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1 Introduction

The n-invariant was introduced by Atiyah, Patodi and Singer [APS75al as a correction
term from the boundary in their generalization of the Atiyah-Singer-Index theorem to
manifolds with boundary. It is a spectral invariant of the Dirac operator on the boundary
or more generally for any Dirac operator D on an odd-dimensional manifold. It is defined
to be the value at s = 0 of the meromorphic continuation of

o0

n(D;s) = ) _sign(N) A" = =y / 7 tr (De P*) dt,
2 e (D)

A£0 s

where the summation is taken over all eigenvalues A of D. Thus formally

n(D) =n(D,0) = #{|A| > 0} — #{|A] <0}

measures the asymmetry of the spectrum spec D. One can define n-invariants for a larger
class of operators than Dirac operators, namely for any elliptic self-adjoint pseudo-
differential operator of positive order. In the present article we will focus on Dirac
operators though. These operators are by definition directly coupled to the geometry
which makes them easier to study. On the other hand they still give a very large class
of examples and are important for many applications.

Since then many more applications of the n-invariant besides its boundary contribution
in the index theorem have been discovered. Many differentialtopological invariants, as
for example the p-invariant [APS75b] or the Eells-Kuiper-invariant [EK62], are defined
or in certain cases can be calculated with the help of n-invariants. A very nice survey
about these applications can be found in [Goel2, Section 4]. Goette [Goeld] also used
an adiabatic limit formula for n-invariants to compute Eells-Kuiper invariants for certain
seven-dimensional manifolds which possibly allow positive sectional curvature metrics.
Recently Tang and Zhang [TZ14] gave an application into another direction. They com-
puted n-invariants to obtain a result on closed geodesics of the Eells-Kuiper quaternionic
projective plane.

For an arbitrary Riemannian manifold M and Dirac operator D it is very hard to com-
pute the n-invariant since one needs knowledge about the whole spectrum of D. As
already pointed out in the introduction of [APS75a] specific examples show that it can-
not be written down in terms of local curvature expressions, since it does not behave
multiplicatively with respect to finite coverings. Therefore the n-invariant is indeed a
global metric invariant, it has just been calculated in few examples and one would like
to have formulas which simplify the calculation.

Bismut and Cheeger [BC89] proved, that for the total space M of a Riemannian fibre
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bundle X < M 5 B of compact spin manifolds the adiabatic limit of the n-invariant at
least partially localizes if the fibrewise Dirac operators Dx are invertible. Dai [Dai91]
generalized their result to the case of constant kernel dimension of Dx. Passing to
the adiabatic limit means that we scale the product metric along the base directions
ge = gx D 6%77* gp and consider the limiting behaviour as ¢ — 0. Therefore the metric
along the base directions is blown up whereas the metric along the fibre directions is
fixed. Note that for the n-invariant we could equivalently fix the metric along the base
and shrink the fibres, since it is invariant under scaling of the metric of the total space
M. For convenience we state the theorem of Bismut, Cheeger and Dai for dim X odd
and dim B even, the other case is up to some small technical details analogous.

1.0.1 Theorem ([BC89, Theorem 4.35],[Dai91l, Theorem 0.1]). If ker Dx — B forms a
smooth vector bundle and there exists an €9 > 0 such that dimker Dy is constant for
all e € (0,e9), the adiabatic limit of the n-invariant can be computed by

dimker Dp

hmn(DME —Z/A (TB)7+n(Dp) + Z sign (A, (¢)),
v=1

where A\, (e) denote the finitely many eigenvalues of Dyr. which decay at least quadrati-
cally and Dp denotes the twisted Spin-Dirac operator on X B®ker Dx — B. The 7j-form

for the Bismut superconnection Ay = /tDx + V™V — Z(—jz) is defined to be

i = Z 2mi)” \f/ <d L A2> dt| € Q(B)

24]

and its exterior differential makes the cohomological index exact

dij = / A(TX)ch(V/EX).
M/B

The 7-form is actually a generalization of the n-invariant of the fibres. In degree 0 it is
the smooth function 7jjp: B — R, b+ n((Dx),), where (Dx), is the Dirac operator on
the fibre M. The 7-form also plays the role of the correction term of the boundaries
in the family index theorem for manifolds with boundary, which was proven by Bismut
and Cheeger [BC90).

Both proofs of the adiabatic limit theorem above rely on a good knowledge of the be-
haviour of the eigenvalues A(¢) of Dyse as € — 0. The first term 2 [, A(TB)7) comes
from the bounded eigenvalues, the second term 7 (Dp) from the eigenvalues that decay
at least linearly in € and as already explained, the last term comes from the finitely
many that decay at least as €2. Dai proved that if dimker Dy = const these are the
only possible behaviours of eigenvalues of Dy .

The behaviour of eigenvalues of certain geometric operators in the adiabatic limit is also
a topic of interest in mathematical physics. For example very recently in [HLT15], Haag,



Lampart and Teufel considered so-called generalized quantum waveguides, where quan-
tum waveguides are e-tubular neighbourhoods of curves in R3. They investigated the
spectral properties of the Dirichlet Laplacian and even computed explicitly the adiabatic
operator to all significant orders.

However, if the fibres X are odd-dimensional, the assumption that the kernels of the
fibrewise Dirac operators have constant dimension is very restrictive. There are topo-
logical obstructions to this. For odd-dimensional fibres the family of fibrewise Dirac
operators defines an element in the K-group K~1(B) and if this cohomology class is not
trivial, the dimension does indeed vary. So the obvious question to ask would be ,,Does
there exist a formula for lim._,on(Djs.) if the kernel dimension of Dy might vary?«.
But before one can answer this question there are mainly two questions for which one
needs to find an answer first:

dt
n € Q%(B) as T — oo, if the kernel dimension of Dx varies, since already the
n-invariant 1(Dx) = 7o) has integer jumps at points where eigenvalues cross 0.
But does the limit exist in a weaker sense? Does 7 exist at least as a current in
(Q(B))™?

e We know that fOT trev (d;Ate_Aa dt cannot converge to a smooth differential form

e Which eigenvalue behaviour as € — 0 can occur and which operators model these
small eigenvalues? So in particular what n-invariants of which operators do we see
in the large time contribution, 0 < o < 1

[e.o]

1 —tD2 dt
_ tr (D e M,s) _
NG / e Vi

€

a—2
to n(Dare) as e — 07

These are the problems we are concerned with in this thesis and we will solve them in
Chapter [3] and Chapter [ in a special case. Considering the most general case without
any further assumptions on ker Dx seems impossible to handle since the eigenvalues
of Dx can behave very wildly. We will still consider a case where we have a good
control on how they vanish. So we will focus on the next interesting case after constant
kernel dimension in which locally one eigenvalue of multiplicity one of Dx crosses 0
transversally:

1.0.2 Assumption. We assume that we can find a covering {U; }1<;<j, for B such that on
each U; either (Dx), is invertible or we have a smooth function f;: U; — (=K, K) which
has 0 as a regular value, such that for all b € U;, spec (Dx),N(—K — §, K +0) = {fi(b)}
and f;(b) is of multiplicity 1.

One should note that our assumption excludes two rather prominent examples of Dirac
operators. The first one is the signature operator. Its kernel is given by the deRham-
cohomology H3y (Mp) of the fibres M, = X, b € B and hence the dimension cannot
vary. The second one is the Dolbeault operator. Its kernel is given by the Dolbeault
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cohomology H*® (M, O (W,)) of the fibres and the dimension can indeed vary. Yet a
corollary of the proper base change theorem implies that the dimension can just increase
on complex subvarieties which cannot have real codimension one as in our assumption.
We will see an example satisfying the assumption in Section [3.1

1.0.3 Assumption. Furthermore we assume that the metric gg on B is such that if
we consider a tubular neighbourhood of the hypersurface By = U; fi_1 ({0}), exp: By x
(—a,a) — N, the functions f; describing the small eigenvalue of Dx are given by

fi(exp (z,9)) = v

This assumption will not be a restriction in Chapter where we just consider the
fibrewise situation and where we are allowed to change a chosen metric on the base. On
the other hand in Chapter [4] where we consider the Dirac operator on the total space,
this is of course a restriction. However if one wants to calculate n-invariants there is a
formula connecting n-invariants of different metrics. Let D9 aDzl\/[ be Dirac operators
associated to metrics g3, and g},. Then a corollary of the Atiyah-Patodi-Singer index
theorem and [APS76, Theorem 7.4] proves

(n (D) + 1 (D)) = (0 (Diy) + 1 (Diy))

= of ((DJSM)SE[OJ}) + / (/1 (TM, VTM,O,VTM,l) ch (E/Z’VE,O)
M
—A (1M, VMY ch (B3, VP, 9P ),

where h denotes the dimension of the kernel of the inserted operator, sf ((wa)se[o 1})

denotes the spectral flow and A and ch denote the transgression forms of Chern-Weil
theory.

Outline of the dissertation

In Chapter [2| we will give the basic definitions and preliminaries to understand the later
chapters and set notation. We will introduce families of manifolds and associated curva-
ture tensors as well as the Dirac operators we need and the notion of adiabatic limits. We
will also explain in more detail why we are interested in varying kernel dimension of Dx.

Chapter [3|is concerned with the fibrewise situation. Before considering the question of
existence of the 7-form we will investigate the behaviour of trodd (exp (—A%)) as t — oo.
This is the first step to prove that 7 exists, see also [BGV04], Section 9,10]. Furthermore
we already know by [BF86, Theorem 2.10] that tr°dd (exp (—A?)) is a representative for
the odd Chern character of the family Dx. But we do not have a concrete analytical
representative just depending on the spectral properties of Dx as in the even-dimensional
case. The question for such a representative was already raised in [DKI10] where in



contrast to the present article they investigated the influence of multiplicities on the
analytical index. In Theorem assuming Assumption [1.0.2] we calculate the limit

lim Y (2mi) 7k trodd (exp (—Af))

t—o00

[2k+1] — —0B, ch (ker Dx — By, vkerDX>

as a current in (2% (B))", where By C B is the hypersurface where the kernels of the
fibrewise Dirac operators form a line bundle ker Dx — By. For the proof we make use
of holomorphic functional calculus and generalize the ideas of [Bis90]. So in this case
we really get a representative for the analytical index depending just on the kernels
of the operators. In degree one we see the spectral flow of the operators which was
already discovered and pointed out in [APS76l Section 7]. From the asymptotics of
limy_, oo trodd (exp (—A%)) we can then prove in Proposition that

1 T A
i = 7 > (2mi) " /tre" <ddtt exp (-A,?)) dt| e L'(B,A“T*B)
T
k 0

[2k]

exists as a differential form with integrable coefficients and its differential as a current
is given by

dij = / A(TX,V¥) ch (V/EX) + b5, ch <ker Dx — BO’VkerDX) 7
M/B

which represents the Atiyah-Singer family index theorem for odd-dimensional fibres, see

[APST6, Theorem 3.4].
The content of this chapter was prepublished in [Wit15].

The question remains which eigenvalues we see for large times. This is dealt with
in Chapter We start by motivating where the small eigenvalues of Djs. are sup-
posed to come from. The operator which gives the small eigenvalues should and will be
the twisted Dirac operator Dp, on ker Dx ® ¥By — By. We will define an isometry
Je: L? (Bg,ker Dx ® ©.Bgy) — L? (M,V ® m*¥B) and prove that ée]s_lquM,quJ8 con-
verges to —Dp, as € — 0, see Theorem where ¢. denotes the projection onto the
image of J.. Furthermore we develop the technical tools to use holomorphic functional
calculus for proving that there exists an 0 < a < 1 such that

00 dim ker Dp,

dt

?L%\}; / i (DM7ae—tD12w,s>%:—n(DBO)+ > sign(A(e)),

o v=1

for some € small enough, provided that there exists an 9 > 0 such that dimker Dy is
constant for all € € (0,¢¢), see Theorems |4.3.11{ and 4.3.12] Parts of the proof are based
on ideas in [BLI1] and also in [Goel4].
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2 Preliminaries: Geometry of Families

In this chapter we will fix notation and introduce the situation of families of manifolds
which we use in the following chapters. The definitions and the setup is based on [BC89L
Chapter 4], [Goel4] and [BGV04, Chapter 9, 10], which will also provide more details
and background.

