∫ t

0

∫
IRd
f(s, x)µρ(ds, dx) =

∫ t
0

∫
IRd
f(s, ρs−(Ỹ (s, x) − 1))µL(ds, dx). Then it fol-

lows

1

ρt
=

1

ρ0

−
t∫

0

1

ρs−
dNs +

t∫
0

1

ρs−
|φ(s)|2 ds

+

t∫
0

∫
IRd

(
1

ρs− + ρs−(Ỹ (s, x)− 1)
− 1

ρs−
+
ρs−(Ỹ (s, x)− 1)

ρ2
s−

)
µL(ds, dx)

=
1

ρ0

−
t∫

0

1

ρs−
φ>(s) dW̃s −

t∫
0

∫
IRd

(
1

ρs−
(Ỹ (s, x)− 1)

)(
µL − νL

)
(ds, dx)

+

t∫
0

∫
IRd

(
1

ρs−Ỹ (s, x)

(
Ỹ (s, x)− 1

)2
)
µL(ds, dx).

The process 1
ρt

can also be seen as a process on the enlarged probability space

(Ω̃,G). We define an auxiliary measure Q̃ by setting dQ̃
dQ∗
|Gt = 1

ρt
. Due to the

construction of the measure Q̃, it satisfies ΠΩ(Q̃) = P.
The semimartingale characteristics under a new (equivalent) measure are de-

termined by the semimartingale characteristics under the original measure and
the functions φ and Ỹ , see Girsanov’s theorem, Jacod and Shiryaev (1987,
III.3.24). The density process η given in equation (3.60) is defined in such a

way that φ and Ỹ are the same as for 1
ρ
, see Jacod and Shiryaev (1987, III.5.17).

Now, we replace 1
ρ

by η and define the measure Q on (Ω̃,G) by dQ
dQ∗
|Gt = ηt.
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The semimartingale characteristics of the Lévy process L and of the
bond price process B(., T ) are the same under Q and under Q̃. Thus, the

characteristics are the same under ΠΩ(Q) and ΠΩ(Q̃) = P. Remember that
in contrast to (Gt)0≤t≤T ∗ the filtration (Ft)0≤t≤T ∗ is generated by the Lévy
process L. By Theorem III.2.34 in Jacod and Shiryaev (1987) we conclude that
the martingale problem has a unique solution on (Ω,F) and hence ΠΩ(Q) = P. �

In Bielecki and Rutkowski (1999) it is shown that under Q the migration pro-
cess C1 is still a conditional Markov process, and it has under Q the infinitesimal
generator Λt

Λt =


λ1,1(t) λ1,2(t) · · · λ1,K−1(t) λ1,K(t)

λ2,1(t) λ2,2(t) · · · λ2,K−1(t) λ2,K(t)
...

...
. . .

...
...

λK−1,1(t) λK−1,2(t) · · · λK−1,K−1(t) λK−1,K(t)
0 0 · · · 0 0

 , (3.61)

with entries λi,j(t) = φi,j(t)λi,j(t) for every i, j ∈ K with i 6= j and λi,i(t) =

−
∑K

j=1,j 6=i λi,j(t) for i ∈ K.
In the Gaussian HJM-setting studied in Bielecki and Rutkowski (1999, 2000),

the process φ is denoted as the market price of interest rate risk. Since we discuss
here discontinuous processes, where the change of measure is characterized by the
tuple (φ, Ỹ ), we propose to denote the tuple (φ, Ỹ ) as the market price of interest
rate risk. Because the risk of default is fully characterized by the credit migration
process which itself is given by its infinitesimal generator, it makes sense to denote
(φi,j(t))i,j∈K as the market price of credit risk.

3.8 Outline of the implementation

The approach that we have presented here has to be seen as a framework for
a credit risk model based on the Lévy HJM-framework. We outline how to
implement this approach. A detailed description is beyond the scope of this
thesis. The detailed empirical investigation is subject to future research, but the
outline that we present here looks most encouraging.

In Raible (2000) it is shown that the empirical distributions of log-returns of
zero-coupon bond prices deviate substantially in the tails and in the center from
what one would expect in the case of the Gaussian HJM-model. The observed
empirical distributions can be fitted with a high degree of accuracy by generalized
hyperbolic distributions.

Let L be the generalized hyperbolic Lévy motion with parameters
(λ, α, β, δ, µ), which is generated by a generalized hyperbolic distribution. The
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Lebesgue density of L1 is then given by

ghyp(x;λ, α, β, δ, µ) = a(λ, α, β, δ)(δ2 + (x− µ)2)0.5(λ−0.5)

×Kλ−0.5(α
√
δ2 + (x− µ)2) exp(β(x− µ)), x ∈ IR,

where a(λ, α, β, δ) = (α2 − β2)λ/2/(
√

2παλ−0.5δλKλ(δ
√
α2 − β2)), and where Kλ

is a modified Bessel function of the third kind with index λ. The range of the
five parameters is given by

λ, µ ∈ IR,

λ < 0 ⇒ δ > 0, |β| ≤ α,

λ = 0 ⇒ δ > 0, |β| < α,

λ > 0 ⇒ δ ≥ 0, |β| < α.

Since a generalized hyperbolic Lévy motion is purely discontinuous, the Gaus-
sian part is zero, i.e. c in equation (3.4) equals zero. For more details see e.g.
Eberlein (2001) or Eberlein and Prause (2002).

It can be shown that there is a locally equivalent martingale measure P∗ such
that L1 is generalized hyperbolic under P∗ with parameters (λ̃, α̃, β̃, δ̃, µ̃) if and

only if µ̃ = µ, δ̃ = δ and the drift A(., T ) coincides with the logarithm of the
moment generating function of L1 under P∗ evaluated at Σ(., T ), i.e.

A(t, T ) = µΣ(t, T ) + ln


(
α̃2 − β̃2

)λ̃/2
Kλ̃

(
δ

√
α̃2 − (β̃ + Σ(t, T ))2

)
(
α̃2 − (β̃ + Σ(t, T ))2

)λ̃/2
Kλ̃

(
δ

√
α̃2 − β̃2

)
 .

Thus, the estimation of the drift leads to an estimation for the remaining
parameters λ̃, α̃, and β̃. Note that there is only one martingale measure such
that L1 is generalized hyperbolic with parameters (λ̃, α̃, β̃, δ̃, µ̃), see Raible (2000,
Section 6.5).

Depending on the empirical data one has to choose a suitable volatility struc-
ture for the forward rate dynamics. Eberlein and Raible (1999) show that the
Markov property of the short rate implies that Σ has either the Ho-Lee or the
Vasiček volatility structure. Figure 3.4 shows the empirical density of the incre-
ments of the driving process (Lt)0≤t≤T ∗ in (3.6), where the underlying data are
daily prices of bonds with 5 years to maturity and where the volatility structure
has been assumed to be of Ho-Lee type. The two lines represent the fitted normal
and the fitted generalized hyperbolic density.

Alternatively, if prices of options on zero coupon bonds are available, one can
determine the risk-neutral parameters (λ̃, α̃, β̃, δ̃, µ̃) from secondary market data.
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Figure 3.4: Empirical density derived from returns on 5-year bond prices (Sep-
17-1999 to Sep-17-2001) and the fitted normal as well as the fitted generalized
hyperbolic density.

The real-world parameters of the migration process can be fitted by Nelson-
Aalen type estimators, see e.g. Andersen, Borgan, and Keiding (1993) for the
mathematical background or Lando and Skødeberg (2002) for applications in
rating migration processes. The Markov chain parameters under Q∗ can be de-
termined by using Condition (M2).

3.9 Pure credit derivatives

A credit derivative is a financial asset where the underlying variable is credit risk,
i.e. its payoff is determined by credit risk. The relevancy of credit derivatives is
that the money lender or owner of a defaultable security can freely trade credit
risk. This is similar to traditional insurance contracts where one wants to ensure
losses from default, but in case of credit derivatives one does not need to own
a defaultable bond to trade credit derivatives written on this defaultable bond.
In addition, newer credit instruments have more flexible payoff patterns. For
example, the payoff may be determined by the credit rating at maturity date.

Currently most of the credit derivatives are issued and traded over the counter.
Therefore credit derivatives are subject to credit risk themselves. This risk will
be ignored in this section.

If the payoff of a credit derivative is determined only by credit risk, we say
that it is a pure credit derivative. In practice the payoff of a credit derivative will
be determined by at least two sources of risk: credit and market risk.

We can divide credit derivatives in two types. The payoff of a credit derivative
of the first type is only influenced by the bankruptcy at maturity date. The payoff
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of a credit derivative of the second type is determined by the default probability
of the underlying asset, therefore the maturity of a derivative of the second type
is in general earlier than the maturity of the underlying, see Ammann (1999).

Examples for derivatives of the first type are for example credit risk or default
swaps, default put options, and total return swaps. We will briefly characterize
these three credit derivatives.

A survey on credit derivatives can be found in Ammann (1999), Nelken (1999),
Schönbucher (2000a), Das (2000), and many other publications.

Credit risk or default swaps

�

�

�

�
Protection Seller

Periodic fee
←−
· · · →

payment in case
of default

�

�

�

�
Protection Buyer

�
�

�
�Third party reference credit

The protection buyer is the insurance taking party, who has to pay a periodic
fee until maturity of the bond or until default event, in general a fixed amount per
year to the protection buyer, who in return has to make a contingent payment in
case that the third party reference credit defaults. The payment that has to be
made in case of default and the precise definition of default has to be specified in
the contract. Possible definitions are e.g. bankruptcy, insolvency, or the failure to
meet the payment obligation at maturity. Note that a credit risk swap is similar
to an insurance policy, but here the protection buyer does not have to own the
object (i.e. the defaultable bond) to buy the insurance (i.e. the default swap).

Default put option

�

�

�

�
Protection Seller

lump-sum
payment
←−
· · · →

payment in case
of default

�

�

�

�
Protection Buyer

�
�

�
�Third party reference credit
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The structure of a default put option is very similar to the structure of a
default swap. The difference is that the protection seller recieves the premium at
the beginning of the contract as a lump-sum payment.

The payment in case of default is either the difference between the recovery
and the face value of the defaulted bond, or a fixed payout which is in case of
so-called digital or binary credit derivatives.

If the contingent payment is the loss that the bond holder suffers in case of
default, the protection buyer has de facto a long position in a put option on the
defaultable bond, whereas the protection buyer has a short position in the put
option.

Total return swap

�

�

�

�
Party I

returns from a
risky asset
←−
−→

returns from a
risk-free or less

risky asset

�

�

�

�
Party II

A total return swap is a contract between two parties. Both parties agree to
change the returns from a risky and a less risky or risk-free asset.

Valuation

Default insurance products and credit derivatives of the first type can be easily
valuated by any model in an arbitrage-free setting which can price the underlying
defaultable bond. The price of a plain-vanilla credit derivative is simply the price
spread between the defaultable and the default-free bond. The reason for this
simple valuation relation is that a standard default swap or default put option
insures all the credit risk inherent in the risky bond. This can be seen also from
no-arbitrage arguments. Figure 3.5, page 91, shows the payoffs of a default-free
bond, a defaultable bond, and a default put option. Let τ be the time of default,
P (t, T ) the price at time t of a risk-free bond with maturity date T , and let
P d(t, T ) be the respective price of the defaultable bond.

The recovery rate δ can be an arbitrary random variable with values in [0, 1],
and let V d(t, T ) denote the time t price of the default put option with maturity
date T . It can be easily seen, that a portfolio consisting of a long position in
the default-free bond, and a short position in the defaultable bond, duplicates
the credit derivative. At maturity date T , we have the following relationship:
P (T, T ) = P d(T, T ) + V d(T, T ). For arbitrage reasons, we have that V d(t, T ) =
P (t, T )− P d(t, T ) ≥ 0.
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This arbitrage argument can be generalized to more general credit swaps, see
Duffie (1999), which include among other things coupons, or transaction costs.
The credit swap is thereby duplicated similarly to the easier case by a portfolio
consisting of a long position in the default free floating rate note and a short
position in the defaultable corporate floating rate note. It is assumed that the
defaultable floating rate note pays annual rate Rt+S, where Rt is the coupon rate
of the default-free note and S is a fixed spread. For arbitrage reasons indicated
above the annuity coupons of the credit swap, denoted by U , are equal to S.

If we consider the intensity based model presented in this Chapter, we can
apply these arbitrage arguments. Following Bielecki and Rutkowski (2000) we
consider a default swap triggered by the default event {C1

t = K} which is settled
at default time τ .

The payoff of the the default swap is

X =
(

1− δC2
T
B(τ, T )

)
1l{τ≤T}.

We assume that the annuities are paid at fixed times 0 ≤ t1 ≤ . . . ≤ tn ≤ T .
Then the annuity U has to satisfy the following equation

π0(X) = UIEQ∗

[
n∑
i=1

B−1
ti

1l{τ>ti}

]
.

In case of a default put option the value at time 0 is

π0(X) = IEQ∗

[
B−1
τ (1− δC2

T
B(τ, T ))1l{τ≤T}

]
.

The valuation formula for total rate of return swaps on coupon bearing bonds
can be found in Bielecki and Rutkowski (2000, 2002).

3.10 A note on the Schönbucher approach

The idea of multiple defaults that we have used in Section 3.5 has been developed
in Schönbucher (1998, 2000a). His model is closely related to Duffie and Single-
ton (1999a). In this section, we want to show how his basic approach can be
generalized to Lévy processes. However, we will only state the starting point of
the model for the one-dimensional case, without going into further details. This
section can be seen as a further example, how models on Brownian motions can
be pushed forward to models based on Lévy processes.

The Schönbucher model is formulated under a risk-neutral measure, where
the instantaneous forward rates satisfy the assumptions of the Gaussian HJM
framework. In Schönbucher (1998, 2000a) the HJM framework based on marked
point process framework in Björk, Kabanov, and Runggaldier (1997) is also con-
sidered. We assume that the default-free term structure is of the same form as
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proposed in Eberlein and Raible (1999). This means that the default-free forward
rate dynamics is given by the risk-neutral counterpart of equation (3.5), i.e.

df(t, T ) = ∂2Σ(t, T )(κ′(Σ(t, T ))− b) dt

+ (−
√
c∂2Σ(t, T )) dWt

+

∫
IR

(−x∂2Σ(t, T ))
(
µL(dt, dx)− νL(dt, dx)

)
,

where Σ, W , µL and νL satisfy the conditions in Assumption (A1) on page 40.

The default-free bond price is then given by B(t, T ) = e−
∫ T
t f(t,u) du.

The defaultable term structure of the instantaneous forward rates is assumed
to satisfy

df(t, T ) = ∂2Σ(t, T )(κ′(Σ(t, T ))− b) dt

+ (−
√
c ∂2Σ(t, T )) dWt

+

∫
IR

(
−x∂2Σ(t, T )

) (
µL(dt, dx)− νL(dt, dx)

)
,

(3.62)

where Σ satisfies the conditions of Assumption (A1) and furthermore we assume
f(t, T ) > f(t, T ) to ensure arbitrage-freeness.

Similar to Section 3.3, equation (3.35), a pseudo-defaultable bond is defined

by B̃(t, T ) := B̃(0, T ) exp(−
∫ T

0
f(t, u) du).

Concerning the restructuring we assume Assumption (A3), see Section 3.5,
page 69. This means that at stopping time τi, i ≥ 1, the face value of the bond
is changed to 1− qi, where 0 ≤ qi < 1. And we have defined Xt =

∑
i≥1 qi1l{τi=t}.

We define the process (Qt)t≥0 by

Qt :=
∏

0≤s≤t

(1−Xs) =
∏
τi≤t

(1− qi). (3.63)

The defaultable bond price is given by

B(t, T ) = QtB̃(t, T ). (3.64)

The defaultable bank account is given by

c(t) := Qt exp

 t∫
0

rs ds

 , (3.65)

where rt := f(t, t), t ≥ 0.
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Remark: The payoff of a defaultable bond is Q(T ) :=
∏

τi≤T (1− qi). In Proposi-

tion 3.10 we calculated that L(Q)t = −
∫ t

0

∫ 1

0
q µX(ds, dq) = −Nt.

The next proposition determines the dynamics of the defaultable bond price
B(t, T ) for fixed time horizon date T . Schönbucher (1998, 2000a) assumes the

structure of the dynamics of B(t, T ) and notes then that B(t, T ) = QtB̃(t, T ).

But we prefer the more intuitive way of defining B(t, T ) = QtB̃(t, T ) and then
deriving the dynamics of B(t, T ).

Proposition 3.12 The dynamics of the defaultable bond price B(t, T ) =

QtB̃(t, T ) for fixed T ∈ [0, T ∗] is given by

1

B(t−, T )
dB(t, T ) =

(
rt + bΣ(t, T )− κ(Σ(t, T )) +

1

2
cΣ(t, T )

2
)

dt

+
√
cΣ(t, T ) dWt +

∫
IR

xΣ(t, T )(µL − νL)(dt, dx)

+

∫
IR

(
eΣ(t, T )x − Σ(t, T )x− 1

)
µL(dt, dx)

−
∫

IR2

x1eΣt,T )x2 µ(X,L)(dt, d(x1, x2)). (3.66)

Proof: Calculating the stochastic dynamics of 1
B(t−,T )

dB(t, T ) is equivalent to

calculating the stochastic logarithm L(B(., T ))t. It is given by, see Lemma 2.4 in
Kallsen and Shiryaev (2000),

L(B(., T ))t =

t∫
0

1

B(s−, T )
dB(s, T )

= log

(
B(t, T )

B(0, T )

)
+

1

2

t∫
0

1

B(s−, T )
2 d〈Bc

(., T ), B
c
(., T )〉s

−
t∫

0

∫
IR

(
log
(∣∣∣1 + xB(s−, T )

−1
∣∣∣)− xB(s−, T )

−1
)
µB(.,T )(ds, dx).

We calculate the three expressions on the right-hand side one by one.
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The first expression is

log

(
B(t, T )

B(0, T )

)
= log

(
Qt

Q0

)
+ log

(
B̃(t, T )

B̃(0, T )

)

= log(Qt) +

t∫
0

rs + bΣ(s, T )− κ
(
Σ(s, T )

)
ds

+
√
c

t∫
0

Σ(s, T ) dWs

+

t∫
0

∫
IR

xΣ(s, T )
(
µL − νL

)
(ds, dx).

For the second expression note that since Q has paths of bounded vari-
ation and B̃(., T ) is a semimartingale, we have B(t, T ) = QtB̃(t, T ) =∫ t

0
Qs− dB̃(s, T ) +

∫ t
0
B̃(s, T ) dQs, see Jacod and Shiryaev (1987, I.4.49).

Therefore,

B
c
(t, T ) =

 .∫
0

Qs− dB̃(s, T )

c

t

=
√
c

t∫
0

Qs−B̃(s−, T )Σ(s, T ) dWs

=
√
c

t∫
0

B(s−, T )Σ(s, T ) dWs,

and therefore

t∫
0

1

B(s−, T )
2 d〈Bc

(., T ), B
c
(., T )〉s = c

t∫
0

Σ(s, T )
2

ds.
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The third expression deals with the jumps of B(., T ).

t∫
0

∫
IR

(
log
(∣∣∣1 + xB(s−, T )

−1
∣∣∣)− xB(s−, T )

−1
)
µB(.,T )(ds, dx)

=
∑

0≤s≤t

(
log

(∣∣∣∣1 +
4B(s, T )

B(s−, T )

∣∣∣∣)− 4B(s, T )

B(s−, T )

)

=
∑

0≤s≤t

(
log

(
B(s, T )

B(s−, T )

)
− B(s, T )

B(s−, T )
+ 1

)
=
∑

0≤s≤t

(
log(1−Xs) +Xse

Σ(s, T )4Ls

+ Σ(s, T )4Ls − eΣ(s, T )4Ls + 1
)

= logQt +
∑

0≤s≤t

Xse
Σ(s, T )4Ls

+

t∫
0

∫
IR

(
Σ(s, T )x− eΣ(s, T )x + 1

)
µL(ds, dx).

Thus,

L(B(., T ))t =

t∫
0

(
rs + bΣ(s, T )− κ

(
Σ(s, T )

)
+

1

2
cΣ(s, T )

2
)

ds

+
√
c

t∫
0

Σ(s, T ) dWs +

t∫
0

∫
IR

xΣ(s, T )
(
µL − νL

)
(ds, dx)

−
t∫

0

∫
IR

(
Σ(s, T )x− eΣ(s, T )x + 1

)
µL(ds, dx)

−
∑

0≤s≤t

Xse
Σ(s, T )4Ls . [Pr3.12.a]

This proves our statement. �
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Corollary 3.13 The stochastic logarithm of the defaultable bond price process is
given by

L(B(., T ))t = L(B̃(., T ))t −
t∫

0

∫
IR2

x1eΣ(s, T )x2 µ(X,L)(ds, d(x1, x2)). (3.67)

Proof: Equation (3.67) can be easily derived from equation [Pr3.12.a] and Propo-

sition 3.2, where the proposition has to be applied to B̃(t, T ) instead of B(t, T ).
�

Remark: Equation (3.67) can be simplified, if we exclude the possibility that X
and L jump simultaneously, which is e.g. the case when L has no jumps at all.
In the Gaussian HJM framework in Schönbucher (1998) equation (3.67) has the
following form

L(B(., T ))t = L(B̃(., T ))t −Nt. (3.68)

The dynamics of the defaultable bond is the main input for the fixing of a
martingale measure. The approach here can be developed further in the same
line as in the previous sections.
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Default-free bond

0 time T

P (0, T ) -P (T, T ) = 1

Defaultable bond

P d(0, T ) �
���

���
���

���
���

�: P d(T, T ) = 1, if τ > T

XXXXXXXXXXXXXXXXXz P d(T, T ) = δ, if τ ≤ T

Default put option

V d(0, T ) �
���

���
���

���
���

�: V d(T, T ) = 0, if τ > T

XXXXXXXXXXXXXXXXXz V d(T, T ) = 1− δ, if τ ≤ T

Figure 3.5: Payoffs: default-free bond, defaultable bond, and default put option.
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Chapter 4

Market Models

In this chapter we show how a Libor market model based on general Lévy pro-
cesses as driving processes can be constructed. Libor models are suited for prac-
tical modeling of interest rate derivatives such as swaptions, floors and caps.

A main feature of market or Libor models is that they are not necessarily
based on a continuum of data, as in the case of instantaneous forward rates, see
Chapter 3. Libor models have been developed in Brace, Gatarek, and Musiela
(1997), Miltersen, Sandmann, and Sondermann (1997), and Jamshidian (1997)
to construct an arbitrage-free term structure model which is consistent with the
market practice of pricing caps and floors by Black’s formula. Black’s formula
for caps is motivated by the option formula of Black and Scholes (1973) and
implies that the Libor rates follow a geometric Brownian motion. We propose a
more general model where the driving process of the Libor rates is a general Lévy
process instead of a Brownian motion. An introduction to Libor models can be
found in several textbooks and articles, e.g. in Musiela and Rutkowski (1998),
Brigo and Mercurio (2001), or Rutkowski (2001).

There are different approaches to Libor market models. In the first approaches
the Libor rates were modeled as a secondary process, i.e. the starting point for
the modeling was different from the Libor rate itself. The most popular starting
point is the HJM-approach. More recent models take the Libor rate as a primary
process. We present both views in the following sections.

This chapter is related to Glasserman and Kou (2001) and to Jamshidian
(1999). In Glasserman and Kou (2001) the term structure of Libor rates is
driven by a jump diffusion process. In this case the purely discontinuous part is
of bounded variation. In Jamshidian (1999) the Libor rate process is driven by a
general semimartingale, but the pricing of caps and floors is not considered. This
chapter can be seen in parts as a special case of the Jamshidian approach, but we
specify the driving Lévy process and show how the Libor rates can be represented
as an exponential of a stochastic integral driven by a Lévy process. Furthermore
we show how the pricing of caps and floors can be done using Laplace transforms.
The latter is based on an idea proposed in Raible (2000).

92



Throughout this chapter we restrict ourselves to the case where the stochastic
integral can be written as the sum of the stochastic integrals with respect to the
coordinates, although this is not the most general setting for stochastic integrals
with respect to multi-dimensional semimartingales, see Jacod and Shiryaev (1987,
III.4.§4a).

4.1 Modeling instantaneous forward rates

Libor rates can be derived from the bond prices which are determined by the in-
stantaneous forward rates. The advantage of this approach is that Libor rates can
be embedded in an existing HJM-framework, see Brace, Gatarek, and Musiela
(1997). We follow this approach in the general setting of Björk, Di Masi, Ka-
banov, and Runggaldier (1997) and in the Lévy setting of Eberlein and Raible
(1999).

4.1.1 The semimartingale setting

We assume a complete stochastic basis (Ω,FT ∗ , IP∗, (Ft)0≤t≤T ∗), where the filtra-
tion satisfies the usual conditions. The predictable σ-field is given by P .

For our purposes it is sufficient to consider the risk-neutral setting. This
means that concerning the dynamics of the instantaneous forward rates we make
the following assumption, see Björk, Di Masi, Kabanov, and Runggaldier (1997,
Assumption 5.1).

Assumption (S): The dynamics of the forward rates for T ∈ [0, T ∗] is

df(t, T ) = α(t, T ) dt+ σ(t, T )> dW ∗
t +

∫
IRr

δ(x, t, T )(µ− ν∗)(dt, dx), (4.1)

where W ∗ is a standard Brownian motion in IRd, µ is the jump measure of a
semimartingale with continuous compensator ν∗, i.e. there exists λ∗ : IR+ ×
B(IRr)→ IR+ such that ν∗(dt, dx) = λ∗(t, dx) dt. The coefficients are continuous
in the second variable, where α : Ω× [0, T ∗]× [0, T ∗]→ IR and σ : Ω× [0, T ∗]×
[0, T ∗]→ IR+ are P⊗B ([0, T ∗])-measurable and δ : Ω×IRr×[0, T ∗]×[0, T ∗] is P⊗
B(IRr) ⊗ B([0, T ∗])-measurable. The coefficients satisfy the following conditions
for all finite (t, T ) ∈ ∆ := {(s, u) ∈ IR+ × IR+ | 0 ≤ s ≤ u ≤ T ∗}

α(t, T ) = δ(x, t, T ) = 0, if (t, T ) /∈ ∆

σ(t, T ) = (0, . . . , 0)>, if (t, T ) /∈ ∆
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and

T∫
0

T∫
t

|α(s, u)| du ds <∞,
T∫

0

T∫
t

|σ(s, u)|2 du ds <∞,

T∫
0

∫
IRr

T∫
t

|δ(s, x, u)|2 du ν∗(ds, dx) <∞.

We put

A(t, T ) := −
T∫
t

α(t, u) du, S(t, T ) := −
T∫
t

σ(t, u) du,

and D(t, x, T ) := −
T∫
t

δ(t, x, u) du.

Then the model is arbitrage-free if

t∫
0

∫
IRr

(
eD(t,x,T ) − 1−D(t, x, T )

)
ν∗(dt, dx) <∞

and

A(t, T ) +
1

2
|S(t, T )|2 +

∫
IRr

(
eD(t,x,T ) − 1−D(t, x, T )

)
λ∗(t, dx) = 0 (4.2)

for any t ∈ [0, T ∗], see Björk, Di Masi, Kabanov, and Runggaldier (1997,
Proposition 5.3).

If the discontinuous part of f has sample paths of bounded variation, then
the following equation is sufficient for equation (4.2)

α(t, T ) = −σ(t, T )>S(t, T )

−
∫

IRr

δ(x, t, u)

exp

− T∫
t

δ(t, x, u) du

− 1

 λ∗(t, dx). (4.3)

Equation (4.3) corresponds to equation (38) in Glasserman and Kou (2001)
and can be obtained from equation (4.2) by taking derivatives with respect to
the second variable.
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The price at time t of a bond with maturity T is then given by

B(t, T ) = B(0, T ) exp

 t∫
0

(f(s, s) + A(s, T )) ds+

t∫
0

S(s, T )> dW ∗
s

+

t∫
0

∫
IRr

D(s, x, T ) (µ− ν∗)(ds, dx)

 .

(4.4)

Remember that the savings account is Bt = exp
(∫ t

0
f(s, s) ds

)
.

Equations (4.4) and (4.2) yield for the discounted bond price at time t

Z(t, T ) :=
B(t, T )

Bt

the following expression

Z(t, T ) = Z(0, T ) exp

−1

2

t∫
0

|S(s, T )|2 ds+

t∫
0

S(s, T )> dW ∗
s

−
t∫

0

∫
IRr

(
eD(s,x,T ) − 1−D(s, x, T )

)
λ∗(s, dx) ds

+

t∫
0

∫
IRr

D(s, x, T )(µ− ν∗)(ds, dx)

 .

(4.5)

The forward process is defined by

FB(t, T, T ∗) :=
B(t, T )

B(t, T ∗)
. (4.6)

Let δ > 0 with δ ≤ T ∗ − T , then the δ-(forward)-Libor rates are defined by

L(t, T ) =
1

δ
(FB(t, T, T + δ)− 1) (4.7)

=
1

δ

(
B(t, T )

B(t, T + δ)
− 1

)
. (4.8)

The δ-(forward)-Libor rate coincides with the forward swap rate of a single-
period swap settled in arrears, see e.g. Rutkowski (2001). When we speak of
Libor rates, we will always mean forward Libor rates.

The next theorem states the dynamics of L(., T ) under the risk-neutral mea-
sure IP∗.
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Theorem 4.1 If f(., T ) satisfies (4.1) and A(., T ), D(., ., T ), and S(., T ) satisfy
(4.2), then the risk-neutral dynamics of L(., T ) is given by

δ

1 + δL(t−, T )
dL(t, T ) = (S(t, T + δ)− S(t, T ))> S(t, T + δ) dt

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

+ eD(t,x,T+δ) − eD(t,x,T )
)
ν∗(dt, dx)

+ (S(t, T )− S(t, T + δ))> dW ∗
t

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

)
(µ− ν∗) (dt, dx).

(4.9)

Proof: We have got the following relationship between the forward process
FB(., T, T + δ), the Libor rate L(., T ) and the discounted bond prices

FB(t, T, T + δ) = 1 + δL(t, T ) =
Z(t, T )

Z(t, T + δ)

=
Z(0, T )

Z(0, T + δ)
exp

 t∫
0

(A(s, T )− A(s, T + δ)) ds

+
1

2

t∫
0

(S(s, T )− S(s, T + δ))> dW ∗
s

+

t∫
0

∫
IRr

(D(s, x, T )−D(s, x, T + δ))(µ− ν∗)(ds, dx)

.
The connection between the forward process and the Libor process yields that

the dynamics of the Libor rate is related to the dynamics of the forward process
in the following way

δ

1 + δL(t−, T )
dL(t, T ) =

1

FB(t−, T, T + δ)
dFB(t, T, T + δ).