We consider an oriented Riemannian fibre bundle X < M —» B where the fibres My =
771({b}) = X are closed and n = dim X is odd. We assume the base (B, gp) also to
be closed and oriented and of even dimension m = dim B, such that the total space M
is odd-dimensional. We denote the wertical tangent bundle by T X = kerdm, choose a
horizontal distribution TyM = 7T B such that TM = TX & TyM and consider the
metric g = gx @7 gp. We will denote vertical local frames by {ei}izl,“.,n and horizontal

ones by {fa}t,—1 - On TM we have the Levi-Civita connection VM and the Euclidean

connection V€ = VX @ 7*VP where V¥ is the projection of VM onto TX and V¥ is
the Levi-Civita connection on B. The difference tensor of the two connections

SWZ=V¥z-Vviz
can be used to compute the torsion tensor of V¥ (or curvature of M/B)
TU,V)=V{V — ViU - [U,V] (2.0.1)
=SWU)V-SWV)UeTX

for horizontal vectors U,V € Ty M. We define the mean curvature k € Q(M) to be

n

KU) =) g(S(ei)es, U)

=1

for a local orthonormal frame {e;};=1,. , of TX.

2.1 Fibrewise situation and the Bismut superconnection

Assume that we have a vertical Dirac bundle (V, gV,VV,cX), by which we mean a
Hermitian vector bundle (V, gv) — M, a compatible connection VV and a smooth
linear map cx: TX — End V which satisfies the following

e cx(Y) is skew-symmetric for all Y € TX|
e foralY e '(M,TM), Zel'(M,TX)and o € I' (M, V)
VY (ex(Z2)o) = ex (V¥ Z) o + ex(Z) VYo,

11



2 Preliminaries: Geometry of Families

e cx is a Clifford multiplication, that means

ex(Yex(Z) +ex(Z)ex(Y) = —2gx(Y, Z), forall Y, Z e T' (M, TX).

For a vertical Dirac bundle we can associate the fibrewise Dirac operator
n
Dx = cx(e)VE:T(M,V) =T (MV),
i=1
where e, ..., e, is a local orthonormal frame of T X. We can also write
Dx =cx 09)?1 °© VV‘TX .

Since we just differentiate into vertical directions, Dx restricts to fibrewise sections
I' (My, V,) and we get a family b — (Dx), of fibrewise Dirac operators. For a vector bun-
dle V.— M we get the associated Fréchet bundle 7,V — B whose infinite-dimensional
fibres are the fibrewise smooth sections of V. We will make use of the natural isomor-
phism I' (B, m,,V) 2 I' (M, V) without actually mentioning it. The induced connection

vy =vV - %k: (2.1.1)

is Euclidean with respect to the L2-metric g,y on m,V. The Bismut superconnection
[Bis85, Definition 3.2] is then defined by

1
Ay =VtDx + V™V — ch(T): Q* (B, mV) = Q*(B,mV),

where we assume that horizontal one-forms f® and Clifford multiplication by vertical
vectors cx (e;) anticommute. As for usual connections we define its curvature by A? €
Q° (B,End V). It follows from the transgression formula, see for example [BC89, Eq.
(4.38)], that

i [ (dﬁt exp (_Az)) dt = 129 (exp (—A2)) — 1°M (exp (<A2)).  (2.1.2)

If the dimension of the kernels of Dx is constant, they form a smooth vector bundle
ker Dx — B. In this situation we know by [BC89] and [BGV04] that

o0
1 dAt —_A2
h=— | tr* [ —e7% | dt € Q%(B,C
7 ﬁr/ ' ( at ¢ > (5,C)
0
is a smooth differential form and the differential of its rescaled version

ﬁ = Z(Z?TZ)_]f][gJ] € Qev(B)
J

12



2.2 Dirac operator D). on the total space

fulfills
dij = / A(TX,Vv¥)ch (L, VF),
M/B
if V=YX ® L where we assume that T'X is spin and >X denotes the spinor bundle for

a chosen spin structure. The formula follows from the transgression formula (2.1.2) and
by [BES6, Theorem 2.10] which states that

T %11110 E (2ms) 7k trodd (exp (_A%))[zkﬂ] = / A (TX, VX) ch (L, VL) ,
s
M/B

since for constant kernel dimension limy_ .o tr°dd (exp (—A%)) = 0. But also for non-

constant kernel-dimension the differential form f A (T X, vX ) ch (L, VL) is always a
M/B

representative for the odd Chern character of the family {(Dx)y}ren € K~1(B) by the

Atiyah-Singer family index theorem. One should notice that we use Chern-Weil forms

of the form P (F/2xi) for the curvature F of a connection.

2.2 Dirac operator D). on the total space

In the following we introduce an extra parameter € > 0 by which we scale the base
directions. Let

1 *
ge = 9gx D =27 9B
In the limit ¢ — 0 the metric becomes singular since the base becomes infinitely large

and the fibres are separated. This limiting process is called the adiabatic limit.

We will assume that we have a fibration X < M —» B of spin manifolds and let
XM =2 ¥ X ® 7*XB be a spinor bundle. Let (L,gL,VL) — M be a Hermitian vector
bundle with compatible connection, then we consider the twisted Dirac operator Dy .
on LR XX @ m*Y¥B =V ® 7*¥B associated to the metric g.. We know by [BC89, Eq.
(4.26)] that Djs. decomposes as

Dye = DX + €DB + EQT,

where

C( )vV@ﬂ' ¥B DX®W+Z 61 1®vﬂ' *B
1 =1

ctho) (V5278 = Juts) )

]l

>

Il
'MS

]

o
||
NE

1

Z fomfﬁ (foz)c(fﬁ)v
a,f=1

~.
I
»NH Sﬁ

13



2 Preliminaries: Geometry of Families

see [Goeld, Section 2.a] for the actual calculation. w € End B denotes the Zg-grading
of ¥B (remember that dim B = m is even) and Clifford multiplication is given by

clei) =cx(e) ®w
for e; vertical and
c(fa) =1® CB(foz)
for f, horizontal. Note that if we identify 7, (V ® 7*XB) = 7,V ® B the operator D

acts as Dx ® w.

2.2.1 Theorem ([BC89, Theorem 4.35],|[Dai91l, Theorem 0.1}). If ker Dx — B forms a
smooth vector bundle and there exists an g9 > 0 such that dimker Dys. is constant for
all e € (0,¢e9), the adiabatic limit of the n-invariant can be computed by

dimker Dp
lim 7 (D) —2/A (I'B)n+n(Dp)+ Z sign (A, (¢g)), (2.2.1)
e—0 =

where A\, (e) denote the finitely many eigenvalues of Dyr. which decay at least quadrati-
cally, Dp the twisted Dirac operator on ker Dx ® ¥ B — B and € is small enough. The

f-form for the Bismut superconnection Ay = /tDx + V™" — 1(\2 is defined to be

=y j > (2mi)” \F/ (dAt Az) dt|  €Qv(B)

(24]

and its exterior differential makes the cohomological index exact

dij= [ A(TX)ch(L).
J

Both proofs rely on a decomposition of the integral

o0
1 —tD2 dt
N (Dme) = —= /tr (DMﬁge va) —
s t
VT J Vi

into three parts, for a certain choice of 0 < «a, 8 < 1 the integral is split into

Jof]

Bismut and Cheeger proved that the first part converges to

eh—1
1 2 dt A
lim —— (D —tDM,e) L _ o | AB)i
61_I)I(l) ﬁ / tr M€ \/7; ( )777
0 B

14



2.3 Varying kernel dimension of the fibrewise operators D x

see step (ii) in the proof of [BC89, Theorem 4.35]. Then they prove that if the fibrewise
Dirac operators Dx are invertible, there exists a constant C' > 0 such that all eigenvalues
A(e) of Dy have absolute value bounded below by C, i.e., |A(¢)] > C for all ¢ small
enough and therefore the large time contribution is negligible (see step (i) and (iii) in
the proof of [BC89, Theorem 4.35])

oo
1 2 dt
lim — (D —tDM,s> — =0.
5E£ivé¥ j/ o A4£€ v@ 0

ef-1

Dai considers the case where the dimension of the kernels of Dy is constant but not
zero. In this case he proves that either

IA(e)|>C >0

or
Ae) ~ Are + Xoe? + ...,

where A\ € spec (Dp), see [Dai91l Theorem 1.5]. This proves that there are just finitely
many eigenvalues that decay at least quadratically and the fact that we see the eigenval-
ues of 1Dy for large times t € (€272, 00) explains the 7-invariant of Dp. Last [Daidll
Proposition 1.8] proves that the second term in vanishes as € — 0.

2.3 Varying kernel dimension of the fibrewise operators Dy

We already explained in Section the results on adiabatic limits of n-invariants in
the case of constant dimension of ker Dx. We want to omit that assumption since
there are topological obstructions for constant kernel dimension if the fibres X are odd-
dimensional. We will explain these obstructions, state our assumptions and explain
heuristically what to expect as a representative for the analytical index in our case.
Let Hy and H; be separable complex Hilbert spaces where furhermore Hy is Z/2Z-
graded. We denote by B (Hyp) and B (H;) bounded linear operators on Hy and H;. Then
we define

K® = {F € B(Hy) | F self-adjoint Fredholm operator, F' odd, F? — 1 compact},
and

K! = {F € B(H,) | F self-adjoint Fredholm operator,

F has infinite dimensional positive and negative eigenspaces, F? — 1 compact} .

We consider K* as topological spaces with the smallest topology such that evaluation and
F 1+ 1 — F? are continuous. Then we know by [Bun09, Section 1.1.1] or rather [BJS03]

15



2 Preliminaries: Geometry of Families

that the topological K-theory of a compact topological space B is given by homotopy
classes of continuous maps from B to K*

K*(B) = [B,K*].

A reader not familiar with K-theory might take this as a definition. Note that we use
weaker topologies than the ones of the more classical classifying spaces using Fredholm
operators of Atiyah and Jénich [Ati67] and Atiyah and Singer [AS69].

A family of Dirac operators b — (Dx), as in Section defines an element in the
topological K-theory K*(B) = [B,K*| of B by taking the homotopy class of the map

B —K*
~1/2
b (Dx)y (1+ (Dx)})

where * = dim X mod 2. Note that we already presume Bott periodicity at this point.
The class (Hgﬁ € K*(B) is called analytical index of Dx.

We already kno);v by [ASTI) Section 2] how to modify the family Dx for even dimensional
fibres to obtain a family of operators with constant kernel dimension and to define a
vector bundle ind Dx which represents the analytical index under the identification of
KY(B) with the Grothendieck group of isomorphism classes of vector bundles (see also
[BGV04, Section 9.5]).

In contrast to this we know by [Ebel3, Theorem 4.1] that in odd dimensions, constant
kernel dimension implies that the map above is homotopic to a constant map. So if the
family of fibrewise Dirac operators Dx defines a non-trivial element in K'(B), one needs
to consider varying kernel dimension. One can easily see such non-trivial elements if the
base B = S! is a one-dimensional sphere, where the element in Kl(Sl) = 7 is given by
the spectral flow. The example of Section [3.1] will also provide a non-trivial element in
K!'(B).

Therefore we will consider odd-dimensional fibres and varying kernel dimension of the
fibrewise Dirac operators Dx. We will not consider the most general case but focus on
the next interesting case:

2.3.1 Assumption. We assume that we can find a covering {U; }1<;<j for B such that
on each Uj either (Dx), is invertible or we have a smooth function f; : U; — (=K, K)
which has 0 as a regular value, such that spec (Dx), N (=K — 6, K + ) = {fi(b)} and
fi(b) is of multiplicity 1.

We will assume this condition in Chapter [3 as well as in Chapter [4] but to remind the
reader we will mention it again.