Since FB(., T, T+δ) is a positive semimartingale it can be expressed as a stochastic
exponential of a process L(FB(., T, T + δ)); in fact we have FB(., T, T + δ) > 1.
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This process is given by, see Kallsen and Shiryaev (2000),

L(FB(., T, T + δ))t = ln

(
FB(t, T, T + δ)

FB(0, T, T + δ)

)

+

t∫
0

1

2F 2
B(s−, T, T + δ)

d〈F c
B(., T, T + δ), F c

B(., T, T + δ)〉s

−
t∫

0

∫
IRr

(
ln

(
|1 +

x

FB(s−, T, T + δ)
|
)

+
x

FB(s−, T, T + δ)

)
µFB(ds, dx).

[Th4.1.a]

The first expression on the right-hand side is simply

ln

(
FB(t, T, T + δ)

FB(0, T, T + δ)

)
=

t∫
0

(A(s, T )− A(s, T + δ)) ds

+

t∫
0

(S(s, T )− S(s, T + δ))> dW ∗
s

+

t∫
0

∫
IRr

(D(s, x, T )−D(s, x, T + δ))(µ− ν∗)(ds, dx).

[Th4.1.b]

For the next expression on the right-hand side of equation [Th4.1.a] we have
to calculate the quadratic covariation of FB(., T, T + δ). It can be derived from
the quadratic covariation of lnFB(., T, T + δ). Note that

〈(lnFB(., T, T + δ))c, (lnFB(., T, T + δ))c〉t =

t∫
0

|S(s, T )− S(s, T + δ)|2 ds.

Therefore, the quadratic covariation of FB(., T, T + δ) is

〈(FB(., T, T + δ))c, (FB(., T, T + δ))c〉t

=

t∫
0

F 2
B(s−, T, T + δ)|S(s, T )− S(s, T + δ)|2 ds.
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Hence, the second expression on the right-hand side of [Th4.1.a] simplifies to

t∫
0

1

2F 2
B(s−, T, T + δ)

d〈F c
B(., T, T + δ), F c

B(., T, T + δ)〉s

=

t∫
0

1

2
|S(s, T )− S(s, T + δ)|2 ds. [Th4.1.c]

For the remaining expression on the right-hand side of [Th4.1.a], we have to
determine the jump measure of FB, µFB , by means of the random measure µ.
The jumps of FB and lnFB are related by

4FB(t, T, T + δ) = FB(t−, T, T + δ)
(
e4 lnFB(t−,T,T+δ) − 1

)
.

The jumps of lnFB(., T, T + δ) are given by

4 lnFB(t, T, T + δ) =

∫
IRr

(D(t, x, T )−D(t, x, T + δ))µ({t}, dx).

Therefore for µFB -integrable functions the following equation holds

t∫
0

∫
IRr

f(s, u)µFB(ds, du) =

t∫
0

∫
IRr

f(s, FB(s−, T, T + δ)(ex − 1))µlnFB(ds, dx)

=

t∫
0

∫
IRr

f(s, FB(s−, T, T + δ)(exp(D(s, x, T )−D(s, x, T + δ))− 1))µ(ds, dx).

Hence,

t∫
0

∫
IRr

(
ln

(∣∣∣∣1 +
x

FB(s−, T, T + δ)

∣∣∣∣)− x

FB(s−, T + δ)

)
µFB(ds, dx)

=

t∫
0

∫
IRr

(
(D(s, x, T )−D(s, x, T + δ))− eD(s,x,T )−D(s,x,T+δ) + 1

)
µ(ds, dx)

[Th4.1.d]

Now we put [Th4.1.b] to [Th4.1.d] in [Th4.1.a] and get the dynamics of
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FB(., T, T + δ) under the measure IP∗

dFB(t, T, T + δ)

FB(t−, T, T + δ)
= (A(t, T )− A(t, T + δ)) dt+ (S(t, T )− S(t, T + δ))> dW ∗

t

+

∫
IRr

(D(t, x, T )−D(t, x, T + δ)) (µ− ν∗)(dt, dx)

+
1

2
(|S(t, T )− S(t, T + δ)|2) dt

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

− (D(t, x, T )−D(t, x, T + δ))
)
µ(dt, dx)

= (A(t, T )− A(t, T + δ) +
1

2
(|S(t, T )− S(t, T + δ)|2)) dt

+ (S(t, T )− S(t, T + δ))> dW ∗
t

+

∫
IRr

(D(t, x, T )−D(t, x, T + δ)) (µ− ν∗)(dt, dx)

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

− (D(t, x, T )−D(t, x, T + δ))
)

(µ− ν∗)(dt, dx)

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

− (D(t, x, T )−D(t, x, T + δ))
)
ν∗(dt, dx).

Equation (4.2) yields

dFB(t, T, T + δ)

FB(t−, T, T + δ)
=

1

2
(|S(t, T + δ)|2 − |S(t, T )|2 + |S(t, T )− S(t, T + δ)|2) dt

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) + eD(t,x,T+δ) − eD(t,x,T ) − 1

)
ν∗(dt, dx)

+ (S(t, T )− S(t, T + δ))> dW ∗
t

+

∫
IRr

(
eD(t,x,T )−D(t,x,T+δ) − 1

)
(µ− ν∗)(dt, dx).
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Note that

|S(t, T + δ)|2 − |S(t, T )|2 + |S(t, T )− S(t, T + δ)|2

= 2 (S(t, T + δ)− S(t, T ))>S(t, T + δ).

This proves our theorem. �

The next theorem shows under which drift conditions one can embed a Libor-
model within this framework. It is a generalization of Theorem 3.1 in Glasserman
and Kou (2001) for the risk-neutral case. We consider a discrete-tenor structure
0 = T0 < T1 < T2 < . . . < TM < TM+1 = T ∗ with δ = Ti+1 − Ti, i = 1, . . . ,M .
We define the auxiliary function η(t) := inf {k ∈ {0, . . . ,M + 1} |Tk ≥ t}.

Theorem 4.2 For each n = 1, 2, . . . ,M let γn(.) be a bounded IRd-valued func-
tion and Hn : IR+ × IRr → (−1,∞) be deterministic and in Gloc(µ) and
ν∗(dt, dx) = λ∗(t, dx) dt. The model

dL(t, Tn) = L(t−, Tn)

αn(t) dt+ γn(t)> dW ∗
t +

∫
IRr

Hn(t, x) (µ− ν∗)(dt, dx)

 ,

(4.10)

is arbitrage-free if

αn(t) =
n∑

k=η(t)

δγn(t)>γk(t)L(t−, Tk)
1 + δL(t−, Tk)

+

∫
IRr

Hn(x, t)

1−
n∏

k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(x, t))

λ∗(t, dx).

(4.11)

Proof: We show that σ and δ can be chosen in equation (4.1), so that the dynamics
of L(., Tn) in Theorem 4.1 simplifies to those in equation (4.10).

100



The risk-neutral dynamics of L(., Tn) under the measure IP∗ is given by

dL(t, Tn) =
1 + δL(t−, Tn)

δ

(S(t, Tn+1)− S(t, Tn))>S(t, Tn+1) dt

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

+ eD(t,x,Tn+1) − eD(t,x,Tn)
)
ν∗(dt, dx)

+ (S(t, Tn)− S(t, Tn+1))> dW ∗
t

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
(µ− ν∗)(dt, dx)

 .

Let

S(t, Tn)− S(t, Tn+1) =

Tn+1∫
Tn

σ(t, u) du :=
δγn(t)L(t−, Tn)

1 + δL(t−, Tn)
[Th4.2.a]

and

D(t, x, Tn)−D(t, x, Tn+1) =

Tn+1∫
Tn

δ(t, x, u) du

:= ln

(
1 + δL(t−, Tn)(1 +Hn(t, x))

1 + δL(t−, Tn)

)
. [Th4.2.b]

For simplicity, we assume that σ(t, u) = const, for u ∈ [Tn, Tn+1] and σ(t, u) = 0,
for u ≤ t. Analogously, we assume piecewise constancy for each x and t for the
function δ and δ(t, x, u) = 0 for u ≤ t. Note that we can also use piecewise affine
linear or other smooth functions instead of constants.

A consequence of the definitions above is

S(t, Tn+1) = −
n∑

k=η(t)

δγk(t)L(t−, Tk)
1 + δL(t−, Tk)

[Th4.2.c]

and that

eD(t,x,Tn)−D(t,x,Tn+1) =
1 + δL(t−, Tn)(1 +Hn(t, x))

1 + δL(t−, Tn)
= 1 +

δHn(t, x)L(t−, Tn)

1 + δL(t−, Tn)
.

[Th4.2.d]
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Furthermore,

D(t, x, Tn+1) = −
Tn+1∫
t

δ(t, x, u) du = −
n∑

k=η(t)

Tk+1∫
Tk

δ(t, x, u) du

and hence

eD(t,x,Tn+1) =
n∏

k=η(t)

e
−
∫ Tk+1
Tk

δ(t,x,u) du
=

n∏
k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(x, t))

.

[Th4.2.e]

We calculate the integral with respect to the Brownian motion in dL(., Tn).
We have

1 + δL(t−, Tn)

δ
(S(t, Tn)− S(t, Tn+1))> dW ∗

t = L(t−, Tn)γn(t)> dW ∗
t . [Th4.2.f]

The corresponding drift part of dL(., Tn) is

1 + δL(t−, Tn)

δ
(S(t, Tn+1)− S(t, Tn))>S(t, Tn+1) dt

= L(t−, Tn)
n∑

k=η(t)

δγn(t)>γk(t)L(t−, Tk)
1 + δL(t−, Tk)

dt. [Th4.2.g]

The compensated jumps of dL(t, Tn) take the following form

1 + δL(t−, Tn)

δ

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
(µ− ν∗)(dt, dx)

=

∫
IRr

1 + δL(t−, Tn)

δ

δHn(t, x)L(t−, Tn)

1 + δL(t−, Tn)
(µ− ν∗)(dt, dx)

=

∫
IRr

L(t−, Tn)Hn(t, x) (µ− ν∗)(dt, dx).

[Th4.2.h]

Now we simplify the integral with respect to the compensator

1 + δL(t−, Tn)

δ

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1 + eD(t,x,Tn+1) − eD(t,x,Tn)

)
ν∗(dt, dx).

For the first part of the integral we can use the calculation above. For the second
part, we consider the expression

eD(t,x,Tn+1) − eD(t,x,Tn) =
(
1− eD(t,x,Tn)−D(t,x,Tn+1)

)
eD(t,x,Tn+1)

= − δ

1 + δL(t−, Tn)
L(t−, Tn)Hn(t, x)

n∏
k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(t, x))

.

[Th4.2.i]
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The last equation follows from [Th4.2.d] and [Th4.2.e].
Hence

1 + δL(t−, Tn)

δ

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1 + eD(t,x,Tn+1) − eD(t,x,Tn)

)
ν∗(dt, dx)

=
1 + δL(t−, Tn)

δ

∫
IRr

δ

1 + δL(t−, Tn)
L(t−, Tn)Hn(t, x)

×

1−
n∏

k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(t, x))

 ν∗(dt, dx)

= L(t−, Tn)

∫
IRr

Hn(t, x)

1−
n∏

k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(t, x))

 ν∗(dt, dx).

[Th4.2.j]

Now we only need to combine the equations [Th4.2.f], [Th4.2.g], [Th4.2.h] and
[Th4.2.j] to get equation (4.10) where the drift is given by equation (4.11). �

4.1.2 The Lévy setting

We assume that the bond prices are given as in Eberlein and Raible (1999), i.e.
the instantaneous forward rate process is modeled under the martingale measure
IP∗ by

Assumption (L): For any fixed maturity T ≤ T ∗ the default-free instantaneous
forward rate f(t, T ) satisfies

df(t, T ) = κ′(Σ(t, T ))∂2Σ(t, T ) dt− ∂2Σ(t, T ) dLt, (4.12)

where ∂2 denotes the derivation operator with respect to the second argument;
κ is the logarithm of the moment generating function of L1 and Σ is defined
on ∆ = {(s, T ) ∈ IR+ × IR+ | 0 ≤ s ≤ T ≤ T ∗} and Σ is twice continuously
differentiable in s and in T . In addition, we assume that Σ(s, T ) > 0 for all
(s, T ) ∈ ∆ with s 6= T , and Σ(s, T ) = 0 if s = T .

For simplicity of notation we concentrate here on the one-dimensional case,
but the results can be obtained analogously for the multi-dimensional case.

An equivalent representation of df(t, T ) can be obtained by using the canon-
ical decomposition of L (see e.g. Jacod and Shiryaev (1987, II.2.38)), namely

Lt = bt+
√
cWt +

t∫
0

∫
IR

x (µL − νL)(ds, dx), (4.13)
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where b ∈ IR, c > 0,W is a standard Brownian motion and µL is the ran-
dom measure of jumps, and νL is its compensator, which can be written as
νL(dt, dx) = ν(dx) dt, where ν is the Lévy measure of the law of L1. Note
that we assume implicitly that ν satisfies the following integrability condition∫
{|x|>1} exp(ux) ν(dx) <∞, for −M ≤ u ≤M , where M is a positive constant.

The short term interest rate is given by r(t) = f(t, t), t ∈ [0, T ∗].
The bond price is then given by

B(t, T ) = B(0, T ) exp

 t∫
0

(r(s)− κ(Σ(s, T ))) ds+

t∫
0

Σ(s, T ) dLs


= BtB(0, T ) exp

− t∫
0

κ(Σ(s, T )) ds+

t∫
0

Σ(s, T ) dLs

 .

The forward process has the following form

FB(t, T, T ∗) =
B(0, T )

B(0, T ∗)
exp

 t∫
0

(κ(Σ(s, T ∗))− κ(Σ(s, T ))) ds

+

t∫
0

(Σ(s, T )− Σ(s, T ∗)) dLs

 (4.14)

and for T ≤ T ∗ − δ we have

FB(t, T, T + δ) =
B(t, T )

B(t, T + δ)
. (4.15)

Note that FB(t, T, T +δ)−1 is the forward price at time t of the T +δ-maturity
zero-coupon bond for the settlement date T .

One of the basic ideas of the Libor modeling approach is to construct a mea-
sure IPT+δ such that (L(t, T ))0≤t≤T follows a IPT+δ-martingale. This measure is
denoted as the forward (martingale) measure associated with the date T + δ.

By equation (4.7) L(., T ) is a martingale under the measure IPT+δ if and
only if FB(., T, T + δ) is a IPT+δ-martingale. The next theorem gives the explicit
construction of the forward measure associated with the maturity T ∗.

Theorem 4.3 The forward measure associated with the date T ∗ is given by

dIPT ∗

dIP∗
= exp

 T ∗∫
0

Σ(s, T ∗) dLs −
T ∗∫
0

κ(Σ(s, T ∗)) ds

 . (4.16)
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Proof: We set ηt := dIPT∗
dIP∗
|Ft = exp

(
t∫

0

Σ(s, T ∗) dLs −
t∫

0

κ(Σ(s, T ∗)) ds

)
.

Then

FB(t, T, T ∗) =
B(0, T )

B(0, T ∗)
exp

− t∫
0

κ(Σ(s, T )) ds+

t∫
0

Σ(s, T ) dLs


× exp

 t∫
0

κ(Σ(s, T ∗)) ds−
t∫

0

Σ(s, T ∗) dLs


=

B(0, T )

B(0, T ∗)
exp

− t∫
0

κ(Σ(s, T )) ds+

t∫
0

Σ(s, T ) dLs

 1

ηt

=
1

B(0, T ∗)

B(t, T )

Bt

1

ηt
.