2.3.2 Remark. It follows from the assumption and the regular value theorem that we
get a compact hypersurface

By= |J f;i'{op)cB

1<i<k

16



2.3 Varying kernel dimension of the fibrewise operators D x

where we have a line bundle ker Dx — By and Dy is invertible on B\By. We denote
by i: By — B the inclusion. Since we assumed B to be oriented we get an orientation
on By by

(V2 ..oy Um) € 02(Bo) < (grad, fi,v2, ..., Um) € 0x(B).

Let vBy — By be the normal bundle, which is then trivial vBy = By x R. Since By is
compact we find a constant 0 < a < K small enough, such that

exp: By x (—a,a) - B

is a diffeomorphism onto its image N,. We will not fix a since we may take it as small
as needed in the proofs.
In Chapter [3| we may assume without loss of generality that

fi(z,y) =y

To achieve that we maybe need to change the metric on B near By. But we know
by [BGV04, Proposition 10.2] that V¥ is independent of gp and we can also give a
gp-independent formula for the torsion tensor 7" namely

T(U,V) = —P[U, V]

for U,V € T'(M,TyM) and P: TM — TX the projection. These are the only definitions
in Chapter 3| where we used the metric on B. Therefore the assumption f;(x,y) = y is
no restriction in Chapter 3] However, in Chapter [ we consider not just the fibrewise but
the situation on the total space, so there it will actually be a restriction. Nevertheless
we already explained in the introduction, how one can receive the desired n-invariant of
a metric gp by the knowledge of the n-invariant of a different metric gJs.

2.3.3 Remark. We can already see from our assumptions what we have to expect as
analytical index of the family of fibrewise operators. Since Dx is invertible on B\ N,
it defines an element in K! (B, B\ N,) = K. (N,). The family of operators corresponds
under desuspending twice K! (NV,) = K° (By), by the Thom isomorphism, to the family
Dy which maps x € By to the operator

0 Dx (ay) + a@
D 9 ’ 70 V)T (M x (—a,a), Vo ®V,) = T (M, X (—a,a),V, & V)
Xv(x7y) 8y

where we use By X (—a,a) & N,. We can check that the kernel dimension of this
family is constant and therefore the index in K° (Byp), seen as the Grothendieck group
of isomorphism classes of vector bundles, is given by

ker DX+2 — |ker DX—2 :0—[e*y2/2kerDX >~ — [ker Dx].
dy dy

The diagram
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2 Preliminaries: Geometry of Families

K° (By) —2OM K0 (B, x R?)
CheV CheV
Th
HEh (Bo) ——07 HE o (Bo x R?)

usually just commutes up to the Todd class of the vector bundle. Now we use that the
correction term is Td (Bp x C) = 1 and the odd chern character is by construction given
by

J

ch® P ) BgxR2/R

K. (No) =K (By x R?) &= H, . (By x R?
This implies that

ch <[(1+ll)?§)1/2]> — Thom o ch o Thom ™ (
X

= Thom o ch (—ker Dx)
= —(530 ch (kel"Dx) y

H3R% (N,) -

o)

where dp, denotes the fundamental class or current of integration of By and we used
Poincaré duality without mentioning it.
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3 A representative for the odd Chern
character and existence of the 7-form

In this chapter we will just consider the fibrewise situation. The content is up to some
small changes of notation identical with that in [Wit15, Section 3,4].

The only Dirac operator occuring in this chapter will be the fibrewise operator Dyx.
Thus for simplicity we will just write D.

First in Section we will consider an example where Assumption from the
introduction and the preliminaries is actually fulfilled. We will explicitly calculate

oo
o= [t (% exp (—A%)) dt as a differential form with integrable coefficients and
0

limy_, o trodd (exp (—A%)) as a current.
In Section [3.2] we will calculate

lim tr°dd (exp (—A%)) = —dp, ch (ker Dx — By, Vker)

t—00

in the general case, but still assuming This reassures what we expected from the
considerations in Remark about the odd analytical index in this case. Then we
will prove that 77 € L' (B, A®"T*B) is a differential form with integrable coefficients.

3.1 Example of a S'-bundle

Before we start with the more general case, we will consider one special example of a
family of Dirac operators. We follow the requirements in [Zha94], where we adopt the
construction of the fibre bundle but change the Dirac bundle.

Let (E,gE) 5 (B,gB) be a real, Euclidean, oriented vector bundle of rank 2 and
denote by V¥ a Euclidean connection on it. We write Ty E = 7*TB for the horizontal
bundle of TFE, which is specified by V¥. We define the metric grp = 7*gr ® 7*gp on
TE=7n"E®TyE. Let

M = {U € E’QE(”?”) - 1}7
TuM = TyE|u,
TM =kerdn ®TyM =TX & TyM,
9=9relMm =9x 9B,

M — B is an oriented, Riemannian fibre bundle with fibres X = S*. Let e € ' (M, T X)
be the unique section which is positive oriented and of length

gx(e,e) = 1.
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3 A representative for the odd Chern character and existence of the fj-form

Let (V, qv, VV) — M be a Hermitian line bundle with compatible connection. By setting
c(e) = —i we make it into a vertical Dirac bundle with Dirac operator D = —iVY. The

fibrewise holonomies e~27/ give rise to a smooth function f: B — R/Z.

3.1.1 Assumption. f: B — R/Z crosses [0] transversally.

We denote the codimension 1 submanifold ?71([0]) C B by By.

3.1.2 Remark. If the holonomies give rise to a non-constant f: B — R/Z we can
always modify the connection V" to fulfill Assumption Sard’s Theorem makes
sure that there exists an element [x] € im f which is a regular value. The connection

VY =vY —ize

then leads to

f=f-[z]: B=R/Z
which crosses zero transversally.

3.1.3 Lemma. We have a vector bundle ker D — By of rank 1 over the hypersurface
By and Dy, is invertible for b € B\By.

Proof. We choose open neighbourhoods U; C B where ﬂfl(Uj) =U; x S1 such that we
can find local trivializations og: U; x St — V| U; xS of V on U; x S! coming from a
local eigensection of D

Doy = fjoo,

where f;: U; — R is smooth. For coordinates ¢ of S* such that % = e we can see that

e’ is an eigensection of D corresponding to the eigenvalue k + fj- Therefore the
spectrum of Dy, for b € U; is (k + f;(b))rez where each eigenvalue is of multiplicity one.
Since we can easily check by the same argument as above that

fi mod Z = f,
the statement follows by [BGV04, Corollary 9.11]. O
In the following we will for simplicity just write f for f;. We orient By such that
(V2 .oy Um) € 02(Bo) < (grad fz, v2, ..., Um) € 0x(B).
Since D = —iVY, the connection V" locally looks like
VY =d+ife" +7,

for some v € T' (U, T/; M|y ®r C). We will assume that v = 7*f for an element 3 €
I ((U), T*Bly @ C).
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3.1 Example of a S'-bundle

3.1.4 Lemma ([Zha94, Lemmal.3]). Let T be the torsion of V¥ as in .Then
9(T(U,V),e) =de” (U,V)
and hence T defines a two-form which we will also denote by T € Q%(B).

3.1.5 Lemma ([Zha94, Lemma 1.6]). The mean curvature k of the fibres vanishes and
therefore leads to

VYo =Viuo.
3.1.6 Remark. To facilitate the computations for the next theorem we calculate the
following summands of the curvature A? of the Bismut superconnection. We write |., .|

for the supercommutator with respect to the grading of Q°(B) and keep in mind that
dys and c(e;) anticommute.

e (1), V™V -9
(D, e(T)] = ( )
o(T)?
In our chosen trivialization
[D,v™V] = df

(V™) = dB+ifT —TVY.
3.1.7 Theorem. Set

a(T) = \F/ <‘mtexp( Af)) dt € Q*(B,C).

For each b € B the differential form o(T)y converges as T — oo to
iy = lim o(T), € A**T; B
T—o00

and we get that

_ I
My = Z (27i)7 124

& 7 k—1 .
( d5+z’fT> > B(E)T, ifbe B\By
=exp | ——F7—

k=1
; S 2k—1 .
T S @) dve B
_ T/27 T .
_exp< d6+ifT>< T>  (rrese () -1), ifbe B\B
- T 9 T o9 T/2x .
27TZ 27T exp(T//w_l_FE)’ ZfbeBO

where f: U — R describes a local eigenvalue of D, f = f mod Z, B is the corresponding
horizontal connection form of the Dirac bundle in this trivialization and By are the
Bernoulli numbers and By(f) the Bernoulli polynomials.
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3 A representative for the odd Chern character and existence of the fj-form

3.1.8 Remark. An easy computation shows that our formula for 7 corresponds to the
one given in [Savl4, (5.23)] for » = f. The difference lies in the fact that in our case
f is a function depending on the parameter b € B such that we get a differential form
which has jumps, whereas in [Savl4] r € R is seen as a fixed real number and 7) is seen
as a smooth differential form for each r € R.

3.1.9 Remark. We prove that the right hand side of the formula in Theorem [3.1.7] is
independent of the chosen trivialization. Therefore we take another local eigensection
o1 with

Doy = fio1.

Since the eigenvalues of D differ by integers, there exists a k € Z such that f1 = f + k
and o7 = €% 5. The local horizontal connection 1-form (1 in this trivialization is then

defined by vy )
Vo, 01

gV (O-la 01)

b=
and we can conclude that
Br=d (e‘““") ek 4 3
= —ike* + .
It follows by Lemma that
dpy = —ikT 4+ dp

< d6+z'fT>_ < dﬁ1+z‘f1T>
exp| —F | =exp| —— | .

21 21

and therefore

Proof of Theorem [3.1.7}:

~ 1 7 v dAt 2
h=—= /tre (dt exp (—At)) dt
0
1 7 ]
= [o (- %)
7r 4t
0

.
2/t

We see that df is the only odd differential form and because of df A df = 0, it does not
contribute to tr®’. Since the eigenspaces of D are preserved by all occuring operators,

De(T) T2
.exp(—tDQ—\/idf—dﬁ—ifT+TvX+ 02( )+16t>>
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3.1 Example of a S'-bundle

we can write the trace as

i = Texp —dB —ifT) /Z<<k+f—ZT>

keZ
(k+ T | T2\ dt
2 16t ) ) o/t

T
Texp —dp —ifT) /kez;<<k:+f—4t>

exp <<Z\/Z(k’+f)+4rf/i> )) 2{2

exp <—t(k‘ + )%+

This is why we have to calculate

3 <l<:+f— 47;) exp (( Vilk+ )+ 47})2> S gk + ).

kEZ keZ

We denote by g the Fourier transform of g and use the generalized Poisson summation
formula to see that

Zg(k—i—f Zg - exp (2mik f)

keZ keZ
21.2

— —Z ( )S/Qexp (—M+2ﬂzkf+§> .

keZ
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3 A representative for the odd Chern character and existence of the fj-form

We insert that into the formula of 7 and get
j = mexp (—dB ﬂﬂ/Ej LAY omikf 4+ T _dt
= mex —1 — Jex T —
! ol kel t ’ 2it ) 2Vt

. kil \ dt
> sin (—27ka + 2t> t72

= —mexp (—dB —ifT) k/exp (—77214523:) sin (—27rkf + WZZT$> dx
1

= —mexp (—dB —ifT) /k:exp(

=1

8

T

= —mexp (—dB —ifT)

M8

4k .
<W Sin (—27ka)

i
I

. 2T
+Zm COS (—27ka>>

oco dim B

. T .
= exp (—d/B — ZfT) (Z Z W Sln(27rkf)
k=1 n=0

oo dim B

T2n+1
—i Z Z 22n+17r2n+2k2n+2 COS(27ka)

k=1 n=0

We define

o0
(2nan gt ~sin (27kz), for n even
k=1

o
—i Y. (2”7r”+1k:”+1)71 cos (2rkz) , for n odd
k=1

such that
A =exp (=dB —ifT) >  gu(/)T

We see that the functions g, just depend on f = f — | f] € [0,1).
First of all we look at the case f(b) € Z and see immediately that g, = 0 for n € 2N. If
n=2k+1€ 2N+ 1 we compute

1 ]
gn(f) = —WCUH' 1) = —WC(% +2)

and therefore

. ) ]
flp, = —exp(—dB —ifT) Z W((% +2)7% !
k

2Ue+1
Bopyo T2

= —exp (—dB —ifT)y

|
— (2k +2)!
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3.1 Example of a S'-bundle

where B; are the Bernoulli numbers, so B; = di;x(f ) . where h(z) = Z%5. We have
=
Boki1 =0if k> 1 and get
d2k+2h( ) 1
_ -1 . )
il g, = = exp (=dB —ifT) (iT) Z prezsl BN ey I

=exp (—dB —ifT) (—iT)_l (eﬂ%ji 1 L+ ZZ) .

For points where f ¢ 7Z up to a constant the functions g,: (0,1) — R are the Fourier
series of the Bernoulli polynomials

(_1)n+1
i"(n+1)!

Z'n

Bpi(z) = - Bpi1().

For Bernoulli polynomials we know that

B(z) = Zn: (Z) Bra" k.

k=0
where the By are again the Bernoulli numbers. So we get

o

ilo\, = =P (3 i) 3 gy B (DT
°°”“1dkh 1 1
= —exp(—dB —ifT)( nzg)kzo o |, (iT) CEp— k)!(sz) +1
. e 1 d"h(z) o (=
= —exp (—dB —ifT) (iT)~* ((;n' dxf . (iT) > <n§)n!(sz) > —1)

=exp (—df —ifT) (—iT)™* (eﬂfji 1 eXP (Z?T) - 1) .

It follows that
—iT VT
exp(_ﬁ—l—%)v for b € By

exp (—df —ifT) (—iT)™! ‘ B
ot exp (ifT) = 1), forbe B\By

>
Il

and

8 1

' (=T _ T
= exp (W) < T ) eXp(—T/Qﬂ')—l 1 471-) 9 b 6 BO

2ri Ton st exp (f ) - 1) b € B\By.
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3 A representative for the odd Chern character and existence of the fj-form

3.1.10 Theorem. We define dij: Q°4(B) — R as a current by

/(dﬁ)/\w:——/ﬁ/\dw.

B B

The following formula for the differential holds
di — / ch (V, V) + 65, ch (kerD ~ By, vker> :
M/B
where VX' = PyV™V Py and Py is the orthogonal projection Py: 7r*V|B0 — ker D.

Proof. We have two different possibilities to calculate the differential of 7. On the one
hand we have the transgression formula (2.1.2))

T
d/trev (‘iﬁteﬁ) _ tpodd (eng) _ gpodd (671&%)

By [BEF86, Theorem 2.10] we know the limit for s — 0 is

1 > ) RM/B /9 V2 2
li_% = ¢rodd (e*At> = (2mi)~ // det (smh(RM/B/Q)> tr <exp <— (VV) ))
M/B

and since A (TX , VX ) =A (T Sl) = 1 we get the first summand. For the second we
need to proof that

Tlgrolo trodd (e*A2T> = —\/mdp, tr (exp (— <Vker>2)> i

For that we know that for all eigenvalues k + f, k # 0 and all C*-norms

exp <—t(k:+f)2—\/7§df—dﬁ—ifT+iW+T2>

< —Ct‘
2 16t < Ce

ct

For k = 0 we see that we cannot take the limit as a differential form, we have to integrate
over the normal direction of a tubular neighbourhood N, = By x (—a,a) of By where
f(z,y) =y. Let w € Q*(B) where suppw C N,

a

iy T2
/exp <—ty2—ﬂdy—dﬁ—in+w+>w

2 16t
o/t T T
2 * W ‘ *
= —y° —dy — f;dB —
—av/t
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3.2 Transversal zero-crossing of a single eigenvalue

where fi: (—avt,aVt) = (—a,a),z % Now we can see that we have a Gaussian
bell curve and therefore
a
i P — iy —ag - T T
tllglo/exp( ty® — Vtdy — df 5 + 16t w
—a

= —/mi*exp (—dB)i*w,
where i: By — B denotes the inclusion.

On the other hand we can directly calculate the formula for dn by the formula for 7 of
Theorem B.1.7] and

[ e =~ [ a

B B
= —lim ndw
a—0
B\N,
_ 1 S _
lm [ (di)w — lim / d (fjw)
B\N, B\N,

= lim (di)w—lim [ @ (w)+lm [ * (fw),
a—0 a—0 a—0
B\N, Bo—a Bo+a

which will lead to the same formula as the reader may easily check.

3.2 Transversal zero-crossing of a single eigenvalue

We will now turn to a more general setting. Let M — B be a Riemannian fibre bundle
and V. — M a vertical Dirac bundle as in Section [2.1] The transgression formula in
[BC89, Theorem 4.95] holds for invertible vertical Dirac operators, it was generalized by
[BGV04, Theorem 10.32] for vertical Dirac operators with constant kernel dimension (see
also [Dai9ll, Theorem 0.1] for odd-dimensional fibres). We want to take the next step
and give a generalization for a transversal zero-crossing of one eigenvalue of multiplicity
one. For the proof we adopt many ideas of the proof of [Bis90, Theorem 3.2]. However,
we have to be very careful which norms we use, since our operators are endomorphisms
of an infinite rank vector bundle. We also use different contours as in [Bis90] which
comes from the fact that we want to use holomorphic funtional calculus of the form
1 e ”
exp (—A?) = /z—A?dZ

2mi

rather than

52

1 e
exp (—A?) = 27”/ . _Atdz.

r
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3 A representative for the odd Chern character and existence of the fj-form

3.2.1 Assumption. We assume that we can find a covering {U; }1<;<j for B such that
on each Uj; either Dy, is invertible or we have a smooth function f; : U; — (— K, K) which
has 0 as a regular value, such that spec D, N (=K — 6, K + ) = {f;(b)} and f;(b) is of
multiplicity 1.

3.2.2 Remark. We want to remind the reader of Remark in the premliniaries. By
the above assumption we get a codimension 1 submanifold

By = U fit{oy cB

1<i<k

where we have a complex line bundle ker D — By of rank 1 and D, is invertible for
all b € B\ By. We denote by i: By — B the inclusion. As in section we get an

orientation on By by

(V2 ooy V) € 02(Bo) < (grad fu, v2, ..., Um) € 0x(B).

Let vBy — By be the normal bundle, which is trivial vBy =& By x R. Then we find a
constant 0 < a < K small enough such that

exp: By x (—a,a) — B

is a diffeomorphism onto its image N,. We will not fix a since we may take it as small as
needed in the proofs. Without loss of generality we may assume that in this identification

f(xvy) =Y.

3.2.3 Proposition and Definition. Let P, b € N, be the orthogonal projections onto
the spectral subspace (—a — d,a + &) of Dy. Then

L=imP — N,

s a smooth line bundle on the tubular neighbourhood N, of By. We denote the projection
onto the orthogonal complement W by QQ = 1 — P and the projection of the connection
V™V onto the subbundles L and W by

VLGBW — PVW*VP D QVF*VQ-
The projections of D are denoted by D~ = DP = yP and D™ = DQ.

Proof. The first part follows from [BGV04, Proposition 9.10], since £a £ § is not an
eigenvalue of Dy, for b € N,. O

3.2.4 Lemma. If we are working locally around By we consider the isometry
(exp” ™V, sexp” grvly,) = (mV]g, X (=¢,0), gr,v1p, X (—a,a)),

where G is given by parallel transport along normal geodesics with respect to the con-
nection V™V . (Note that it is in general not possible to trivialize with respect to the
connection VL @ VW)
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3.2 Transversal zero-crossing of a single eigenvalue

Proof. Let us fix b € By. The lifts of the geodesic exp,: (—a,a) — N, gives a family
of geodesics expy,: My x (—a,a) — 7 1(N,), see [KIi82, Corollary 1.11.11]. By taking a
small enough we may assume that exp,(-,t): My — Meyp, (1) is an isomorphism for all
t € (—a,a). Therefore if o € (1, V), =T (Mb, V]Mb> we can use parallel transport for
each o, € V;, with respect to the connection vV - %k to get a vector in Viggp, (2,4)- This
depends smoothly on x € M} so we get a smooth section in (7,V') expy (1) O
3.2.5 Definition. We denote by

[D,e(T)]  [V™V,«(T)] | o(T)

T m V)2

Let Xo(7,y) = f(x,y) be the small eigenvalue of D, ,y which crosses zero and denote
the other eigenvalues by \; for k € Z\{0}. Then by our assumption

3K >0: sup M(z,9)+ K =d>+K < inf M(z,y) Vk#0.
(:c,y)GN (:L",y)EN

Let K :=a® + % and define the contours I'y, ; C C by:

Im
. It
)
Kt Re
—1
Im
7 Q
—1
Kt Re
—1
Since
o dim B o \n
(z-83)7 = Y (z=t0) 7 (B (z—D) )
n=0

the spectrum of A? equals the spectrum of the generalized Laplace operator tD?. By
holomorphic functional calculus [GGK90, Chapter XV, Proposition 1.1] we know that
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3 A representative for the odd Chern character and existence of the fj-form

on N,
1 _
exp (A7) = 9 / exp (—z) (z — A) Ydz
QU
L exp (—z) (2 — A2)71 dz + = /exp (—2) (2 — A2)71 dz
2mi ¢ 2mi ¢
Qt Ft

=P (exp (—Atz)) + (1 —P) (exp (—A?)) :
Note that the projection

1 —
Pt = 27 (Z — A%) ! dz: A.T*B ® 7T*V — A.T*B ® W*V
T
It

coincides in degree 0 with the spectral projection P: m,V — L C m, V.

3.2.6 Definition. We take the pullback of the bundle ker D — By via g : By Xx R — By
with the connection ¢*V¥®" which, by abuse of notation, will also be denoted by VX,
We denote the second coordinate of By X R by y and consider the superconnection

Y+ VET Q% (By x R, g* ker D) — Q° (By x R, g*ker D) ,

where we assume that multiplication by y and 1-forms anticommute. Note that this
differs slightly from the superconnection B introduced in [Bis90, IIl.a]. One should
also point out at this point that the bundles L — N, = By X (—a,a) and g*ker D =
ker D x (—a,a) — By X (—a,a) correspond at By but in general not on N,\By. This is
because the spectral subspace L C V| N, 18 in general not constant in the trivialization
of Lemma, where we used parallel transport with respect to the connection V™V,
If |y| < av/t we can proceed as in the previous definition and write

v (= (5 7)) = 5k [eoin) (= (w4 97)7) s

t

Notation. We will need different kinds of norms in the following statements and proofs
which we will introduce here. See also [RS75, Appendix of IX.4, Example 2].
We denote by W = W k:2) (My, Vp) the kth Sobolev space of sections with Sobolev norm
|y WO = L2 (M,,V;). For a linear operator A : Wk — W* we define the operator
norm

4l = sp Ao

|z kK

We say a bounded linear operator A € B (WO) is trace-class if

|All; = tr|A] < oc.
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3.2 Transversal zero-crossing of a single eigenvalue

For 1 < p < oo the p-Schatten norm is defined by
I AlL, = (er (1A17)) 17

For a smooth differential form w € Q°(B) we denote by [[w(|c¢(p) the C’norm. For
w € Q°*(By x (—a,a)) we see |wlce(p,) as a function on (—a, a).

3.2.7 Remark. The trivialization of Lemma provides us with an isometry
L* (My, Vi) 2 L* (M(g,), Viay))

for all (z,y) € By x (—a,a). If we work with Sobolev-sections for k& > 0 we still get an
isomorphism but not an isometry. However we know that the topology of the Banach
spaces is the same and therefore the Sobolev norms are equivalent. In particular since
By is compact and if a is small enough we find constants C,¢ > 0 such that for all
(z,y) € By x (—a,a) and all sections o € WH?(M,,V,) = WH2 (M, Viz,) the
following estimate holds

C ’J|k7( <loly. < c]a|k7(

x,y) - I,y) ’

So in the following estimates we will make no difference for which y € (—a,a) we use
the Sobolev norms because by changing the constants the estimates hold for all points
y and we get the same speed of convergence.