Since
(

B(t,T )
B(0,T ∗)

B−1
t

)
0≤t≤T ∗

is a IP∗-martingale it follows by Proposition

III.3.8 in Jacod and Shiryaev (1987) that FB(., T, T ∗) is a IPT ∗-martingale. �

Note that

dIPT ∗

dIP∗
=

1

BT ∗B(0, T ∗)
= ηT ∗ and

dIPT ∗

dIP∗
|Ft =

B(t, T ∗)

BtB(0, T ∗)
IP∗-a.s. (4.17)

The density process ηt = dIPT∗
dIP∗
|Ft can be presented in the usual form

ηt = exp

 t∫
0

φ(s) dWs −
1

2

t∫
0

φ2(s) ds+

t∫
0

∫
IR

(
Ỹ (s, x)− 1

) (
µL − νL

)
(ds, dx)

−
t∫

0

∫
IR

(
Ỹ (s, x)− 1− ln(Ỹ (s, x))

)
µL(ds, dx)

 ,

(4.18)

where φ(s) =
√
cΣ(s, T ∗) and Ỹ (s, x) = exp (Σ(s, T ∗)x).

In the following we will say that a change of measure is determined by two

functions (or predictable processes) φ and Ỹ if the density process has the same
representation as in equation (4.18).

Note that whenever Ỹ depends on s ∈ IR+ the IP∗-Lévy process L is not a
Lévy process under the forward martingale measure IPT ∗ . But due to the fact
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that φ and Ỹ are deterministic, the semimartingale characteristics with respect
to IPT ∗ remain deterministic, and thus L has independent increments under the
forward martingale measure. This is an immediate consequence of Girsanov’s
theorem for semimartingales, see Jacod and Shiryaev (1987, III.3.24 and II.4.15).

As usual W T ∗
t := Wt −

∫ t
0
φ(s) ds is a standard Brownian motion under IPT ∗

and νT
∗,L := Ỹ νL is the IPT ∗-compensator of µL.

The martingale property of the forward process under the forward martingale
measure can also be seen in the following proposition.

Proposition 4.4 The IPT ∗-dynamics of FB(., T, T ∗) is given by

1

FB(t−, T, T ∗)
dFB(t, T, T ∗) =

√
cΣ(t, T, T ∗) dW T ∗

t

+

∫
IR

(
exΣ(t,T,T ∗) − 1

) (
µL − νT ∗,L

)
(dt, dx),

where Σ(t, T, T ∗) := Σ(t, T )− Σ(t, T ∗).

Proof: The relationship between the functions A,D, and S of Section 4.1.1 and
the coefficients of the Lévy setting is given by the following equations A(t, T ) =
Σ(t, T )b − κ(Σ(t, T )), D(t, x, T ) = Σ(t, T )x, and S(t, T ) = Σ(t, T )

√
c, see the

Proof of Lemma 6.1 in Raible (2000).
Using Theorem 4.1 we can derive the dynamics of the forward process under

IP∗:

1

FB(t−, T, T ∗)
dFB(t, T, T ∗) =−

√
cΣ(t, T, T ∗)(

√
cΣ(t, T ∗)) dt+

√
cΣ(t, T, T ∗) dWt

+

∫
IR

(
exΣ(t,T,T ∗) − 1

) (
µL − νL

)
(dt, dx)

+

∫
IR

(
exΣ(t,T,T ∗) + exΣ(t,T ∗) − exΣ(t,T ) − 1

)
νL(dt, dx).

The first two expressions on the right-hand side of the last equation can be written
as

−
√
cΣ(t, T, T ∗)(

√
cΣ(t, T ∗)) dt+

√
cΣ(t, T, T ∗) dWt

=
√
cΣ(t, T, T ∗) (dWt −

√
cΣ(t, T ∗) dt) =

√
cΣ(t, T, T ∗) dW T ∗

t . [Pr4.4.a]
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Now let us have a look at the terms related to the jumps of the forward
process:∫
IR

(
exΣ(t,T,T ∗)−1

) (
µL − νL

)
(dt,dx)+

∫
IR

(
exΣ(t,T,T ∗) + exΣ(t,T ∗) − exΣ(t,T ) −1

)
νL(dt,dx)

=
∫
IR

(
exΣ(t,T,T ∗) −1

) (
µL − νL

)
(dt,dx)+

∫
IR

(
exΣ(t,T,T ∗) −1

) (
1− exΣ(t,T ∗)

)
νL(dt,dx)

=
∫
IR

(
exΣ(t,T,T ∗) − 1

) (
µL − νL

)
(dt,dx)+

∫
IR

(
exΣ(t,T,T ∗) −1

) (
1− Ỹ (t, x)

)
νL(dt,dx)

=
∫
IR

(
exΣ(t,T,T ∗) − 1

) (
µL − νL

)
(dt,dx)+

∫
IR

(
exΣ(t,T,T ∗) −1

) (
νL − νT ∗,L

)
(dt,dx)

=
∫
IR

(
exΣ(t,T,T ∗) −1

) (
µL − νT ∗,L

)
(dt,dx). [Pr4.4.b]

Combining [Pr4.4.a] and [Pr4.4.b] proves our assertion. �

4.1.3 Relationship to the Jamshidian approach

In this section we show how the Lévy term structure approach to Libor markets
can be embedded in the general semimartingale approach of Jamshidian (1999).
Furthermore we will derive the dynamics of the Libor rates under the forward
martingale measure associated with T ∗.

Note that the approach of Jamshidian (1999) is more general than our ap-
proach in the following two points. The discrete bond market is given by strictly
positive semimartingales but is not specified any further. Even negative Libor
rates are allowed. Furthermore, it is even possible that there exists no risk-neutral
measure IP∗ within the bond market. It exists if a specific process, the state-price
density, is a special semimartingale. For details we refer to Section 4 in Jamshid-
ian (1999). Our interest in this chapter is to push further the market practice
to price caps and floors by Black’s formula to a formula which allows for more
flexibility and our aim is not to develop a Libor market theory which is as general
as possible.

We assume that the discrete-tenor setting is given by 0 < T0 < T1 < . . . <
Tn+1 = T ∗, where δ = Ti+1 − Ti. According to this we consider the Libor rates
L(t, Ti) = 1

δ
(FB(t, Ti, Ti+1)−1). With the help of the IP∗-dynamics of FB(., T, T ∗)

which is given in the proof of Proposition 4.4 we can rewrite the Libor rate L(t, Ti)
as follows
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L(t, Ti) =
1

δ
(FB(0, Ti, Ti+1)− 1)

+
1

δ

t∫
0

cFB(s−, Ti, Ti+1)(Σ2(s, Ti+1)− Σ(s, Ti)Σ(s, Ti+1)) ds

+
1

δ

t∫
0

∫
IR

FB(s−, Ti, Ti+1)
(
exΣ(s,Ti,Ti+1)+ exΣ(s,Ti+1)− exΣ(s,Ti)−1

)
ν(dx) ds

+

t∫
0

FB(s−, Ti, Ti+1)

√
c

δ
Σ(s, Ti, Ti+1) dWs

+

t∫
0

∫
IR

FB(s−, Ti, Ti+1)
1

δ

(
exΣ(s,Ti,Ti+1) − 1

)
(µL − νL)(ds, dx).

(4.19)

In order to improve the readability we will use the superscript J whenever
we use the notation of Jamshidian (1999). For example in Jamshidian (1999)
LJi,t denotes the Libor rate L(t, Ti). The connection to the semimartingale Libor
approach is clarified by the next equations:

QJ = IPT ∗ ,

LJi (0) =
1

δ
(FB(0, Ti, Ti+1)− 1) ,

AJi (t) =
1

δ

t∫
0

cFB(s−, Ti, Ti+1)(Σ2(s, Ti+1)− Σ(s, Ti)Σ(s, Ti+1)) ds

+
1

δ

t∫
0

∫
IR

FB(s−, Ti, Ti+1)
(
exΣ(s,Ti,Ti+1)+exΣ(s,Ti+1)−exΣ(s,Ti)−1

)
ν(dx) ds,

βJi (t) = FB(t−, Ti, Ti+1)

√
c

δ
Σ(t, Ti, Ti+1),

φJi (x, t) = FB(t−, Ti, Ti+1)
1

δ

(
exΣ(t,Ti,Ti+1) − 1

)
> −1,

µJ = µL, νJ = νL.

Therefore, the Libor rate LJi (t) = L(t, Ti) has the following form

LJi (t) = LJi (0) + AJi (t) +

t∫
0

βJi (s) dWs +

t∫
0

∫
IR

φJi (x, s) (µJ − νJ)(ds, dx).
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The change of measure is described by

αJ(s) = φ(s) =
√
cΣ(s, Tn+1)

ψJ(s, x) = Ỹ (s, x)− 1 = exΣ(s,Tn+1) − 1 > −1

WQJ

t = Wt −
t∫

0

αJ(s) ds = W T ∗

t ,

νQ
J

(ds, dx) = (1 + ψJ(s, x)) νJ(ds, dx) = Ỹ (s, x)νL(ds, dx) = νT
∗,L(ds, dx).

We want to mention that the conditions of Theorem 6 in Jamshidian (1999)
are satisfied due to Assumption (L) and that by applying equation (35) in
Jamshidian (1999) we get the IPT ∗-dynamics of the forward process, cf. Proposi-
tion 4.4,

L
(
FB(., Ti, T

∗)

FB(0, Ti, T ∗)

)
t

=

t∫
0

n∑
j=i

δβJj (s)

1 + δL(s−, Tj)
dWQJ

s

+

t∫
0

∫
IR

(
n∏
j=1

(
1 +

δφJj (s, x)

1 + δL(s−, Tj)

)
−1

)
(µJ − νQJ )(ds, dx)

=

t∫
0

√
cΣ(s, Ti, T

∗) dW T ∗

s

+

t∫
0

∫
IR

(
exΣ(s,Ti,T

∗) − 1
)

(µL − νT ∗,L)(ds, dx).

Proposition 4.5 The IPT ∗-dynamics of L(., Ti) is given by

dL(t, Ti) = −
n∑

j=i+1

c

(
1

δ
+ L(t−, Tj)

)
Σ2(t, Tj, Tj+1) dt

−
(

1

δ
+ L(t−, Ti)

)∫
IR

(
exΣ(t,Ti,Ti+1) − 1

)
exΣ(t,Ti+1,Tn+1) νT

∗,L(dt, dx)

+
√
c

(
1

δ
+ L(t−, Ti)

)
Σ(t, Ti, Ti+1) dW T ∗

t

+

(
1

δ
+ L(t−, Ti)

)∫
IR

(
exΣ(t,Ti,Ti+1) − 1

) (
µL − νT ∗,L

)
(dt, dx).
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Proof: Equation (32) in Jamshidian (1999) is given by

LJi,t = LJi (0)−
t∫

0

n∑
j=i+1

δjβ
J
j,s(β

J
j,s)
>

1 + δjLJj,s−
dt

−
t∫

0

∫
IR

(
φJi (x, s)

(
n∏

j=i+1

(
1 +

δjφj(x, s)

1 + δjLJj,s−

)
− 1

))
νJ,Q

J

(ds, dx)

+

t∫
0

βJi,s dWQJ

s +

t∫
0

∫
IR

φJi (s, x) (µJ − νJ,QJ )(ds, dx).

Therefore in our notation

L(t, Ti) = L(0, Ti)−
t∫

0

n∑
j=i+1

δF 2
B(s−, Tj, Tj+1) c

δ2 Σ2(s, Tj, Tj+1)

1 + δL(s−, Tj)
ds

−
t∫

0

∫
IR

(
FB(s−, Ti, Ti+1)

1

δ

(
exΣ(s,Ti,Ti+1)

)
×

n∏
j=i+1

(
1+

δFB(s−, Tj, Tj+1)1
δ

(
exΣ(s,Tj ,Tj+1) − 1

)
1 + δL(s−, Tj)

))
νT
∗,L(ds, dx)

+

t∫
0

FB(s−, Ti, Ti+1)

√
c

δ
Σ(s, Ti, Ti+1) dW T ∗

s

+

t∫
0

∫
IR

FB(s−, Ti, Ti+1)
1

δ

(
exΣ(s,Ti,Ti+1) − 1

) (
µL − νT ∗,L

)
(ds, dx).

Because

1 + δL(s−, Tj) = FB(s−, Tj, Tj+1)

and

n∑
j=i+1

Σ(s, Tj, Tj+1) =
n∑

j=i+1

(Σ(s, Tj)− Σ(s, Tj+1)) = Σ(s, Ti+1)− Σ(s, Tn+1)

= Σ(s, Ti+1, Tn+1),
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we get

L(t, Ti) = L(0, Ti)−
n∑

j=i+1

cFB(s−, Tj, Tj+1)

δ
Σ2(s, Tj, Tj+1) ds

−
t∫

0

∫
IR

FB(s−, Ti, Ti+1)

δ

(
exΣ(s,Ti,Ti+1)−1

)
exΣ(s,Ti+1,Tn+1)νT

∗,L(ds, dx)

+

t∫
0

FB(s−, Ti, Ti+1)
√
c

δ
Σ(s, Ti, Ti+1) dW T ∗

t

+

t∫
0

∫
IR

FB(s−, Ti, Ti+1)

δ

(
exΣ(s,Ti,Ti+1) − 1

) (
µL − νT ∗,L

)
(ds, dx).

Since FB(t,Ti,Ti+1)
δ

= 1
δ

+ L(t, Ti) our statement is proved. �

The non-negativity of the Libor rate L(., Ti) can also be derived from Jamshid-

ian (1999, Section 5.1). It is sufficient to check that γJi (x, s) :=
φJi (x,s)

LJi,s
> −1. In

our case we have

γJi (x, s) =
1
δ
FB(s−, Ti, Ti+1)

(
exΣ(s,Ti,Ti+1) − 1

)
1
δ

(FB(s−, Ti, Ti+1)− 1)

=
exΣ(s,Ti,Ti+1) − 1

1− 1
FB(s−,Ti,Ti+1)

> −1,

since exΣ(s,Ti,Ti+1) > 0 and FB(., Ti, Ti+1) > 1.

4.2 A forward price model

Instead of embedding forward rates (or Libor rates) in an existing bond price
model one can model the forward rates (or Libor rates) directly. Before we
start with the Lévy Libor model we present a Lévy model for the forward
processes. As in the previous section we assume a complete stochastic basis
(Ω,F , IPT ∗ , (Ft)0≤t≤T ∗) and a family (B(t, T ))(t,T )∈∆ to be given. The bond prices
are assumed to be positive semimartingales, decreasing in the second variable and
they satisfy B(T, T ) = 1 for all T ∈ [0, T ∗]. The dynamics of B(., T ) remains un-
specified in this section.

Concerning the modeling of the forward processes we make the following as-
sumption.
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(FPM.1): For fixed maturity date T ≤ T ∗ the dynamics of the forward process is
given by

dFB(t, T, T ∗) = FB(t−, T, T ∗) dLT,T
∗

t ,

with initial condition

FB(0, T, T ∗) =
B(0, T )

B(0, T ∗)
,

where

LT,T
∗

t = LT,T
∗

0 +

t∫
0

α(s, T, T ∗) dW T ∗

s

+

t∫
0

∫
IR

β(x, s, T, T ∗)
(
µL − νT ∗,L

)
(du, dx),

where α and β > −1 are deterministic functions such that the integrals
are well-defined and with the additional condition that α(t, T ∗, T ∗) =
β(x, t, T ∗, T ∗) = 0 for any t ∈ [0, T ∗], and x ∈ IR. Under IPT ∗ W

T ∗ is
a standard Brownian motion, µL is the random measure of jumps of a
Lévy process with respect to IPT ∗ and νT

∗,L(dt, dx) = νT
∗
(dx) dt is the

IPT ∗-compensator of µL which satisfies the following integrability condition∫
{|x|>1} exp (ux) νT

∗
(dx) <∞, for −M ≤ u ≤M, for some M > 0.