3.2.8 Lemma. Let z € I'y or z € Q¢, p > dim My + 1 and t big enough, then we have
the following estimates

|z - tD,?)”HQO <y, (3.2.1)
H (z — zth)*HO’2 < Oy (1 + |'i|) , (3.2.2)
|- th)‘al < Gy (1 + ‘j') , (3.2.3)

for every b € N,.

Proof. (3.2.1) follows from the choice of the contours I'; and ;.
(3.2.2)) and (3.2.3) follow as in [BGO0, Proposition 7.2] by writing

(z =) = (= DY) = (1= D) (5 —i) (s -0
We then use the well-known facts that there exist constants such that
oo, <c
p

for p > dim My + 1, this follows for example by [Roe98, Remark 5.32, Propostision 8.9],

and

=247, <
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3 A representative for the odd Chern character and existence of the fj-form

see [BGOO, Equation (7.7)]. Together with estimate (3.2.1)) these prove the claimed

inequalities (3.2.3) and -

O]

3.2.9 Proposition. On the tubular neighbourhood N, = By X (—a,a) of By in B the
following estimate holds true

Htr‘)dd (1 —Pp) (exp (—A7))) HCO <cf(t)exp (—Ct),

where f(t) € R[t, 7] is polynomial in t and t=*.
Proof. By the definition of E; and since B is compact we know that

1Bl < CVE.

Combining this with the estimates (3.2.2)) and (3.2.3]) we get

|G- 2d7], <[ -a)7]
dim B 1| . b1 p
< (3 =o)L i - 09y

IN

(Soc(usld) " eon)
(m+1)p
< C<1+|i‘) tme/2,

where m = dim B and constants C varying from line to line. It follows that
o9 (1= Pr) (exp (—A7)))
11 =P2) (exp (=47)) I,

1 exp(—=z)
S
zm‘/ A2

Tt 1

1 exp(—z)
= d
27mp! / (,z — A%)p &
I 1

|Z‘ erl)p
27rp' / lexp(—2)|C <1 + ) P2

<Cf(t )exp(—Kt),

CO

IN

where f € R[t,t71]. O
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3.2 Transversal zero-crossing of a single eigenvalue

3.2.10 Definition. We define the functions ¢, f; and ¢ to be

g: By X (—a t,a\/i) — By, (z,y) — =,

fi: By x (—av't,aV/'t) = By x (—a,a), (z,y) — < ,\%)

and
i: By — By X (—a,a),z +— (z,0).

Note that we use g for any projection onto the first coordinate By x I — By, independent
of the interval I.
For y € (—av/t,av/t) and |y| > 1 the contour ©, C C is defined to be

Im
Oy

i

2
i
5 y? K'y?

2

where K’ is taken small enough, such that €, only contains the small eigenvalue of D(z v)

for all x € By. Then we can write the spectral projection P; as
1 —1
P, (exp (—ft*A?)(%y)) = 5= /exp(—z) (z — ft*Af) dz
Oy
and also

o (- (v+v)) = o / epi-) (5 (4 9)") e

Y

3.2.11 Remark. It is clear by the definition of the contour ©, that the estimates in
Lemma also hold for z € @y Vi

3.2.12 Lemma. Ifw is a differential form on B with support in By X (—a,a) and o a
multiindez of length £ then

@ . * * C
D% (0 9)"w — fiw)ap| < 7 Wellerssm) (0 + ).

Proof. This follows by a straight-forward calculation, see also [Bis90, Eq. (3.107)] for
the statement. ]
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3 A representative for the odd Chern character and existence of the fj-form

3.2.13 Lemma (cf. [Bis90, Proposition 3.4]). Let (z,y) € By X (—a,a) and z € Q4 or
~1
z € @y\/z, a small enough and t big enough. By abuse of notation we write (D?; y))

-1
instead of (Dz;,y)> Q(z,y)- Then the following inequalities hold

)]

- C _ —1,.2
H z—t D(fw)> +t1 mo) H S?\y|—l—t1|z|+t1\z|).

S

i

Proof. The proof follows the ideas of the proof of [Bis90, Proposition 3.4]. Our constants
C > 0 may vary from line to line but they are all indepenent of ¢,y and z and since By
is compact also of x.

For the first estimate we write

+ ) - -1 e \7? - + )72
(s-t(0t,)) == (1-3(02) ") (PL,) " G2

As in [Bis90, Eq. (3.37)] we know that for [Imz| =1

<1 ~(nt. y))2>_1

IN

sup |1 — zz| !

0,0 zeR

1
inf,er |1 — 22|
= |z|.

If [Imz| < 1 we know that either Rez = Kt, Rez = —1 or Rez = Cty?. We find a
constant C' > 0 such that for ¢ big enough in each of these three cases

)
H (o) | <o
t ’ 0,0
in particular for a small enough
H Rez *2 1
S —
00 2
and therefore X
—92\ —
+
< 7 (PL) ) =2
0,0

So for all z in the contours §2; and Gy vi the inequality

( G ,y>>2> h

C(1+z))
0,0
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3.2 Transversal zero-crossing of a single eigenvalue

holds. Also for a small enough we find a constant C sucht that for all (z,y) € Box(—a,a)

-2
H (D(Z y)> <C.
’ 0,2
Inserting this into equation (3.2.4)) leads to
2\ ! C
' (z—t (Pt) ) <~ (1+2])
0,2

which completes the first part of the lemma.
For the second inequality of the lemma we write

2\ 1 e )2
H(z—t(D(J;y))) +t (D(x,O)) N

(z —t (D(fp’y))Q)l 2t ! <D(”;’y))_2 N + Htl (D&O))_Q —— <D(§’y))_2

By Taylor approximating, see [Ruz04, Satz 2.8], we know that

(060) " = (DL) _2‘

and by using the first part we have

<

0,2

C

< —yl
0,2 t

t_l

<
0,2

¢
t

(z ¢ (Day)f) T (D@O)) -

which completes the second part of the lemma. O

(Il + ¢ 2+ 71 |2P)

3.2.14 Proposition ([Bis90, Proposition 3.5]). For z € By and X € T, B

gV _glew _ 0 PV (D)Q (D)™
* * — (D) QVEY(D)P 0

with respect to the decomposition m.V|y = L @& W. Therefore on By

(vkef)2 — P (v™Y)’ P Pv™Y(D) (D*) V™V (D)P.

T
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3 A representative for the odd Chern character and existence of the fj-form

3.2.15 Proposition. We define for (x,y) € By x (—a t,a\/f), z € Q or Oy the
operator o by

(PfiEP+ P EQ (=~ tf; D) Qf EP)

_ g ( dy+ (Vker)2>

where we identify L(x /D) and ker D, o) by parallel transport along the geodesic s

(z, sy/+/t) with respect to V*. Then there exists a constant C > 0 such that for t big
enough

(z,y)

+ o (z,y, 2, 1)
(z,y)

o .2, E)llng < O (14 yl + J2] +127)

Proof. First we use Proposition to see that

* * x 2\ —1 * * ker 2
HPftEthftEtQ(z—tftD) Qf{EP - g (dy+(v ))

2,0
- HPft*EtP + PFEQ (2~ tf;D*) " Qff EP

~g* (dy+P (V=)' P— PY™V(D) (D7) vV (D)P) |
T

+ PR EQ (=~ ;DY) QI EP + g* (PY™Y (D) (DY) V™ (D)P) Hz,o '

By definition, our trivialization, Lemma|3.2.12|and again Taylor approximation [Ru1z04,
Satz 2.8]

HPftEtP g* (dy+P (v )H 1+|y|)

For the second summand we have

-1
P EQ (Z —tD? (x y)) QffEP + g* (PV”*V(D) (DF) W*V(D)P>

\/E 2,0
PfEQ <z —tD? <a: \%)) Q (ft E,— Viv™V(D ))

2,0

+ |PfFEQ <<z —tD? ( )) - +t (DN P (@ ,o)) QViv™V(D)P

2,0
+ HP (~#r B+ VIV (D)) £ (D7) P (o, O)ﬁV“*V(D)PHZO
< Cyt1/? (1 + |2 + \z\2> + Oyt ™12 (|yy + 2] + yzy2) + Cgt™1/2
where we used Lemma and the definition of Ej. O
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3.2 Transversal zero-crossing of a single eigenvalue

3.2.16 Proposition. Let (z,y) € By x (—a t, a\/f), z € Q4 or z € Qy and t big enough.
We define

2\ —1 ker ) 2 -
(Z_ft*At) - <Z_(y+ver> ) ::7($7yvz7t)'
Then there exist constants Cq, Co, C3,Cy > 0 and polynomials p1, p2, p3, 4, D5 such that

1PYPllo < Crt ™2 (14 p1 (lyl) + p2 (121)
1PYQlloo < Cot™"/2 (1 +p3 (|21)
1QYPlloo < Cst™/2 (1 +pa (|21))
1Q1@Qllpo < Cat™ (1 +p5 (I21)).

Proof. Throughout the proof we will denote by p some polynomial in |z| or |y| which
may vary from line to line but is independent of z,f and y or z respectively. The
constants C' > 0 may also vary but again are indepenent of x,y, z and t. For simplicity
but by abuse of notation we define just for this proof A := (z — tft*DQ)_l, B = fE,,

X :=(z— y2)_1 and Y :=dy + (Vker)2. Then we know that

(== fiad) ™ - (z ~(y+ vker)z) o S ABA - X(YX)",

n>0

where the sum is finite.
Let us first look at

P> ABA"-XYX)"| P

n>0
=> XP(BA)"P - X(YX)"
n>0
=> XP((PBP+ PBQ+ QBP +QBQ)A)"P - X(YX)"
n>0

Since PQ) = QP = 0 the only combination in which () B(Q can occur is of the following
form

PBQA(QBQA)*QBP.
But since we know by Lemma that

st (-7 (5))

and by the definition of E; that

<
0,2

c
t

(14 121+ 12?)

[Bllag = [1f{ Etllao < OVt,
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3 A representative for the odd Chern character and existence of the fj-form

it follows that
HPBQA(QBQA)’“QBP

Lo SO (1 p(l2D)
By the same argument as above, PBQ and QB P can only occur as
PBQAQBP.

Combining these together with inequality (3.2.2]) of Lemma yields to
_ ~1
HP ((z—ft*Af) f(a- (y+ o) )P

<> XP((PBP+PBQ+QBP)A)"P - X(YX)"|| +Ct '?(1+p(2]))
n>0

0,0

0,0

<Y IX((PBP + PBQAQBP)X)" — X(YX)"|lo + Ct"/* (14 p(|2]))
n>0

<Ot V2 (14 p1 () +p2(J2])

where we used Proposition [3.2.15 and inequality (3.2.2)) in the last step.
For the other estimates we don’t need X (Y X)", since PX(YX)"P = X(YX)". We

know that
(=9 0
-1
0 (2-tfr(04))

As before we know by Lemma that

z

4l < (1+ 1)

and by Lemma [3.2.13

<OtTH(A+2]).
0,2

|:-esr o)

In general || Bl|y = || f{ Etllo < Ct'/? but for PBP we even get

IPBPyo < C,
since the only summand involving ¢ with a positive exponent is
Viff PN™Y(D)P = Vifidy = dy.
Now one can easily check inductively that
IPABAYQllog < Ct™12 (14 p(|2D))
IQA(BA)"Plloo < Ct™Y2 (1 +p(|21)
IQA(BA)"Qllgp < Ct™H (1 +p(l2])

which proves the other three estimates in the statement. O
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3.2 Transversal zero-crossing of a single eigenvalue

3.2.17 Theorem. There exist constants C,c > 0 depending on £, such that for t big
enough we get the following estimates. On B\Na/g

< Ce .