(FPM.2): The relationship between the bond price and the forward process is given
by

FB(t, T, T ∗) =
B(t, T )

B(t, T ∗)
.

Assumption (FPM.1) is equivalent to FB(., T, T ∗) = FB(0, T, T ∗)E(LT,T
∗
) and

hence by Jacod and Shiryaev (1987, I.4.64)

FB(t, T, T ∗) = FB(0, T, T ∗) exp

 t∫
0

α(s, T, T ∗) dW T ∗

s −
1

2

t∫
0

α2(s, T, T ∗) ds

+

t∫
0

∫
IR

β(x, s, T, T ∗) (µL − νT ∗,L)(ds, dx)

+

t∫
0

∫
IR

(ln(1 + β(x, s, T, T ∗))− β(x, s, T, T ∗))µL(ds, dx)

 .
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By construction FB(., T, T ∗) is bounded by 1 and FB(., T, T ∗) is a local IPT ∗-
martingale. For simplicity we can assume that it is a martingale. The martingale
property of the forward process implies that Assumption (FPM.2) is equivalent
to

B(t, T ) = IEIPT∗

[
B(t, T ∗)

B(T, T ∗)
| Ft

]
,

because

B(t, T )

B(t, T ∗)
= FB(t, T, T ∗) = IEIPT∗

[
1

B(T, T ∗)
| Ft

]
.

Note that the forward modeling approach can be related to the last section
by setting, see Proposition 4.4,

α(t, T, T ∗) =
√
cΣ(t, T, T ∗),

β(x, t, T, T ∗) = exp (Σ(t, T, T ∗)x)− 1.

Definition 4.6 The forward process FB(t, T, U), t ∈ [0, T ∧ U ], 0 ≤ T, U ≤ T ∗,
is defined by

FB(t, T, U) =
FB(t, T, T ∗)

FB(t, U, T ∗)
.

The forward process FB(t, T, U) can be written as

FB(t, T, U) = FB(0, T, U) exp

 t∫
0

α(s, T, U) dW T ∗

s

− 1

2

t∫
0

(α2(s, T, T ∗)− α2(s, U, T ∗)) ds

+

t∫
0

∫
IR

β(x, s, T, U) (µL − νT ∗,L)(ds, dx)

+

t∫
0

∫
IR

(ln(β′(x, s, T, U))− β(x, s, T, U)) µL(ds, dx)

 ,
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where for abbreviation purposes we have set

α(s, T, U) := α(s, T, T ∗)− α(s, U, T ∗),

β(x, s, T, U) := β(x, s, T, T ∗)− β(x, s, U, T ∗),

β′(x, s, T, U) :=
1 + β(x, s, T, T ∗)

1 + β(x, s, U, T ∗)
.

Note that β′(x, s, T, T ∗) = 1 + β(x, s, T, T ∗).

Remark: In case we are starting with the Lévy HJM framework of Section 4.1.2
we get

α(s, T, U) =
√
cΣ(s, T, U),

β(x, s, T, U) = (exΣ(s,T,T ∗) − 1)− (exΣ(s,U,T ∗) − 1) = exΣ(s,T,T ∗) − exΣ(s,U,T ∗),

β′(x, s, T, U) = exΣ(s,T,U),

where Σ(s, T, U) := Σ(s, T, T ∗)− Σ(s, U, T ∗) = Σ(s, T )− Σ(s, U).

The IPT ∗-dynamics of FB(., T, U) can again be derived by Itô’s formula:

dFB(t, T, U) = FB(t−, T, U)

α(t, T, U)(dW T ∗

t − α(t, U, T ∗) dt)

+

∫
IR

β(x, t, T, U) (µL − νT ∗,L)(dt, dx)

+

∫
IR

(β′(x, t, T, U)− β(x, t, T, U)− 1)µL(dt, dx)

 .

(4.20)

The functions φU(t) := α(t, U, T ∗) and Y U(t, x) := β(x, t, U, T ∗) + 1 =
β′(x, t, U, T ∗) determine a measure IPU ∼ IPT ∗ with the property that

WU
t := W T ∗

t −
t∫

0

φU(s) ds

is a standard Brownian motion under IPU and

νU,L(dt, dx) := Y U(t, x)νT
∗,L(dt, dx)
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is the IPU -compensator of µL.
In an analogous way to Proposition 4.4 it can be shown that

dFB(t, T, U) = FB(t−, T, U)

α(t, T, U) dWU
t

+

∫
IR

(β′(x, t, T, U)− 1) (µL − νU,L)(dt, dx)

 . (4.21)

4.3 The discrete tenor Lévy Libor rate model

In Section 4.1 and 4.2 we have discussed two frameworks, where the Libor rates
can be derived from the bond prices or the forward prices. In this section the
Libor rates itself are subject to modeling.

We make the following assumptions concerning the dynamics of the Libor
rates. Let T ≤ T ∗ − δ be fixed, where δ > 0. Again we assume a complete
stochastic basis (Ω,F , IPT ∗ , (F)0≤t≤T ∗) and let µL be the jump measure of a
Lévy process L. Furthermore the initial bond prices B(0, T ), 0 ≤ T ≤ T ∗, are
given and strictly decreasing in the second variable.

(LR.1): There exists a function λ1(.; ., T ) : Ω × [0, T ] → IR+, and a function
λ2(.; ., ., T ) : Ω × IR × [0, T ] → IR+ both predictable with λ2 ∈ Gloc(µ

L),
such that

dL(t, T ) = L(t−, T )

λ1(t, T ) dW T+δ
t +

∫
IR

λ2(x, t, T ) (µL − νT+δ,L)(dt, dx)

,
(4.22)

where W T+δ is a IPT+δ-standard Brownian motion and νT+δ,L(dt, dx) =
νT+δ(dx) dt is the IPT+δ-compensator of µL. Furthermore we as-
sume that νT+δ,L satisfies the following integrability condition∫
{|x|>1} exp(ux) νT+δ(dx) < ∞, for −M ≤ u ≤ M , where M is a

positive constant. To guarantee that the Libor rate is positive we assume
that λ2(4Lt, t, T )1l{4Lt 6=0} > −1.
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(LR.2) λ1(.; ., T ) and λ2(.; ., ., T ) satisfy the following integrability conditions

T∫
0

(λ1(t, T ))2 dt <∞, a.s.

T∫
0

∫
IR

(
√
λ2(x, t, T ) + 1− 1)2 νT+δ,L(dt, dx) <∞, a.s.

(LR.3): The initial condition in equation (4.22) is given by

L(0, T ) =
1

δ

(
B(0, T )

B(0, T + δ)
− 1

)
.

The motivation for Assumption (LR.1) is the dynamics of the Libor rates
within the forward rate approach in Section 4.2. From equation (4.7) and (4.21)
we deduce

dL(t, T ) =
1

δ
dFB(t, T, T + δ) (4.23)

=
1

δ
FB(t−, T, T + δ)

α(t, T, T + δ) dW T+δ
t

+

∫
IR

(β′(x, t, T, T + δ)− 1)(µL − νT+δ,L)(dt, dx)


=

1

δ
(1 + δL(t−, T ))

α(t, T, T + δ) dW T+δ
t

+

∫
IR

(β′(x, t, T, T + δ)− 1)(µL − νT+δ,L)(dt, dx)


= L(t−, T )

λ1(t, T ) dW T+δ
t +

∫
IR

λ2(x, t, T ) (µL − νT+δ,L)(dt, dx)

 ,

where

λ1(t, T ) =
1 + δL(t−, T )

δL(t−, T )
α(t, T, T + δ), (4.24)

λ2(x, t, T ) =
1 + δL(t−, T )

δL(t−, T )
(β′(x, t, T, T + δ)− 1). (4.25)
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4.3.1 Construction of the forward measures

In this section we follow Musiela and Rutkowski (1997, 1998) to construct an
arbitrage-free bond market which is based on the Lévy Libor model.

For simplicity we assume that T ∗0 := T ∗ is a multiple of δ, i.e. there exists
M ∈ IN such that T ∗0 = Mδ. For the ease of notation, we shall assume that the
discrete-tenor structure is given by T ∗i := T ∗0 − iδ, i ∈ {1, . . . ,M − 1}.

The construction is based on backward induction, and so we will start with
the longest maturity T ∗1 . According to (LR.1) we postulate that the dynamics of
L(., T ∗1 ) is given by

dL(t, T ∗1 ) = L(t−, T ∗1 )

λ1(t, T ∗1 ) dW
T ∗0
t +

∫
IR

λ2(x, t, T ∗1 )(µL − νT ∗0 ,L)(dt, dx)

 ,

with initial condition

L(0, T ∗1 ) =
1

δ

(
B(0, T ∗1 )

B(0, T ∗0 )
− 1

)
.

Motivated by equation (4.24) and (4.25) we define

α(t, T ∗1 , T
∗
0 ) :=

δL(t−, T ∗1 )

1 + δL(t−, T ∗1 )
λ1(t, T ∗1 ),

β′(x, t, T ∗1 , T
∗
0 ) :=

δL(t−, T ∗1 )

1 + δL(t−, T ∗1 )
λ2(x, t, T ∗1 ) + 1, ∀t ∈ [0, T ∗1 ].

Then under the measure IPT ∗0
the forward rate FB(., T ∗1 , T

∗
0 ) = δL(., T ∗1 ) + 1

has the following dynamics

dFB(t, T ∗1 , T
∗
0 ) = FB(t−, T ∗1 , T ∗0 )

α(t, T ∗1 , T
∗
0 ) dW

T ∗0
t

+

∫
IR

(β′(x, t, T ∗1 , T
∗
0 )− 1)

(
µL − νT ∗0 ,L

)
(dt, dx)

 ,

with initial condition FB(0, T ∗1 , T
∗
0 ) = B(0, T ∗1 )/B(0, T ∗0 ). This can be seen by

the same arguments as in the motivation for Assumption (LR.1), page 116.
Note that due to Assumption (LR.1) and (LR.2) α(., T ∗1 , T

∗
0 ) and β′(., ., T ∗1 , T

∗
0 )

are predictable and satisfy the following integrability conditions

T ∗1∫
0

(α(t, T ∗1 , T
∗
0 ))2 dt ≤

T ∗1∫
0

(λ1(t, T ∗1 ))2 dt <∞
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and that

T ∗1∫
0

∫
IR

(√
β′(x, t, T ∗1 , T

∗
0 )− 1

)2

νT
∗
0 ,L(dt, dx)

≤
T ∗1∫
0

∫
IR

(√
λ2(x, t, T ∗1 ) + 1− 1

)2

νT
∗
0 ,L(dt, dx)

<∞.

Then α(., T ∗1 , T
∗
0 ) and β′(., ., T ∗1 , T

∗
0 ) define a measure IPT ∗1

by

dIPT ∗1

dIPT ∗0

= E

 .∫
0

α(s, T ∗1 , T
∗
0 ) dW

T ∗0
t

+

.∫
0

∫
IR

(β′(x, s, T ∗1 , T
∗
0 )− 1)

(
µL − νT ∗0 ,L

)
(ds, dx)


T ∗1

,

so that W T ∗1 := W
T ∗0
t −

∫ t
0
α(s, T ∗1 , T

∗
0 ) ds is a standard Brownian motion under

IPT ∗1
and νT

∗
1 (dt, dx) := β′(x, t, T ∗1 , T

∗
0 ) νT

∗
0 ,L(dt, dx) is the IPT ∗1

-compensator of
µL.

Analogously to the date T ∗1 we postulate that the dynamics of L(., T ∗2 ) is given
by

dL(t, T ∗2 ) = L(t−, T ∗2 )

λ1(t, T ∗2 ) dW
T ∗1
t +

∫
IR

λ2(x, t, T ∗2 )(µL − νT ∗1 ,L)(dt, dx)

 ,

with initial condition L(0, T ∗2 ) = 1
δ

(B(0, T ∗2 )/B(0, T ∗1 )− 1). We define

α(t, T ∗2 , T
∗
1 ) =

δL(t−, T ∗2 )

1 + δL(t−, T ∗2 )
λ1(t, T ∗2 )

β′(x, t, T ∗2 , T
∗
1 ) =

δL(t−, T ∗2 )

1 + δL(t−, T ∗2 )
λ2(x, t, T ∗2 ) + 1, t ∈ [0, T ∗2 ].

Note that the forward rate process FB(., T ∗2 , T
∗
1 ) satisfies under IPT ∗1

dFB(t, T ∗2 , T
∗
1 ) = FB(t−, T ∗2 , T ∗1 )

α(t, T ∗2 , T
∗
1 ) dW

T ∗1
t

+

∫
IR

(β′(x, t, T ∗2 , T
∗
1 )− 1)

(
µL − νT ∗1 ,L

)
(dt, dx)

 ,
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with FB(0, T ∗2 , T
∗
1 ) = B(0, T ∗2 )/B(0, T ∗1 ).

As in the case of T ∗1 α(., T ∗2 , T
∗
1 ) and β′(., ., T ∗2 , T

∗
1 ) define a measure IPT ∗2

on
(Ω,FT ∗2 ) by its density

dIPT ∗2

dIPT ∗1

= E

 .∫
0

α(s, T ∗2 , T
∗
1 ) dW T ∗1

s

+

.∫
0

∫
IR

(β′(x, t, T ∗2 , T
∗
1 )− 1)(µL − νT ∗1 ,L)(dt, dx)


T ∗2

.

Then W T ∗2 := W T ∗1 −
∫ t

0
α(s, T ∗2 , T

∗
1 ) ds is a standard Brownian motion under

IPT ∗1
and νT

∗
2 ,L(dt, dx) := β′(x, t, T ∗2 , T

∗
1 ) νT

∗
1 ,L(dt, dx) is the IPT ∗1

-compensator of
µL. Note that

dIPT ∗2

dIPT ∗1

=
1

FB(0, T ∗2 , T
∗
1 )
FB(T ∗2 , T

∗
2 , T

∗
1 ).

By setting

dIPT ∗j+1

dIPT ∗j

=
1

FB(0, T ∗j+1, T
∗
j )
FB(T ∗j+1, T

∗
j+1, T

∗
j ) (4.26)

we define the measure IPT ∗j+1
on (Ω,FTj+1

) for the remaining dates. The rela-
tionship between the forward measure associated with the date T ∗j+1 and T ∗j in
equation (4.26) does not depend on the specific model for the Libor rates, see
Rutkowski (2001).

The existence and uniqueness of the implied savings account can be shown
by the same arguments as in Musiela and Rutkowski (1997). With a view to
completeness we summarize their argumentation.

In the discrete-tenor setting the savings account is a discrete-time process
(Bt)t=0,δ,...,Mδ. The value Bt can be interpreted as the amount of money accu-
mulated up to time t by rolling over a sequence of a series of zero-coupon bonds
with the shortest maturities available. The bond prices will have to satisfy the
following relationship

FB(t, Tj, Tj+1) =
B(t, Tj)

B(t, Tj+1)
.

Thus

B(Tj, Tj+1) = F−1
B (Tj, Tj, Tj+1). (4.27)
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Hence it makes sense to define

B0 := 1

BTj :=

j∏
k=1

1

B(Tk−1, Tk)
=

j∏
k=1

FB(Tk−1, Tk−1, Tk).