H tr (exp (—A? C(B\Nya)

Dlin,
for all C*-norms on Q°(B\Ngy2). Furthermore for all w € Q*(B) with suppw € N,

7 2
/tr (exp (—A?)) w+ /mtr <exp <— (Vker> >> 7w <Ct1/? ||wHC1(B) :

CO%(Bo)

If we combine the estimates we have

[t (oo (-a2)) o v [ (e (= (90)) ) el < ol
B Bo

Proof. In the following we have constants C' > 0 which may vary from line to line and
depend on £ but not on ¢,y, z and x.
Since D is invertible for all b € B\ N, /o, we know that

S Cefct
¢A(B\N, 2)

[[tr (exp (—A7)) ‘B\Na/z

on B\N,/, for all C*-norms.
On N, we know by Proposition that

Htr ((1 —Py) (exp (—A?))) HCO(N) < Cf(t)exp (—Kt)

where f(t) € R[t,t"!] is a polynomial in ¢t and ¢~1. It remains to prove that

/a tr (P (exp (—A2))) | w+ V7 tr <exp <— (vkef)2>> i*w € Q*(Bo)

—Qa
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3 A representative for the odd Chern character and existence of the fj-form

is of O (t_1/2) for the C%-norm on Q°(By).

_/atr (P, (exp (—£2))) w | + Vatr <exp (— (vker)2>> i*w

CO(Bo)
av/t )
< / tr (IP’t (exp (—ft*A?)) fiw—tr <exp (— (y + Vker> >>> g i w
av? CO(By)
+ Ot 2emct
av't

< / (lltr (e (ex0 (=182 loogmse gy 157w = 977" lleogsyx g
_a\/{f

tr (IP’t (exp (—f7A7)) —exp <_ (y + vker)2>>

+ Ot Y2t

+

g3 wl|o dy
B o) CO(Box{y})

We write the projection P; via holomorphic functional calculus. We use the contour
O for |y| < 1 and the contour ©, for 1 < |y| < av/t. Since P, projects our operators

onto a one-dimensional subspace we make our estimates in the operator instead of the
||.||;-norm.

First case: |y| < 1.

tr (]P} (exp (—f7A7)) —exp <_ (y + vker)2>)

CO(Box{y})

<C ;Ti/e—z ((z L O (y+vker))1) dz

of 0,0
c —z * A2\ 1 ker 2\
S%/‘e ’ (z—ftAt) —<z—<y+v )> dz
Q: 0,0
< f/e_Reth_l/z (14 p(|Rez| +1))dz
T

Q¢

here we used Proposition [3.2.16] |y| < 1 and [Imz| < 1. Calculating the integral leads
to

< Ct /2, (3.2.5)

tr <Pt (exp (—f7A7)) —exp <_ (y + vker)2)>

CO(Box{y})
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3.2 Transversal zero-crossing of a single eigenvalue
Second case: 1 < |y| < av/t.

tr (Pt (exp (—f7A7)) —exp <_ (y + vker>2>>

CO(Box{y})
¢ F xp2) 7t ker 2\ !
= 2m‘/e <(Z_ftAt) —<Z—<y+V ) ) >dz
o 0,0
C
< 27T/eRethl/Z (1 +p1(’y‘)+p2(‘ReZ‘+1)) d

Oy
<OtV 2 (14 p(y))) -

If we now split the integral over (—a t, a\/i) into an integral over |y| < 1 and an integral
over 1 < |y| < av/t and insert the estimates respectively we obtain

a

/tr (Py (exp (—A2))) w + /7 tr <exp (— (vker)2>> i*w < Ot 2 |||

a CO%(Bo)

where we used Lemma which states in particular that
(7w = g57w) | < V2 el (14 )
O

3.2.18 Remark. D. Cibotaru calculated explicitly lim; o, ch(A;) for superconnections
Ay = V +tA on finite rank vector bundles E — B, see [Cib14, Theorem 9.4, 9.5]. Theo-
rem [3.2.17 can be seen as a generalization to infinite dimensions. In exchange we restrict
ourselves to a vector bundle of rank one ker D — By. In any case the currents we obtain
are not surprising considering what we know from finite dimensions.

The top cohomology class of our representative —dp, ch (kerD — By, Vker) of the ana-
lytical index also agrees with the formula given in [Cib11l, Proposition 1.1] for dim B = 3.

3.2.19 Proposition.

B = tr®v <d$t exp (—Af)) dt € Q* (B x (0,00),C)

is an integrable differential form.

Proof. We know from [BGS88|, Theorem 2.11] that || BHce( p) < C for small ¢ and therefore
treY (% exp (—A?)) dt is integrable as t — 0.

Since Dy is invertible for all b € B\ N, we know that § is integrable on B\ N, x (0, c0)
[BC89, p. 57]. So let us now consider 5 on N, = By X (—a,a) as t — oo. Set

S = (1-9,1+46) and consider the fibre bundle M = M|y x S — Ny = N, x S as
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3 A representative for the odd Chern character and existence of the fj-form

in the proof of [BGV04, Theorem 10.32]. We denote the extra coordinate in S by s
and define the vertical metric by g3; 5= 51 gmy/B- The vertical Dirac bundle will be

V=VxS—M , where we take the natural extensions of the given connections. We will
write ~ over all induced objects on this family. So let A be the Bismut superconnection

in this situation which we scale again by the parameter ¢ € (0,00) as follows
~ - 1 —
Ay =VtD + V™V — —(T).

We made assumption [3.2.1] for the Dirac operators D, but
D5y = /5Dy

implies that it also holds for D. The assumption on the small eigenvalue (g (expy(y)) =
y) is fullfilled for D if we choose the metric

1
-gp®1
s

on N, x S, where gp is the metric on B such that the small eigenvalue of D is given by

Ao (expy(y)) = . o
We have a bundle ker D — By = By x S which is just the pullback of ker D — By. The

submanifold By x S is of course not compact, but if we allow § to become smaller, we get
the same uniform estimates as in Theorem [3.2.17 By combining the estimates (3.2.5)
and the following in the proof of Theorem [3.2.17] we see that for ¢ big enough

< —e

o (5o () o (-9 <

Now we know by [BGV04, Lemma 10.31] or by a straight forward calculation that
odd A2 odd 2 ev dAy 2
tr (exp (—At)) =tr (exp (—At)) —ttr®V | —exp (—At) ds

dt
~ ~ \2
and V¥ is just a pullback from By and therefore its curvature (Vker> does not involve

ds. So equation (3.2.6) tells us
dA
‘ ft* treV <Pt <dtt exp (_A?)>>

Using the estimate of Proposition for the projection 1 — IP; we see that
. dA;

fitr® (dte P (—A?))

This proves that f; tr®" (% exp (—A?)) is integrable on By X (—a t, a\/i) x (0,00). By

the transformation theorem tre" (% exp (—A7)) is integrable on By x (—a,a) x (0, 00)
and therefore on all of B x (0, 00).

C 2, (3.2.6)

s=1

C oy
Smey/.

C%(Bo)

2 omY?/2
< t3/2€

CO(Bo)

O]
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3.2 Transversal zero-crossing of a single eigenvalue
3.2.20 Definition. We define
[ o (dA
~ 1 v t v rk
A= ﬁ/tre (dt exp (—A%)) dt € L' (B,A*T*B®C),
0

which is a well-defined differential form on B with coefficients in L'(B) by Proposition
3.2.19| and the Fubini theorem. We define 7 by

= (2mi) " iy € L' (B,A"T*B).
k

We can see 77 as a current
n: Q*(B) —

R
wr—>/ﬁ/\w
B

and define its differential as a current

di) (w) = =1 (dw) .

3.2.21 Remark. We know even more about the coefficients of 7] than just being inte-
grable. Since we can prove that 7 is smooth outside the tubular neighbourhood N, of
By for all a > 0, it is smooth if restricted to B\By. But since our estimates where in
the C’-norm on By, we also know that i*7j € Q®(By) is smooth (dominated convergence
theorem). Therefore the only singularity occurs if one crosses By.

3.2.22 Theorem. We assume that T X admits a spin structure and denote by XX the
corresponding spinor bundle. If the Dirac bundle V is of the form XX ® L then

dij = / A(TX,VX)ch (L, VE) + dp, ch (kerD ~ By, vkef) : (3.2.7)
M/B
where dp, s the current of integration over the hypersurface By.

Proof. Equation (3.2.7)) follows from the transgression formula (2.1.2])

T
d/trev (‘Jﬁte—A%) _ typodd (e—A§> _ gpodd (e—A2T>

s

since we know by [BF86, Theorem 2.10] that for n = dim M,
b odd (a2
fiy =0 ()
()2 R¥/2 \"* L2

M/B
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3 A representative for the odd Chern character and existence of the fj-form

and by Theorem [3.2.17| that
L odd (A2 ker) 2
Th_rgoﬁtr (e T) = —dp,tr{exp | — (V ) .
If we define the 27wi-scaling as above the resulting formula is

) 1/2
dn = / det (M) tr (exp (— (VL)2 /27rz'>>

M/B

+ O, tr <exp (— (vker)z /27ri>>

- / A(TX, V) ch (L, VF) + 0, ch (ker D = By, V).

M/B
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4 Large time contribution for 7 (D);.)

In Section we will define and study the projections ¢. onto the subspace of
L? (M,V ® m*¥B) which will model eigensections of D M,e corresponding to eigenvalues
that decay at least as € as ¢ — 0. We will write D). with respect to the decomposition

coming from ¢, and 1 — ¢, as
<DM,6,1 DM,5,2>
Dpres Diaea

and give operator estimates on the matrix entries in Section We will see that
E_IDM7E71 converges to the twisted Dirac operator Dp, on ker Dx ® ¥ By — By. Then
we will prove that the off-diagonals 6_1DM’5,2 and e~'D M3 are small enough and the
operator 5*1DM7574 is bounded below.

In the last Section of this chapter we will first use the approximations of Section
to get estimates of the resolvent of e 1Dy, using the Schur complement method.
Finally we argue with holomorphic functional calculus that there exists an 0 < o < 1
such that

1 o] gt dimkerDBO

. —tD? :

il_f}(l)ﬁ / tr (DM,ae ! M‘5> Vi = —n(Dg,) + 21 sign (A (€)),
ca—2 V=

where A, (¢) are the finitely many eigenvalues of Dy, that decay faster than .

The main ideas for the projections and estimates in this chapter are inspired by [BLI1]
Section VIII, IX]. We replace the twisting bundle ¢ of [BLI1] by 7.V so we have to be
very careful by which norms we estimate. We will point out where we follow and where
we deviate from [BLI1]. If a statement is very similar but not the same as one in [BL91]
we will cite it as ,cf. [BLI1, Lemma XY]“.

Let us recall the assumptions we made in the preliminaries.

4.0.23 Assumption. We assume that we can find a covering {U; }1<;<j for B such that
on each Uj either (Dx), is invertible or we have a smooth function f; : U; — (—K, K)
which has 0 as a regular value, such that spec (Dx), N (=K — 6, K + ) = {fi(b)} and
fi(b) is of multiplicity 1.

Furthermore we assume that the metric gp on B is such that in a tubular neighbourhood
exp: By x (—a,a) = N, the small eigenvalue is given by fi(x,y) = .
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4 Large time contribution for n (D)

4.1 Modelling the eigensections for small eigenvalues of D), .

We know by [BC89| and also by [Dai91] that eigenvalues A(e) of Dy . which are bounded
below for small € are negligible for large times. As € — 0 just eigenvalues that decay at
least as € can be seen in the integral

[e.o]

/ tr (DMjae_tDJQWvE) id/t%

ea—2

We first want to motivate and try to explain heuristically what happens in the limit
e — 0 to e 1Dy and which parts of our operators give rise to small eigenvalues.
Since the vertical Dirac operators Dx are bounded below outside a tubular neighbour-
hood of By, eigensections corresponding to small eigenvalues are approximately sup-
ported in the neighbourhood N, = By x (—a,a) of By, where Dy has a kernel. Locally
the bundle looks like

TV ® XB|g = ((kerDx ®#im Dyx) ® (¥By @ £By)) x (—a,a).

_aﬂ)

The part in im Dx should be 0 if we want the eigenvalue to be small. So we are
considering sections of ((ker Dx ® ¥ By) @ (ker Dx ® ¥By)) x (—a,a) = By x (—a,a).
If we write the operator Dy . restricted to that space we get as an approximation (up
to an error of O(g?)) the operator

[0y Dg, 0 0 9,
e I A G G

where Dp, denotes the twisted Dirac operator on ker Dx ® ¥ By — By.
We see that if o) € I' (By, ker Dx ® ¥ By) is an eigensection of Dp, corresponding to an

eigenvalue A, the section
0
y2
exp (_276) (DY

is an eigensection of A, with eigenvalue —e\.
We also observe that in contrast to [Dai91l, Theorem 1.5] we might have eigenvalues that
decay as y/e. If Dp, has a kernel, A has eigenvalues ++v/2n for all n € N, since these

are the eigenvalues of
0 Y+ €0y
Y — 0y 0 '

We will not be concerned with these y/z-eigenvalues in this chapter though, since we
are just interested in large times t > ¢*~2. However if one wants to calculate the value
of the whole integral for the adiabatic limit of (D), these eigenvalues could cause
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4.1 Modelling the eigensections for small eigenvalues of Dy .

another summand for e#~1 <t < 2 in the splitting

Eﬁ 1 Ea—?
1 dt dt
(DME = 7T /tI‘ DMEG Mf)ﬁ—f——ﬂ_ / tr (DMse tDMs>%
0 eB—1

for0 < a,B < 1.

4.1.1 Remark. Recall Remark of the preliminaries. The normal bundle v By — By
is trivial, v By = By x R, since the small eigenvalue of the vertical Dirac operators comes
with a distinguished sign. We choose a > 0 small enough such that

exp: By X (—a,a) — N,
(b,y) — expy (v)

is a diffeomorphism onto a tubular neighbourhood N, of By in B. On By x (—a,a) we
consider the metric exp* gp, such that exp becomes an isometry. The Gaufl lemma, see
for example [K1i82, Lemma 1.9.1], shows that with respect to T'(By x (—a,a)) = TBy®R

. g 0
exp” gp = (9630 1>

where §Bo|(b 0) = 9By |y, but in general g, depends on y € ( a,a).
We trivialize the vector bundle 7,V ® ¥B as in Lemma [3.2.4] of Section [3.2) by parallel
transport along normal geodesics with respect to the connectlon

vrVeRBl — grVig1 410 v = (VV—k)®1+1®VEB.

So if we denote the projection onto the first component by g: By X (—a,a) — By the bun-
dles exp* (7T*V ® XB| Na) > g* (7T*V ® YB| Bo) are isomorphic. We will switch between
the two pictures without actually mentioning it.

4.1.2 Definition ([BLII, Equation (8.21)]). The two differential forms d volg, Ady and
dvolexp g5 both define volume forms on By x (—a,a) so at each point they agree up to
a positive constant. We define h: By x (—a,a) — R by

= h(z,y) dvolp,|, dy.

d VOleXp* 9B ‘( y)

By the discussion of Remark it is obvious that h(z,0) = 1 for all x € By and we
choose a small enough such that there exist C,c¢ > 0 such that ¢ < h(z,y) < C for all
ly| < a and x € By.
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4 Large time contribution for n (D)

Since By C B is oriented and of codimension one we have the scalar second fundamental
form A: T (Bo,TBy) x I'(Bo, TBy) — C*(By) which is defined by

o
AX)Y) = By —
(7 ) gB<vX78y>a

for X,Y € T'(By, TBy) and 6% € I" (By, vBy) the unique positive oriented, orthonormal
section of the normal bundle.

4.1.3 Lemma. For a local orthonormal frame f1, ..., fm—1 of T By the following equation
holds

m—1
g:}yl(:E’O) = az::l A(faafa)ar = _tI'Az,

Proof. The statement follows by a proposition of Gau$}, see [MS86, Appendix I, Section
1.4]. O

4.1.4 Definition. We define L2-products ({:, N2z and (¢ )2y onl (B, mV @ ¥B)
by using the fibrewise L?-metric g,, 1 or Sobolev-1-product g, v.1 respectively. We define
a Sobolev-1-product ({-,))y1 2 on I' (B, .V ® XB) the same way by using the fibre-
wise L?-metric and the connection V™V®*B.0 to differentiate into the base directions.
We denote the corresponding norms by ||| ;2 r2, ||| L2 and |||y p2-

If we have a section of m,V ® B whose suf)port is contained in Na we can integrate
with respect to the volume form dvolg, Ady. We will denote the corresponding products
by (-, )22, ()2 and (-, )y 2 and the corresponding norms by ||72 12, |72 1
and |-[yy1 r2. We again use the connection vTVERB0 for Iy g2

4.1.5 Remark. Note that for the norms defined above changing the connection on X B
gives an equivalent norm, but changing the connection on 7,V does in general not.

We also check that under the identification I' (B, 7,V ® ¥B) = I' (M,V @ n*XB) the

norm |[-[| ;2 7> equals ||| 2(as,ygresp)- For the Sobolev-1-norms we see that there exist
constants ¢, C' > 0 such that

cl-lwrorversvy < llw e + 1o wr < Cll-llwrrverss,) -

4.1.6 Lemma. For a section 7 € T' (B, m.V ® ¥.B) whose support is included in N, the
following equation holds true

’hl/QT

o= 7l e

If we denote the connection g*Vker@m@EBo®%Bo) by, 7 where g: By x (—a,a) — By
is the projection onto the first component,

‘Vw*va,o‘TBo .

L2(Box{y},T* By®m.VRLB)

<O +1y) |V|TB0 T‘L2(Box{y},T*Bo®mV®2B)
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4.1 Modelling the eigensections for small eigenvalues of Dy .

Proof. The first statement follows by the Definition 4.1.2] of the function h.

Since I' (B, 7.V ® ¥B) = I'(M,V @ n*¥B) we consider for the second statement the
situation on 77 1(N,) = 7~ 1(By) x(—a, a) asin Lemmaand denote the projection by
G: 71 (Bo)x(—a,a) — 71 (Bgy). We replace the connection V™V&>50 — VV@W*EB—%IC

by g* (VV®”*EB‘W,1(BO) — %k:) This difference is an element
we! (W_I(BO) X (—a,a),End (V ® 7°$B))

which is zero restricted to 7=1(Bp). Therefore, since the fibres are compact, it follows
(by locally Taylor expanding and using that By is compact) that

[wllee By {yy) < CO) [yl
and hence

. VRXB,0
‘ % ‘TB() T

L2(BO X{y},T*B0®7T* V@EB)
<C@1+y)

* T VL B,0
gV ‘Bo T

L2(Box{y},T* Bo®@m.VRLB)

Now we want to replace ¢*V™VOEB0 [y v = g*yker ®im)@(XBo®%Bo)  Changing V=P
into V¥Bo®%Bo gives an equivalent norm. So let us consider the difference V”*V} By

Vvker&im YWe know by Proposition [3.2.14] that for Y € T'By

vﬂ*v vker@im _ 0 Pov;;*v(DX)QO (D;r()fl QO
Y - Y - o + -1 TV )
Qo (D) QoVy " (Dx)Py 0

where P and @ denote the projections onto L and W respectively as in Proposition and
Definition of Chapter [3, so Py and Qg are the projections onto ker Dx and im Dx
on B().

One can check by a straight-forward calculation that ViV (Dx) is the sum of a fibre-
wise differential operator of order one and an endomorphism of V. Therefore V;r,*v —
Vl{fr@im € End 7,V does not involve differentiation and the following estimate holds
true

(55" -55e)-

<C||

IrsV °
IrsV o

Therefore

‘vmva,o‘Bo -

<C|V|g. T
L?(Bo,T* Bo@m«VRLB) ‘ 50 }L2(B07T*BO®7T*V®EB)

which proves the second part of the lemma.
O

4.1.7 Lemma. For all X € T'(By x (—a,a), TBy) there exists a constant C' > 0 such
that for all s € T (By, ker Dx) the following estimate holds true

g*Vljfr@ima(s) -t <V1§§rs>

<C
L2(Box{y},mV) vl HSHLQ(BOJ“JTDX)’
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4 Large time contribution for n (D)

where 1: ker Dx x (—a,a) = L is given by parallel transport along normal geodesics
with respect to V¥ = PV™V P,

Proof. Let us define

ly) = |V Em(s) — o (V)

L2(Box{y},m:V)

Then we see that ¢(0) = 0 and the statement follows by Taylor approximation.
O

4.1.8 Remark. We want to analyze the spin structure of 3B when being restricted
to By. Note that since B is even-dimensional and By is a hypersurface, By is odd-
dimensional and T B| B, = I'Bo & R. Therefore Y B| B, = 2Bo ® XBy. For a local

orthonormal frame f1,..., fin—1, 8% of TBy ® R — By, Clifford multiplication and Zo-
grading w can be written as
_ (0 1
“=\1 o

eati) = (6 i)

() = (5o

Now if by abuse of notation we denote by fi, ..., frn—1, % also the parallel transport of this
basis along normal geodesics we get a local orthonormal frame of (TBy @ R) X (—a, a) —
By x (—a,a). We know that Clifford multiplication is compatible with the connection
V>B therefore

as well as

But since we used the connection V*P to trivialize B along normal geodesics this
implies that Clifford multiplication is constant in y in this trivialization.

4.1.9 Definition ([BLI1, Section IX.a)]). 1. For a constant a; € (0, a/2], which will
be specified in Proposition let p: R — [0,1] be a smooth cut-off function
such that

1, forall |y| <ai/2,

Ply) = {0, for all |y| > a;.

2. We define the constant a. by

CVE < a. = / e V/2 2 () dy < V/TVE.

R
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4.1 Modelling the eigensections for small eigenvalues of Dy .

3. The isometry (with respect to the L?-metric on the left and (-,-)72 7> on the right)
I.: L? (Bo, ker Dx ® $By) — L* (N, (m.V @ £B)|y.)
is defined by

(1) 0.9) = oz ol (1 (1) ) 50

where ¢: (ker Dx) x (—a,a) — L C m.V is given by parallel transport along
normal geodesics with respect to the connection V¥ = PV™V P and (1] is with

respect to the decomposition ZB\BDX(%’G) = (X¥By @ ¥By) X (—a,a).

4. We define the isometry (with respect to the L?-metric on the left and ((-,-)) 2 12
on the right)

J.: L? (By,ker Dx ® ¥By) — L* (B, w,V ® ©B)

by
JE(S) = h_l/QIE(S)'

5. Let
pe: L2 (Na, (wfzv ® EB)

N ) Ny (Na, (Trf2V® EB)

o)

be the orthogonal projection (with respect to |-|;2 ;2 ) onto imI., where TerV
denotes the fibrewise L?-sections, and

ge: L2 (B, LV @ EB) ~ [2(M,V @ 7*SB) — L*(M,V ® r*SB)
the orthogonal projection (with respect to ||-|| ;2 ;2) onto im J..

4.1.10 Remark. We will see in the next chapter that sections 7 € W' (M, V ® m*XB)
which lie in the image of J. model the small eigenvalues of Djs. which behave at least
as € as € — 0 and that the operator %J;lquMﬁj‘E converges to —Dp,, where Dp, is
the twisted Dirac operator on ker Dx ® >By — By.

)

4.1.11 Lemma (cf. [BL91], Proposition 9.2, 9.5]). Let
_ T2 2 L2
T=7T1Q <7_) el <Na, <7r* V®ZB>
3
with respect to the decomposition LB|y = (¥Bo @ XBy) x (—a,a) and let {U;} a cov-
ering of By with a subordinate partition of unity v; such that for each i there is a local

orthonormal frame o;: U; — ker Dx of ker Dx . Then the projection p. is given by

pe (7) (2,9) =aZ p(y)e™ /%" wila)

'/p(??) eV g v (1) (03), 71 (@.9)) Ly () ®< ! )> dy.

Tg(x,:l]
R

o1



4 Large time contribution for n (D)

The projection q. is given by
g = h_1/2p5h1/2.