The process (BTj)j=0,...,M is predictable and increasing because

BTj+1
=

j+1∏
k=1

FB(Tk−1, Tk−1, Tk)

= BTjFB(Tj, Tj, Tj+1) = BTj(1 + δL(Tj, Tj+1))

> BTj .

We define the candidate for the spot martingale measure IP∗ ∼ IPT ∗ by

dIP∗

dIPT ∗
= BT ∗B(0, T ∗), (4.28)

and define the time-T` bond price of a zero-coupon bond with maturity Tk, k ≥ `,
as

B(T`, Tk) := IEIP∗

[
BT`

BTk

| FT`
]
.

Then indeed equation (4.27) is satisfied.

B(T`, T`+1) = IEIP∗

[
BT`

BT`+1

| FT`
]

= IEIP∗

[
1

FB(T`, T`, T`+1)
| FT`

]
=

1

FB(T`, T`, T`+1)
,

since FB(T`, T`, T`+1) is FT`-measurable.

4.3.2 Special cases

In the following we will concentrate on the case that λ1 and λ2 are deterministic
functions. There are two important special cases, where we are interested in. If
there exists a constant c > 0 and a function λ on [0, T ], such that λ1 and λ2 are
related through

λ1(t, T ) =
√
cλ(t, T ),

λ2(x, t, T ) = λ(t, T )x,
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then LT+δ
t :=

√
cW T+δ

t +
∫ t

0

∫
IR
x (µL − νT+δ,L)(ds, dx) is a Lévy process under

IPT+δ. In case that λ2 is constant zero, we are in the classical Gaussian setting.
The dynamics of the Libor rate is driven by the Lévy process LT+δ:

dL(t, T ) = L(t−, T )λ(t, T ) dLT+δ
t ,

or equivalently

L(t, T ) = L(0, T ) E

 .∫
0

λ(s, T ) dLT+δ
s


t

.

Note that one has to assume that the jumps of
∫ .

0
λ(s, T ) dLT+δ

s are strictly
larger than −1 to ensure that the Libor rates are positive.

This can be replaced by the following alternative assumption.

(LLR.1) For fixed T ≤ T ∗ − δ the Libor rate has the following representation

L(t, T ) = L(0, T ) exp

 t∫
0

λ(s, T ) dLT+δ
s

 , (4.29)

where λ is a positive deterministic function such that
∫ T

0
λ(s, T )2 ds <

∞. We assume that there exists c ≥ 0, and a continuously differentiable
function b : IR+ → IR such that

LT+δ
t − b(t) =

√
cW T+δ

t +

t∫
0

∫
IR

x (µL − νT+δ,L)(ds, dx) (4.30)

is a Lévy process under IPT+δ. The Lévy measure of LT+δ,L
1 −b(1) is denoted

by νT+δ. Furthermore, we assume that
∫
{|x|>1} exp(ux) νT+δ(dx) < ∞, for

−M ≤ u ≤M , and |λ| ≤M where M is a positive constant.

(LLR.2) Furthermore we assume that the next condition holds

t∫
0

λ(s, T )b′(s) ds = −

 t∫
0

∫
IR

(
eλ(s,T )x − 1− λ(s, T )x

)
νT+δ,L(ds, dx)

+
1

2
c

t∫
0

λ2(s, T ) ds

 . (4.31)
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Condition (LLR.2) gets more restrictive if we want LT+δ to be a IPT+δ-Lévy
process:

b

t∫
0

λ(s, T ) ds = −
t∫

0

∫
IR

(
eλ(s,T )x−1−λ(s, T )x

)
νT+δ,L(ds, dx)− 1

2
c

t∫
0

λ2(s, T ) ds.

Lemma 4.7 Under Assumption (LLR.1) and under the condition given in equa-
tion (4.31) the Libor rate process L(., T ) is a IPT+δ-martingale.

Proof: Let 0 ≤ s ≤ t ≤ T . The process
∫ .

0
λ(u, T ) dLT+δ

u is an adapted pro-
cess with independent increments, see e.g. Jacod and Shiryaev (1987, II.4.15)
combined with Jacod and Shiryaev (1987, IX.5.3) or Kallsen and Shiryaev
(2001, Lemma 2.5). Hence

∫ t
s
λ(u, T ) dLT+δ

u is independent from Fs and hence

exp
(∫ t

s
λ(u, T ) dLT+δ

u

)
is independent from Fs. Then

IEIPT+δ

exp

 t∫
0

λ(u, T ) dLT+δ
u

 | Fs


= exp

 s∫
0

λ(u, T ) dLT+δ
u

 IEIPT+δ

exp

 t∫
s

λ(u, T ) dLT+δ
u

 | Fs


= exp

 s∫
0

λ(u, T ) dLT+δ
u

 IEIPT+δ

exp

 t∫
s

λ(u, T ) dLT+δ
u

 .
Now we have to show that the expectation on the right-hand side equals one.
Due to equation (4.30) this expectation can be written as

IEIPT+δ

 t∫
s

λ(u, T ) dLT+δ
u

 = exp

 t∫
s

λ(u, T )b′(u) du


× IEIPT+δ

 t∫
s

λ(u, T ) dL̃T+δ
u

 ,
[L4.7.a]

where L̃T+δ
u :=

√
c dW T+δ

u +
∫ t

0

∫
IR
x
(
µL − νT+δ,L

)
(du, dx) is a IPT+δ-Lévy process

with drift zero.
The expectation on the right-hand side of equation [L4.7.a] can be calculated

with Lemma 3.1 in Eberlein and Raible (1999) as follows

IEIPT+δ

exp

 t∫
s

λ(u, T ) dL̃T+δ
u

 = exp

 t∫
s

κ̃(λ(u, T )) du

 ,
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where κ̃(.) is the logarithm of the moment generating function of L̃T+δ
1 , i.e. κ̃ is

given by

κ̃(x) =
1

2
cx2 +

∫
IR

(ezx − 1− zx) νT+δ(dx).

By equation (4.31) we get

IEIPT+δ

exp

 t∫
s

λ(u, T ) dL̃T+δ
u

 = exp

− t∫
s

λ(u, T )b′(u) du

 .

Hence the right-hand side of equation [L4.7.a] equals one. �

The following corollary embeds Assumption (LLR.1) in Assumption (LR.1).

Corollary 4.8 The modeling approach

L(t, T ) = L(0, T ) exp

 t∫
0

λ(s, T ) dLT+δ
s


is equivalent to

L(t, T ) = L(0, T ) E

√c .∫
0

λ(s, T ) dW T+δ
s

+

.∫
0

∫
IR

(
eλ(s,T )x − 1

) (
µL − νT+δ,L

)
(ds, dx)


t

. (4.32)

Proof: We have to calculate the exponential transform of X :=
∫ .

0
λ(s, T ) dLT+δ

s .

It is defined by X̃ := L (exp(X)). Since X0 = 0 we have E(X̃) = exp(X), see
Kallsen and Shiryaev (2000, Lemma 2.4). The exponential transform is given by
the following formula, see Kallsen and Shiryaev (2000, Lemma 2.6),

X̃t = Xt +
1

2
〈Xc, Xc〉t +

t∫
0

∫
IR

(ex − 1− x) µX(ds, dx).

1. Calculation of 〈Xc, Xc〉t:

Xc
t =

t∫
0

√
cλ(s, T ) dW T+δ

s =⇒ 〈Xc, Xc〉t = c

t∫
0

λ2(s, T ) ds.
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2. Calculation of
∫ t

0

∫
IR

(ex − 1− x) µX(ds, dx):

By construction the jumps of X are 4Xt = λ(t, T )4LT+δ
t = λ(t, T )4Lt.

Hence

t∫
0

∫
IR

(ex−1−x)µX(ds, dx) =

t∫
0

∫
IR

(
eλ(s,T )x−1−λ(s, T )x

)
µL(ds, dx).

Therefore

X̃t =

t∫
0

λ(s, T ) dLT+δ
s +

1

2
c

t∫
0

λ2(s, T ) ds

+

t∫
0

∫
IR

(
eλ(s,T )x − 1− λ(s, T )x

)
µL(ds, dx)

=

t∫
0

b′(s)λ(s, T ) ds+
√
c

t∫
0

λ(s, T ) dW T+δ
s

+

t∫
0

∫
IR

λ(s, T )x
(
µL − νT+δ,L

)
(ds, dx) +

1

2
c

t∫
0

λ2(s, T ) ds

+

t∫
0

∫
IR

(
eλ(s,T )x − 1− λ(s, T )x

)
νT+δ,L(ds, dx)

+

t∫
0

∫
IR

(
eλ(s,T )x − 1− λ(s, T )x

)
(µL − νT+δ,L)(ds, dx).

And finally, by condition (4.31),

X̃t =
√
c

t∫
0

λ(s, T ) dW T+δ
s +

t∫
0

∫
IR

(
eλ(s,T )x − 1

)
(µL − νT+δ,L)(ds, dx).

�
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4.3.3 Forward measure modeling

In Section 4.3.1 we make no assumption about the bond price system. The
discrete bond price system is constructed from the Libor rate model.

In this section we make the following restriction concerning the form of the
Libor rates

L(t, T ) =
1

δ

exp

 T+δ∫
T

f(t, u) du

− 1

 , (4.33)

where f is the instantaneous forward rate of Section 4.1.1. This section is closely
related to Brace, Gatarek, and Musiela (1997) and Glasserman and Kou (2001)
since it provides the natural generalization to Lévy processes.

The connection between the martingale measure IP∗ and the forward measure
associated with the date T + δ is given by

dIPT+δ

dIP∗
|Ft =

B(t, T + δ)

BtB(0, T + δ)

=
1

B(0, T + δ)
exp

 t∫
0

A(s, T + δ) ds+

t∫
0

S(s, T )> dW ∗
s

+

t∫
0

∫
IRr

D(s, x, T + δ)(µ− ν∗)(dt, dx)


=

1

B(0, T + δ)
exp

 t∫
0

φT+δ(s)> dW ∗
s −

1

2

t∫
0

|φT+δ(s)|2 ds

+

t∫
0

∫
IRr

(Y T+δ(s, x)− 1) (µ− ν∗)(ds, dx)

−
t∫

0

∫
IRr

(Y T+δ(s, x)− 1− lnY T+δ(s, x))µ(ds, dx)

 ,

where

φT+δ(t) = S(t, T + δ), (4.34)

Y T+δ(t, x) = eD(t,x,T+δ) = e−
∫ T+δ
t δ(t,x,u) du. (4.35)
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Under IPT+δ the compensator of µ is given by

νT+δ(dt, dx) = eD(t,x,T+δ)ν∗(dt, dx) = exp

− T+δ∫
t

δ(t, x, u) du

 ν∗(dt, dx),

and the process

W T+δ
t = W ∗

t −
t∫

0

S(s, T + δ) ds

is a standard Brownian motion.
The next theorem states the Libor rate model under the final forward measure

IPTM+1
and generalizes Theorem 3.2 in Glasserman and Kou (2001).

Theorem 4.9 Let γn be a bounded deterministic function, W TM+1 a standard
Brownian motion with respect to IPTM+1

and νTM+1(dt, dx) = λTM+1(t, dx) dt is
the IPTM+1

-compensator of µ. Let Hn : IRr → IR be a deterministic function in
Gloc(µ).

The dynamics of L(., Tn), n = 1, . . . ,M, is assumed to satisfy

dL(t, Tn) = L(t−, Tn)

αn(t) dt+ γn(t)> dW
TM+1

t

+

∫
IRr

Hn(t, x)(µ− νTM+1)(dt, dx)

 . (4.36)

Then this model is arbitrage-free if

αn(t) = −
M∑

k=n+1

δγn(t)>γk(t)L(t−, Tk)
1 + δL(t−, Tk)

+

∫
IRr

Hn(t, x)

(
1−

M∏
k=n+1

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

)
λTM+1(t, dx). (4.37)

Proof: We show the arbitrage-freeness of the model by embedding it in the HJM-
framework by choosing suitable functions σ(t, u) and δ(t, x, u), where we can use
the same formulas as in the proof of Theorem 4.2:

S(t, Tn)− S(t, Tn+1) =

Tn+1∫
Tn

σ(t, u) du :=
δγn(t)L(t−, Tn)

1 + δL(t−, Tn)
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and

D(t, x, Tn)−D(t, x, Tn+1) =

Tn+1∫
Tn

δ(t, x, u) du

:= ln

(
1 + δL(t−, Tn)(1 +Hn(t, x))

1 + δL(t−, Tn)

)
.

The risk-neutral dynamics of L(., Tn) is given by, see equation (4.9),

dL(t, Tn) =
1 + δL(t−, Tn)

δ

(S(t, Tn)− S(t, Tn+1))>(dW ∗
t − S(t, Tn+1) dt)

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1 + eD(t,x,Tn+1) − eD(t,x,Tn)

)
ν∗(dt, dx)

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
(µ− ν∗)(dt, dx)

 .

[Th4.9.a]

First, we consider the integrator of the first expression on the right-hand side

dW ∗
t − S(t, Tn+1) dt = dW ∗

t − S(t, TM+1) dt+ (S(t, TM+1)− S(t, Tn+1)) dt

= dW
TM+1

t −
M∑

k=n+1

δγk(t)L(t−, Tk)
1 + δL(t−, Tk)

dt,

where we have used equation [Th4.2.c], page 101, from the proof of Theorem 4.2.
Hence,

(S(t, Tn)− S(t, Tn+1))>(dW ∗
t − S(t, Tn+1) dt)

=
δ

1 + δL(t−, Tn)
γn(t)>L(t−, Tn)

(
dW

TM+1

t −
M∑

k=n+1

δγk(t)L(t−, Tk)
1 + δL(t−, Tk)

dt

)
.

[Th4.9.b]

Before we consider the terms in equation [Th4.9.a] which are related to the
jumps of L(., Tn) we state the following useful equality.

eD(t,x,Tn+1) − eD(t,x,Tn) =
(
1− eD(t,x,Tn)−D(t,x,Tn+1)

)
eD(t,x,Tn+1)

=
(
1− eD(t,x,Tn)−D(t,x,Tn+1)

)
× eD(t,x,Tn+1)−D(t,x,TM+1)eD(t,x,TM+1).
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Hence,

eD(t,x,Tn+1) − eD(t,x,Tn) =
(
1− eD(t,x,Tn)−D(t,x,Tn+1)

)
eD(t,x,TM+1)

×
M∏

k=n+1

eD(t,x,Tk)−D(t,x,Tk+1)

= −δL(t−, Tn)Hn(t, x)

1 + δL(t−, Tn)
eD(t,x,TM+1)

×
M∏

k=n+1

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)
,

where in the last equation we have used equation [Th4.2.d] from the proof of
Theorem 4.2. By using equation [Th4.2.d] again we get

eD(t,x,Tn+1) − eD(t,x,Tn) +
(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
eD(t,x,TM+1)

=

(
1−

M∏
k=n+1

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

)

× δ

1 + δL(t−, Tn)
L(t−, Tn)Hn(t, x) eD(t,x,TM+1). [Th4.9.c]

Now we consider the expressions in equation [Th4.9.a], that are related to the
jumps of L(., Tn). For the purpose of lucidity we use the notation for integrals
with respect to random measures from Jacod and Shiryaev (1987, II.1.5).

(
eD(.,.,Tn)−D(.,.,Tn+1) − 1 + eD(.,.,Tn+1) − eD(.,.,Tn)

)
∗ ν∗t

+
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
∗ (µ− ν∗)t

=
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1 + eD(.,.,Tn+1) − eD(.,.,Tn)

)
∗ ν∗t

+
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
(eD(.,.,TM+1) − 1) ∗ ν∗t

+
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
∗
(
µ− νTM+1

)
t

=
(
eD(.,.,Tn+1) − eD(.,.,Tn) +

(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
eD(.,.,TM+1)

)
∗ ν∗t

+
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
∗
(
µ− νTM+1

)
t
.
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By using equation [Th4.9.c] and [Th4.2.d] we get

1

δ
(1 + δL(., Tn))

((
eD(.,.,Tn)−D(.,.,Tn+1) − 1 + eD(.,.,Tn+1) − eD(.,.,Tn)

)
∗ ν∗t

+
(
eD(.,.,Tn)−D(.,.,Tn+1) − 1

)
∗ (µ− ν∗)t

)
=

(
L−(., Tn)Hn(., .)

(
1−

M∏
k=n+1

1 + δL−(., Tk)(1 +Hk(., .))

1 + δL−(., Tk)

))
∗ νTM+1

t

+ (L−(., Tn)Hn(., .)) ∗
(
µ− νTM+1

)
t
. [Th4.9.d]

By combining equation [Th4.9.b] and [Th4.9.d] we get equation (4.36) where
the drift coefficient satisfies (4.37). �

The next theorem shows that the market practice of assuming that caps and
floors can be priced such that the Libor rates are driven by a Wiener process can
be pushed further to a model where the Libor rates are driven by Lévy processes
under each forward measure. This means that in our discrete tenor model under
each forward measure IPTn+1 the Libor rate L(., Tn) has the form in Assumption
(LLR.1) on page 121.

We proof a slightly more general version.
Let r ≥ M, In ⊂ {1, . . . ,M}, and let for all n ∈ {1, . . . ,M} Hn ∈ Gloc(µ)

such that Hn(t, 0) = 0 and Hn depends only on the In-coordinates, i.e. let ΠIn :
IRr → IRIn be the projection (xi)i∈{1,...,r} 7→ (xi)i∈In , then for all x, y ∈ IRr with

ΠIn(x) = ΠIn(y) we have Hn(t, x) = Hn(t, y). We define H̃n : [0, T ∗]× IRIn → IR

by setting H̃n(t, x) := Hn(t, z), where z ∈ Π−1
In

(x) is arbitrary. We define the

random jump measure µ̃n on Ω× [0, T ∗]× IRIn by setting µ̃n(ω; [0, t)×A) :=

µ(ω; [0, t) × (A × IR{1,...,r}\In)) and let ν̃Tn+1(dt, dx) = f̃n(t, dx) dt be its IPTn+1-

compensator. Let fn be the continuation of f̃n on IRr which depends only on the
In coordinates and νTn+1(dt, dx) := fn(t, dx) dt.

In the exponential Lévy Libor setting in Assumption (LLR.1) we have In =
{n} and Hn(t, x) = eλ(t,Tn)xn − 1, cf. Corollary 4.8. For practical purposes it is
sufficient to consider the case where the Lévy measure has a Lebesgue density,
i.e. ν̃ Tn+1(dt, dx) = f̃n(x) dx dt. The next proposition generalizes Proposition
3.1 in Glasserman and Kou (2001).

Proposition 4.10 For each n = 1, 2, . . . ,M let γn(.) be a bounded IRd-valued

function. Let Hn, H̃n, µ̃n, ν
Tn+1 , ν̃ Tn+1, fn, f̃n,W

Tn+1 be given as above.
Consider the following model, where for each n ∈ {1, . . . ,M} the dynamics of
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L(., Tn) under its associated forward measure IPTn+1 is given by

dL(t, Tn) = L(t−, Tn)

γn(t)> dW
Tn+1

t +

∫
IRIn

H̃n(t, x)(µ̃n − ν̃ Tn+1)(dt, dx)

 ,

(4.38)

where

ν̃ Tn+1(dt, dx) = f̃n(t, dx) dt.

This model is arbitrage-free if the risk-neutral intensity satisfies for all t ∈
[0, T ∗].

t∫
0

∫
IRr

g(s, x) ν∗(ds, dx)

=

t∫
0

∫
IRr

g(s, x)

 n∏
k=η(s)

1 + δL(s−, Tk)(1 +Hk(s, x))

1 + δL(s−, Tk)

 fn(s, dx) ds, (4.39)

for every integrable g : [0, T ∗] × IRr → IR that depends only on the
⋃
k≤n Ik-

coordinates.

Proof: It is sufficient to proof the statement for purely discontinuous L(., Tn).
If the Gaussian parts are nonzero they can be handled in exactly the same way
as in the classical setting of Brace, Gatarek, and Musiela (1997) or Musiela and
Rutkowski (1997).

We follow the same strategy as in the proofs of Theorem 4.2 and Theorem
4.9. Again we set D(t, x, Tn)−D(t, x, Tn+1) as in equation [Th4.2.b]:

D(t, x, Tn)−D(t, x, Tn+1) =

Tn+1∫
Tn

δ(t, x, u) du

:= ln

(
1 + δL(t−, Tn)(1 +Hn(t, x))

1 + δL(t−, Tn)

)
.

Note that D(t, x, Tn) − D(t, x, Tn+1) depends only on the In-coordinates, since
Hn depends only on the In-coordinates and that D(t, x, Tn+1) depends on the⋃
k≤n Ik-coordinates, see [Th4.2.e].

Let us now consider the terms related to the jumps of the risk-neutral dy-
namics of L(., Tn), see equation [Th4.9.a].
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1 + δL(t−, Tn)

δ

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
(µ− ν∗) (dt, dx)

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1 + eD(t,x,Tn+1) − eD(t,x,Tn)

)
ν∗(dt, dx)


=

1 + δL(t−, Tn)

δ

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1

)
(µ− ν∗n) (dt, dx)

+

∫
IRr

(
eD(t,x,Tn)−D(t,x,Tn+1) − 1 + eD(t,x,Tn+1) − eD(t,x,Tn)

)

×

 n∏
k=η(t)

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

 fn(t, dx) dt

 .

Now we use equations [Th4.2.d] and [Th4.2.i]. Hence the above sum can be
written as

1 + δL(t−, Tn)

δ

 ∫
IRr

(
δ

1 + δL(t−, Tn)
L(t−, Tn)Hn(t, x)

)
(µ− ν∗n) (dt, dx)

+

∫
IRr

δL(t−, Tn)Hn(t, x)

1 + δL(t−, Tn)

1−
n∏

k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(t, x))


×

 n∏
k=η(t)

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

 fn(t, dx) dt


=

∫
IRr

L(t−, Tn)Hn(t, x)
(
µ− νTn+1

)
(dt, dx)

+

∫
IRr

L(t−, Tn)Hn(t, x) (fn(t, dx) dt− ν∗n(dt, dx))

+

∫
IRr

L(t−, Tn)Hn(t, x)

1−
n∏

k=η(t)

1 + δL(t−, Tk)
1 + δL(t−, Tk)(1 +Hk(t, x))


×

 n∏
k=η(t)

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

 fn(t, dx) dt


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=

∫
IRr

L(t−, Tn)Hn(t, x)
(
µ− νTn+1

)
(dt, dx)

+

∫
IRr

L(t−, Tn)Hn(t, x)

1−
n∏

k=η(t)

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)

 fn(t, dx) dt

+

∫
IRr

L(t−, Tn)Hn(t, x)

 n∏
k=η(t)

1 + δL(t−, Tk)(1 +Hk(t, x))

1 + δL(t−, Tk)
− 1

 fn(t, dx) dt

=

∫
IRIn

L(t−, Tn)H̃n(t, x)
(
µ̃n − ν̃ Tn+1

)
(dt, dx).

�

4.3.4 Examples for the volatility structure

In Brigo and Mercurio (2001, Section 6.3.1 and Chapter 7) one can find a list of
different specifications of the volatility structure as well as some aspects of the
calibration in the Gaussian setting. The different types of volatility structures
can be applied in our setting, too.

We define an auxiliary function h : [0, T ∗]→ IN0 by

h(t) := k1l(Tk−1,Tk].

The simplest example for λ is the constant volatility structure

λ(t, Tk) = sk,

where each sk, k ∈ 1, . . . ,M − 1 is a positive constant. The number of parameters
can be reduced if we assume that λ depends only on the time to maturity. In
this case we have

λ(t, Tk) = ηk−h(t).

This can be also generalized to a more complex but still piecewise constant
volatility structures:

λ(t, Tk) = skηh(t)+1

or

λ(t, Tk) = skηk−h(t).
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Brigo and Mercurio (2001) propose also two different types of parametric
forms for λ. For a, b, c, d > 0 the first one is given by

λ(t, Tk; a, b, c, d) = (a(Tk − t) + d)e−b(Tk−t) + c,

or more general

λ(t, Tk; Φk, a, b, c, d) = Φk

(
(a(Tk − t) + d)e−b(Tk−t) + c

)
, Φk, a, b, c, d > 0.

Note that in case we have a = 0, c = σ̂
b
, d = σ̂

b
, for some σ̂ > 0, we get the

Vasiček volatility structure, which is known as a volatility structure of instan-
taneous forward rates. But note that it is not suitable in our case, because the
Vasiček volatility structure guarantees that the asset which is considered has a
prespecified value at maturity, namely 1 in case of a zero-coupon bond. However
it would not make any sense to postulate that the volatility λ(t, T ) of the Libor
rate tends to zero for t→ T .

Figure 4.1 shows the typical shape of the parametric volatility structure.
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Figure 4.1: Example for the parametric volatility structure, a = 0.03, b = 0.2, c =
0.111, d = 0.06.

4.4 Pricing of caps and floors

An interest rate cap is a contract where the buyer of the cap places a maximum
value, i.e. a strike rate, on the Libor rate index. He has to pay a premium to
the seller of the cap. The premium will have to depend on the tenor structure
0 < T0 < T1 < . . . < Tn, the strike rate K, the day-count convention, and
the notional amount N . Similar to swaps an interest rate cap can be settled in
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advance or in arrears. The time-Tj payoff of a forward cap which starts at time
T0 and is settled in arrears at dates Tj is

Nδ(L(Tj−1, Tj−1)−K)+.

The counterpart to interest rate caps are interest rate floors in the same sense
as a call option is the counterpart of a put option. The payment of an interest
rate floor settled in arrears at time Tj is

Nδ(K− L(Tj−1, Tj−1))+.

Without loss of generality we may assume that the notional amount N is one.
The value at time t ≤ T0 is then given by

FCt =
n∑
j=1

IEIP∗
[
Bt/BTjδ(L(Tj−1, Tj−1)−K)+ | Ft

]
.

The conditional expectation with respect to the measure IP∗ can be trans-
formed to the conditional expectation with respect to the forward measure IPTj

by using the abstract Bayes rule, see e.g. Musiela and Rutkowski (1998, Lemma
A.0.4). The density of IP∗ with respect to IPTj is given by, see equation (4.17),
page 105,

dIP∗

dIPTj

= BTjB(0, Tj) and
dIP∗

dIPTj

|Ft =
BtB(0, Tj)

B(t, Tj)
.

Hence

FCt =
n∑
j=1

B(t, Tj) IEIPTj

[
Bt/BTjδ(L(Tj−1, Tj−1)−K)+BTjB(0, Tj) | Ft

]
BtB(0, Tj)

=
n∑
j=1

B(t, Tj) IEIPTj

[
δ(L(Tj−1, Tj−1)−K)+ | Ft

]
.

Remark: Each forward cap (floor) is a strip of caplets (floorlets). The j-th caplet
with strike K and nominal value 1 is equivalent to a put option with maturity
Tj−1 and nominal value δ̃ := 1 + Kδ on the bond with maturity Tj. The j-th
caplet has positive value on the set {L(Tj−1, Tj−1)−K > 0}. This is the same
set where the put option described above is exercised, because

L(Tj−1, Tj−1)−K > 0 ⇐⇒ 1 + L(Tj−1, Tj−1)δ =
1

B(Tj−1, Tj)
> δ̃ = 1 + Kδ

⇐⇒ B(Tj−1, Tj) <
1

δ̃
.
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In case that the payoff of the caplet discounted to the time Tj is positive it equals
the payoff of the put option described above, since

B(Tj−1, Tj)δ(L(Tj−1, Tj−1)−K) = 1− δ̃B(Tj−1, Tj) = δ̃

(
1

δ̃
−B(Tj−1, Tj)

)
.

In the remaining part of this section we show how caplets can be priced by
using bilateral Laplace transforms, where we generalize slightly the approach in
Raible (2000, Chapter 3). In view to applications using generalized hyperbolic
Lévy processes, we concentrate on the purely discontinuous case. We assume that
under the forward measure associated with the date Tj we have the dynamics as
given in Proposition 4.10, i.e.

dL(t, Tj−1) = L(t−, Tj−1)

∫
IR

(
eλ(t,Tj−1)x − 1

) (
µL − νTj ,L

)
(dt, dx),

where λ and νTj ,L satisfy the conditions given in (LLR.1) and (LLR.2).
From equation (4.29) we obtain

L(Tj−1, Tj−1) = L(0, Tj−1) exp

 Tj−1∫
0

λ(s, Tj−1) dLTjs


= L(0, Tj−1) exp

 Tj−1∫
0

b′j(s)λ(s, Tj−1) ds

+

Tj−1∫
0

∫
IR

(xλ(s, Tj−1))
(
µL − νTj ,L

)
(ds, dx)

 .

We define

Xt :=

t∫
0

λ(s, Tj−1) dLTjs ,

so that

XTj−1
= ln

(
L(Tj−1, Tj−1)

L(0, Tj−1)

)

=

Tj−1∫
0

b′j(s)λ(s, Tj−1) ds+

Tj−1∫
0

∫
IR

xλ(s, Tj−1)
(
µL − νTj ,L

)
(ds, dx).
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As a consequence of Lemma 3.1 in Eberlein and Raible (1999) we get the
following form of the characteristic function χ of XTj−1

χ(u) := IEIPTj

[
eiuXTj−1

]
= exp

iu Tj−1∫
0

b′j(s)λ(s, Tj−1) ds

+

Tj−1∫
0

∫
IR

(
eiuλ(s,Tj−1)x − 1− iuλ(s, Tj−1)x

)
νTj ,L(ds, dx)

 .

Equation (4.31) in Assumption (LLR.2) simplifies in the purely discontinuous
case to

t∫
0

b′(s)λ(s, T ) ds = −
t∫

0

∫
IR

(
eλ(s,T )x − 1− λ(s, T )x

)
νT+δ,L(ds, dx).

Thus, the characteristic function of XTj−1
is given by

χ(u) = exp

−iu Tj−1∫
0

∫
IR

(
eλ(s,Tj−1)x − 1− λ(s, Tj−1)x

)
νTj ,L(ds, dx)

+

Tj−1∫
0

∫
IR

(
eiuλ(s,Tj−1)x − 1− iuλ(s, Tj−1)x

)
νTj ,L(ds, dx)


(4.40)

= exp

 Tj−1∫
0

∫
IR

(
eiuλ(s,Tj−1)x − iu eλ(s,Tj−1)x − (1− iu)

)
νTj ,L(ds, dx)

 .

(4.41)

According to our model

(L(t, Tj−1))t∈[0,Tj−1] = (L(0, Tj−1) exp (Xt))t∈[0,Tj−1]

is a martingale with respect to the forward measure associated with the date Tj.
Hence the moment generating function of XTj−1

mgf(u) := IEIPTj

[
euXTj−1

]
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exists at least for u ∈ [0, 1] and we have

mgf(1) = IEIPTj

[
eXTj−1

]
= IEIPTj

[
L(Tj−1, Tj−1)

L(0, Tj−1)

]
= 1.

We make the following technical assumptions, cf. Raible (2000, Section 3.1
and 3.2). We assume that

∫∞
−∞ |χ(u)| du < ∞, so that the distribution of XTj−1

has a Lebesgue density, i.e. there exists a Lebesgue-measurable function ρ such
that

dIP
XTj−1

Tj

dLeb
= ρ, Leb-a.s.

We assume that the extended characteristic function χ(z) := IEIPTj−1

[
eizXTj−1

]
is defined for all z ∈ IR− i[0, 1] ⊂ C with χ(−i) = 1.

We define w(x,K) := (x − K)+ so that the payoff of the j-th caplet
is w(L(Tj−1, Tj−1),K). The price of the j-th caplet at time 0 is given by
IEIPTj−1

[
w(XTj−1

,K)
]
. We introduce the modified payoff v by v(x,K) :=

w(e−x,K).
Note that for R < −1 the function x 7→ e−Rxv(x,K) is bounded since

0 ≤ e−Rx (e−x −K)
+

=
(
e(|R|−1)x − e|R|x

)+ ≤ 1

|R|

(
|R| − 1

K|R|

)|R|−1

.

The function x 7→ e−Rxv(x,K) is strictly greater than zero if and only if
x < − ln(K). Hence x 7→ e−Rxv(x,K) is integrable:

∞∫
−∞

e−Rx (e−x −K)
+

dx =

− ln(K)∫
−∞

(
e(|R|−1)x −Ke|R|x

)
dx

=

[
1

|R| − 1
e(|R|−1)x − K

|R|
e|R|x

]− ln(K)

−∞

=
1

|R| − 1

(
1

K

)|R|−1

− K

|R|

(
1

K

)|R|
=

K1−|R|

|R|2 − |R|
<∞.

Theorem 4.11 Let ζj := − ln(L(0, Tj−1)). Then L(Tj−1, Tj−1) = e−ζj+XTj−1 .
Assume that mgf(−R) < ∞. Let Vj(ζj,K) be the time-0 price of the j-th caplet
and let L[v] be the bilateral Laplace transform of v, i.e.

L[v](z) =

∞∫
−∞

e−zxv(x) dx, z = R + iu ∈ C, u ∈ IR.
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Then

Vj(ζj,K) = B(0, Tj)
eζjR

2π
lim
M→∞

M∫
−M

eiuζj L[v](R + iu)χ(iR− u) du (4.42)

whenever the right-hand side exists.

Proof: The price of the j-th caplet at time-0 can be written in the following way

Vj(ζj,K) = B(0, Tj)IEIPTj
[w(L(Tj−1, Tj−1),K)]

= B(0, Tj)IEIPTj

[
w(e−ζj+XTj−1 ,K)

]
= B(0, Tj)IEIPTj

[
v(ζj −XTj−1

,K)
]

= B(0, Tj)

∫
IR

v(ζj −XTj−1
,K) IP

XTj−1

Tj
(dx)

= B(0, Tj)

∫
IR

v(ζj − x,Ki)ρ(x) dx

= B(0, Tj) (v ∗ ρ) (ζj,K).

Thus,

L[Vj](R + iu) = B(0, Tj) L[v](R + iu) L[ρ](R + iu) for u ∈ IR. [Th4.11.a]

The integral that defines the bilateral Laplace transform L[Vj](z) converges
absolutely and ζ 7→ Vj(ζ,K) is a continuous function by Theorem B.2 in Raible
(2000). Hence the payoff Vj can be obtained by inverting the Laplace transform,
see Raible (2000, Theorem B.3).

Vj(ζj,K) =
1

2πi

R+i∞∫
R−i∞

eζjz L[Vj](z) dz

=
1

2π

∞∫
−∞

eζj(R+iu) L[Vj](R + iu) du

=
eζjR

2π
lim
M→∞

M∫
−M

eiuζj L[Vj](R + iu) du.

138



By equation [Th4.11.a] we get

Vj(ζj,K) = B(0, Tj)
eζjR

2π
lim
M→∞

M∫
−M

eiuζj L[v](R + iu)χ(iR− u) du.

�

It is sufficient to consider the case there the strike price equals one because
of Lemma 3.3 in Raible (2000),

Vj(ζj,K) = KVj(ζj + ln K, 1).

The bilateral Laplace transform L[v] for K = 1 is given by L[v](z) = (z(z + 1))−1.
Equation [Th4.11.a] remains true for more complicated payoff functions as long
as the payoff depends only on XTj−1

. Examples are given in Raible (2000, Table
3.1).

The characteristic function in (4.41) can be determined more precisely. Re-
member that νTj ,L(dt, dx) = νTj(dx) dt. Let

φ(u) := exp

∫
IR

(eiux − 1− iux) νTj(dx)


be the characteristic function of L1. Then it follows from equation (4.41)

χ(u) = exp

 Tj−1∫
0

(−iu lnφ (−iλ(s, Tj−1)) + lnφ(uλ(s, Tj−1))) ds

 .

Let L be a generalized hyperbolic Lévy motion. Thus the distribution of
L1 is generalized hyperbolic with parameters λ, α, β, δ, µ and the characteristic
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function of L1 is given by equation (1.14), page 13. Hence,

χ(u) = exp

Tj−1(1− iu) ln

 (α2 − β2)λ/2

Kλ

(
δ
√
α2 − β2

)


+

Tj−1∫
0

(
iu
λ

2
ln
(
α2 − (β + λ(s, Tj−1))2

)

− λ

2
ln
(
α2 − (β + iuλ(s, Tj−1))2

)

+ ln

(
Kλ

(
δ
√
α2 − (β + iuλ(s, Tj−1))2

))

−iu ln

(
Kλ

(
δ
√
α2 − (β + λ(s, Tj−1))2

)))
ds

 .

In case that L is a normal inverse Gaussian process, i.e. λ = −1
2
, the charac-

teristic function χ simplifies to

χ(u) = exp

Tj−1(1− iu)δ
√
α2 − β2

+

Tj−1∫
0

δ

(
iu
√
α2 − (β + λ(s, Tj−1))2 −

√
α2 − (β + iuλ(s, Tj−1))2

)
ds

 .

Hence, equation (4.42) can be calculated numerically in an efficient way. Fu-
ture research will deal with the fitting of the model to real-life data sets as well
as the pricing of swaptions. Another topic of future research is the modeling
of defaultable Libor rates, see Lotz and Schlögl (2000), Schönbucher (2000b),
and Bielecki and Rutkowski (2002). In analogy to equation (4.8), page 95, the
defaultable δ-(forward)-Libor rates are defined by

Ld(t, T ) :=
1

δ

(
DC(t, T )

DC(t, T + δ)
− 1

)
,

where DC(t, T ) denotes the time-t price of the defaultable bond with maturity T
which can be modeled according to Chapter 3.
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Appendix A

Construction of the Conditional
Markov Process

The construction that we present in this appendix is a slight modification of the
construction in Bielecki and Rutkowski (1999).

The general starting point is a probability space

(Ω,F , IP, IF) = (Ω,F , IP, (Ft)t≥0)

where the filtration (Ft)t≥0 satisfies the usual conditions. This probability space
corresponds to the probability space (Ω,F ,P∗, (Ft)0≤t≤T ∗) in Section 3.2.1. The
aim is to enlarge this probability space so that a further process, i.e. a conditional
Markov process that describes the credit ratings is measurable as well.

For i, j ∈ K = {1, . . . , K} , i 6= j, let λi,j : IR+ × Ω → [0,∞)
be (Ft)t≥0−adapted Lebesgue-integrable functions and for i ∈ K, λi,i :=
−

∑
j∈K\{i}

λi,j.

Furthermore, we have a Hilbert cube, given by

(ΩU ,FU , IPU) =

(
[0, 1]IN,

⊗
i≥1

B([0, 1]),
⊗
i≥1

(Leb|[0,1])

)
,

where Leb denotes the Lebesgue measure on (IR,B(IR)). The elements ωU ∈ ΩU

are assumed to have the following form ωU =
(
ωU1,1, ω

U
2,1, ω

U
1,2, ω

U
2,2, ω

U
1,3, . . .

)
. For

i ∈ {1, 2} and j ∈ IN we define the projection Ui,j : Ω→ [0, 1] by Ui,j(ω
U) = ωUi,j.

Thus, the projections Ui,j are uniformly distributed on [0, 1]. This probability
space, together with some auxiliary functions which will be introduced below,
controls the law of jumping times and the law of the jumps.

Moreover we define (
Ω, 2Ω, µ

)
=
(
K, 2K, µ

)
,

141



where 2Ω denotes the set of all subsets of Ω, and µ is a probability measure on
Ω = K.

The set Ω is the state space of the Markov process and µ is the starting
distribution. In the credit risk framework µ is a one-point measure on the rating
class that can be observed at time 0.

The product space is given by

(Ω̃, F̃ , ĨP) =

(
Ω× ΩU × Ω,F ⊗ FU ⊗ 2Ω, IP⊗ IPU ⊗ µ

)
.

We define the functions T : IR+ × Ω× [0, 1]× Ω→ IR+ by

T(t, ω, u, ω) = inf

s ≥ 0 : exp

 t+s∫
t

λω,ω(v, w) dv

 ≤ u

 .

and let C : IR+ × Ω× [0, 1]× Ω→ IR+ be a random function with the following
property

Leb|[0,1] ({u ∈ [0, 1] : C(t, ω, u, ω) = j}) =

{
λω,j(t,ω)

−λω,ω(t,ω)
, if λω,ω(t, ω) < 0

0, otherwise.

Next, to simplify the notation in Bielecki and Rutkowski (1999) we define the

auxiliary functions Tk : IR+ × Ω̃→ IR+ and Ck : IR+ × Ω̃→ Ω, k ∈ IN, by

Tk(t, ω, ω
U , ω) = T

(
t, ω, U1,k

(
ωU
)
, ω
)

and
Ck

(
t, ω, ωU , ω

)
= Ck

(
t, ω, U2,k

(
ωU
)
, ω
)
,

respectively. The functions Tk and Ck will control the waiting time between the
(k−1)-th and the k-th jump, denoted by ηk, and the state, C̃k, of the conditional
Markov process after the k-th jump, respectively.

We will define the sequence of waiting times, ηk, k = 0, 1, 2, . . ., the jumping
times, τk, k = 0, 1, 2, . . ., and the state after the k-th jump recursively. We start
with t = 0 and define

η0 : Ω̃→ IR, η0(ω, ωU , ω) = 0, τ0 = η0, and C̃0

(
ω, ωU , ω

)
= ω.

The waiting time to the first jump is η1 : Ω̃→ IR+:

η1

(
ω, ωU , ω

)
= T1

(
τ0

(
ω, ωU , ω

)
, ω, ωU , C̃0(ω, ωU , ω)

)
= T

(
0, ω, U1,1(ωU), ω

)
.
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The jumping time of the first jump is τ1 := τ0 + η1 and the state at τ1 is a
random variable given by C̃1 : Ω̃→ Ω,

C̃1(ω, ωU , ω) = C1

(
η1(ω, ωU , ω), ω, ωU , C̃0(ω, ωU , ω)

)
= C(η1(ω, ωU , ω), ω, U2,1(ωU), ω).

The waiting time between the (k− 1)-th and the k-th jump, ηk : Ω̃→ IR+, is
recursively defined by

ηk(ω, ω
U , ω) = Tk

(
τk−1(ω, ωU , ω), ω, ωU , C̃k−1(ω, ωU , ω)

)
= T

(
τk−1(ω, ωU , ω), ω, U1,k(ω

U), C̃k−1(ω, ωU , ω)
)
.

The k-th jump happens at τk := τk−1 + ηk. Then, the state C̃k : Ω̃→ Ω is

C̃k(ω, ω
U , ω) = Ck

(
ηk(ω, ω

U , ω), ω, ωU , C̃k−1(ω, ωU , ω)
)

= C
(
ηk(ω, ω

U , ω), ω, U2,k(ω
U), C̃k−1(ω, ωU , ω)

)
.

The conditional Markov process that we are interested in is C = (C1, C2) and
it is given by

C1
t = C̃k−1, for t ∈ [τk−1, τk), k ≥ 1,

C2
t =

C̃k−1, for t ∈ [τk, τk+1), k ≥ 2,

C̃0, for t ∈ [0, τ2).

C1
t is the current rating at time t, while C2

t , t ≥ τ2, is the previous rating,
which has an effect on the recovery rate in the default case.

Properties of ηk and C̃k

The following equations hold for every k ≥ 1

ĨP(ηk = 0) = 0,

ĨP(λC̃k,C̃k(τk+1) < 0) = 1.

For further properties we need first some notation. If (X,X ) and (Y,Y) are
two measurable spaces and X1 is a sub-σ-algebra of X and Z is a sub-σ-algebra
of X ⊗ Y , then we define

X1 ∨ Z := σ ((X1 ⊗ {∅, Y }) ∪ Z) .
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Let Hk
t := σ

(
1l{τk≤s} : 0 ≤ s ≤ t

)
and Gkt := Ft ∨ Hk

t ∨ σ(C̃k−1). Then it can
be shown that, see Bielecki and Rutkowski (1999),

ĨP
(
ηk+1 > t | Fτk+t ∨Hk

τk
∨ σ

(
C̃k

))
= exp

 τk+t∫
τk

λC̃k,C̃k(v) dv

 ,

ĨP(ηk+1 > t) = IE
ĨP

exp

 τk+t∫
τk

λC̃k,C̃k(v) dv

 ,
ĨP
(
C̃k+1 = j | Gk+1

τk+1

)
=

λC̃k,j(τk+1)

−λC̃k,C̃k(τk+1)
.

The enlarged probability space that we are interested in is the given filtered
probability space (Ω,F ,P∗, (Ft)0≤t≤T ∗) enlarged by the information given by
credit ratings. The enlarged probability space is(

Ω̃,G,Q∗, (Gt)0≤t≤T ∗
)

=
(

Ω× ΩU × Ω,F ⊗ FU ⊗ 2K, ĨP,
(
Ft ∨ FCt

)
0≤t≤T ∗

)
,

where FCt := σ (Cs : 0 ≤ s ≤ t). We denote the first time of a change in the credit
rating at or after t ≥ 0 by τ(t) := inf {s ≥ t : Cs 6= Cs−}. Then the conditional
Markov property of C with respect to the filtration holds, i.e.

Q∗(Cτ(t) = (j, i) | Gt) = Q∗
(
Cτ(t) = (j, i) | Ft ∨ FCt

)
= Q∗

(
Cτ(t) = (j, i) | Ft ∨ σ (Ct)

)
.

It is worth noting that the conditions needed for the enlargement of the fil-
tered probability space, i.e. the usual conditions, hold as well in the Bielecki
and Rutkowski (1999) Gaussian HJM framework, as well as in the Lévy HJM
framework.
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Raible, S. (2000). Lévy processes in finance: theory, numerics, and empirical
facts. Ph. D. thesis, University of Freiburg.

151



Ramaswamy, K. and S. M. Sundaresan (1986). The valuation of floating-rate
instruments. Journal of Financial Economics 17, 251 – 272.

Revuz, D. and M. Yor (1999). Continuous Martingales and Brownian Motion
(3. ed.). Springer.

Rogers, L. C. G. and D. Williams (1994). Diffusions, Markov Processes, and
Martingales. Volume One: Foundations. Wiley.

Ronn, E. L. and A. K. Verma (1986). Pricing risk-adjusted deposit insurance:
An option-based model. Journal of Finance 41, 871 – 895.

Rutkowski, M. (2001). Modelling of forward libor and swap rates. In E. Jouini,
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ture Notes No. 7, University of Aarhus. http://www.maphysto.dk/.
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