Proof. One can check the formula by a straightforward calculation. See also the very
similar formulas in [BLII, Proposition 9.2, 9.5]. It is also easy to see that the formula
is independent of the choice of U;, v; and o;. L]

4.1.12 Lemma ([BLI1, Proposition 9.3]). 1. For any v € Nsg we find a constant
C = C(y) > 0 such that for all T € L? (N, (m.V ® EBO)|NG)

P (/7)o 12 < CE2 7|2 g (4.1.1)

2. There exist constants C,eq > 0 such that for all € € (0,e0) and all sections T €
W1 (Ng, (mV @ XB)|y.)

1
|pET|W1,L2 S C (’T|W1,L2 + % ’T|L2,L2> . (412)

3. We find a constant C > 0 and an €9 > 0 such that for all € € (0,e0) and all
sections s € W' (Bg, ker Dx ® Y.Bg)

1
1w 2 = € (Bl s pxemim + 2 Ilio(ansenyomsg ) - (13

Proof. For the first estimate (4.1.1)) one checks that
—y?/2e —
/e ly|dy = Ce (4.1.4)
R
and a2t < c\/E_l. Together with the previous Lemma [4.1.11| this proves that
|pe (?JU)|L2,L2 < C\/g‘U|L2,L2

and by induction equation (4.1.1)) follows.
For the second estimate (4.1.2)) we assume that

()
73

52



4.1 Modelling the eigensections for small eigenvalues of Dy .

and write

|Pa(7')|W1,L2
< C|T|L2,L2

ozt (22— )Y T ()

./ﬂ(??) e 7% g v (1) (00), T1(2,9)) L(l"y)(ai)®< : )> d?J

7—3(‘%’ g
R L2,12

()

+ oz e =Y wito) [ o)
R

mVRXB,0 - 0 -
-V ® |TBo <g7T*V (L(m,g) (Ui)7 1 (:c, y)) Lz,y) (Uz) ® (7_3(1,’ ﬂ))) dy

L2,12 '
A straightforward calculation shows that

ot (T - ) e R/ o (§) e

3

N 0 - C’
Ir.V (L(x,g;) (04), 71(9073/)) L(z,y) (0i) ® <73(x,yj)> dy e < (C + \@> |T’L2,L2 .

Using this equation and Lemma Lemma and equation (4.1.4) we see that
C
Pe(T) w2 < Cl7lpe 2 + —= 7lp2 12 + Cl7ly 12
) K Vg K K
For the last estimate (4.1.3) we see that

|Is(3)’W1,L2 = ‘IE(SHL?,LQ

) o ()
s Epf)e e oo (1 (1)) o)

Since I is an isometry with respect to |.| 1272 We know that

+

12,12

+

L2,12

’IE(S)‘LQ,LQ = HSHL2(BO,kerDX®EBO)-

As above one checks that

as /2 (8'2(5) - p@)i) eV <L © (?)) (5)

C
< (ﬁ T Cl) Isll 225y ker Dx &5Bo)

L2,L2
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4 Large time contribution for n (D)
For the last summand we use again Lemma and Lemma to check that

aa—l/Zp(y)e_y2/25v7r*V®ZB,0 <L 2 (?)) (s)

¢ ‘042 V2 p(y)e v Feyker @b

12,12

L+ C o Pp(y)e 2 Jy| s

12,1 12,12

1/2
<C HSHWl(BO,kerDX@ZBO) + Ce / ||3||L2(B0,kerDX®EBO) :

Therefore there exists an £y small enough such that for all € € (0,¢q)

[e(8)lwr 2 < Cllsllwr gy xer DxosBy) + NG sl L2(Bo ker Dx&5B0) -

4.2 Limiting behaviour of ¢ 7'D),;. as ¢ — 0

4.2.1 Technical preliminary work

Remember that for a local orthonormal frame fi, ..., fi,, of Ty M (see [BC89, Equation
(4.26)] or [Goeldl Equation (2.4)] where in our case the twist part is independent of ¢)

Dyre = Dx + eDp.

82

= Dy Yol (vyfﬂ*m - §k<fa>) — Y el e (T f)

a<pf
= ﬁX + EDB + €2T,

where DX = Dx ®w on m,V ®XB. We use the isometry J. of Section to decompose
L? (M,V ® m*¥B) into the image of J. and its orthogonal complement. So

L2 (B, LV e EB) ~ [2(M,V ® m*EB) = imq. @ im ¢

By taking the intersection of these two subspaces with smooth (or at least once weakly
differentiable) sections, we can also decompose the total Dirac operator as

Dyre = (q‘fDM:EQE anM,sQé) _ (DM,E,l DM,€,2>
< qé_DM,EQE quDM,qul DM,E,S DM,&A

4.2.1 Lemma ([Goel4, Lemma 2.1]). The anticommutator of Dx and D is the sum
of a fibrewise differential operator of order one and an endomorphism of V @ n*%B.
Therefore

H[DX7DB,€]T‘

, S (C1+Coe) [Tl 2w

L2,L

for allT € WH(M,V @ n*$B).
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4.2 Limiting behaviour of e Dy as e — 0

4.2.2 Lemma. The operator Dg is symmetric, that means

((D577)) e = (0 D57))

forall o,7 € I' (B, m.V ® ¥B). Furthermore it fulfills an elliptic estimate
2 - 2 2 2
Il ze < | Do, + CulirlZaze + Ca il

Proof. The first part follows as the usual symmetry of Dirac operators, using that

V™ VEEB is compatible with gy, exp. For the second statement we see by a direct
calculation that
- 1 &
2 _ «VRYB,0 «VRXB,0
Dy = 5 ;1 C(fa)c(fﬂ)F}rwfﬁ + AT
a,f=

1 ver sBo |, 1 H H Veor*SB . V@LB,0
B 22526(‘}0&)0('}0@ (Fféﬂféj’ ok (o J5) = Vi gy | + ATV

where A™V®%B0 denotes the Laplacian of the connection V™V®*B.0  This equality
leads to the elliptic estimate by observing that Vg(%cz il)%’,o differentiates into vertical
directions, therefore we need the ||7| ;2 y1-part.

O

4.2.3 Definition. As before we denote the covariant derivative
g* ((vkerDX o vimDX> ©1+1® (VEBO o VZBU))

by V, where g: By x (—a,a) — By is the projection onto the first component. For a lo-
cal orthonormal frame f1,..., f;,_1 of TBy — By, 8% the oriented section of vBy —
By of length one, we define the differential operator Dp: T’ (Na, mV@EB]Na) —
T (Na, TV & ZB]NG) by

m—1

D= c(fa)Vy. = clp, 0 95, © Virs,

a=1

the operator Dy : I' (Ng, 7.V @ XB|y, ) = T (N, mV @ £B|y ) by

o\ 0
Dy=c(= )+
" C<3y>8y
the operator G: ' (Ng, mV @ ¥B|y ) = ' (Na, 7.V @ XB|y, ) by

1
G=) clfa) (g*V};V - g*V‘}jr@lm> ®1
1

(e}

3

and last R.: T (Na, TV ® EB|NQ) — T (Naa TV ® EB|Na) by

R.=h'2Dgh 2 4+ ¢T — Dy — Dy — G.
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4 Large time contribution for n (D)

4.2.4 Lemma. The operator Dy + Dy is symmetric for sections with compact support
with respect to (-, )2 12, that means for all 0,7 € W (Ng, mV ® ZB|NG)

(Du + DN)o,7)p2 12 = (0, (Da + DN) T) 12 12 -

Furthermore it  satisfies an  elliptic  estimate  for  compactly  supported
reWw} (Na, .V ® EB]NQ)

’0|12/I/1,L2 <[(Dm + Dn) T‘%ﬂ,L? + Ch |T‘%2,L2 + Co|7[p2 1 -

Proof. The first statement follows again as in Lemma by the same arguments as
the symmetry for usual Dirac operators on compact manifolds. Since we have sections
with compact support there are no boundary terms when we apply Stokes’ theorem.
For the elliptic estimate we check that

(Dy + Dn)* =AY + Z (fa) e (f8) Vo gy
oc#i

where AV denotes the Laplacian of the connection V = ¢*V(ker @im)@((EBo&5o)

Since we have a formula for the off-diagonals of V™" on By by Proposition [3.2.14] we
know as in the proof of Lemma that

2
‘ <v2 _ g* (vW*V(X)ZBD’BO) > T < C |T|L2,L2 .
12,12
We use again that
T VOLB,0 V@r LB Ver*TRB
(v Vit = Fyogn +dk (fal f5) = Vol p)

and T'(fa, f3) is vertical, therefore

1 2 2
<2 Z c(fa) C(fﬁ) V?‘a,f57'77'> <C |7—’L2,L2 + (s |7_|L2,W1 .
a#p L2.12

Furthermore again by Lemma and the fact that |y| < a we have

<Av7',7'> = (Vr, vT)LQ’LQ <C <V“*V®EB’OT, V“*V®EB’OT>

12,12 L2,[2"

Using that Dy + Dy is symmetric and putting together these estimates it follows that

2
(D +DyPr| 2 (7l g = Cr Il g2 = a7l

5
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4.2 Limiting behaviour of e Dy as e — 0

4.2.5 Proposition (cf. [BLI1l, Proposition 9.7]). The remainder term R, is C*(—a,a)-
linear and fulfills the following estimate for all T € W1 (Na, TV ® EB]NG)

IR\ 2By gy mves sy SCLIYIHITIw (Box (41, vess)
+ C2 (lyl + ) 7l L2(Byx {4} .7 vesB) »
where we use the connection V™VEZB0 for the Sobolev-1-norm.
Proof. First recall that
R.=h"2Dgh™"/? + T — Dy — Dy — G.

We know that

- 1 -
h'2Dgh™1/% = —gy¢(gradh) + Dp.

(1) First summand
By the definition of the function i we know that h|g = 1 and therefore for an orthonor-
mal vector f, of T' By

| fa(h) @] < Clyl-
For the oriented normal vector we know by Lemma that
oh
Ay

Since we chose a small enough such that |h| > C on By x (—a,a) we conclude

H—thc(grad h) — %tr(A)c (;y)

= —tr(A)

Bg

< Clyl.

Ir«VREB

(2) Second summand
In our chosen trivialization and by the considerations of Remark we already know
that }

Dp=Dy+co gl;; o V”*V®ZB’O‘TBO .

From now on we will (by abuse of notation) write V* instead of V*|r5 . We want to

o VW*V(X)EB,O V®¥XB,0

. ~—1 —1 * T :
compare the operators co gg and c| By ©9p, ©9 V™ since

C‘BO Ogég‘ o g*vﬂ'*v®23,0 — DH + G + COQE; (1 ®g* (vEB . VEBO@EBO))

1 0

So consider the difference

- 1o VRLB,0 —1_ % omVRLB,0
‘(cho v — |, 98,9°V" ) T‘

L2(Box{y},mVRXB)

< H(C~71 . 71) vaeng,oT‘
< ||{ 9B, — B, 9B, L2(Box{y} m VEEE)

1 (vw*vesz,o _ g*vm\/@EB,O) 7_’

+ || ¢l g, 9B,

L?(Box{y},mV@EB)

< ClylITllwr gy xgyymvess) + ClUllITl L2y x fy1 mvess)
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4 Large time contribution for n (D)

by the same considerations as in the proof of Lemma [4.1.6
Combining the above estimates with

< Celltlly, vons

Hng

Ir VREB

we see that

”R€THL2(BO x{y},m: VR B)

1 1
(—c (grad h) — = tr(A)c <8>> T
2h 2 dy L2(Box{y},m.VOEB)

~—1om.VRIB,0 —1 _xvmVRXB,0
—f—H(chOV — c]BogBOg \Y )7”

L2(Box {y},mV@IB)

+ H6T7"

L?(Box{y},=.V®LB)

< C(yl+ ) 1Tl L2 Box gy mvess) T ClYlITIw By x gy mvess)

4.2.6 Lemma. The following identities of operators are fulfilled
paﬁXpe = 07

and also
peDnpe = 0.

Proof. The fibrewise Dirac operators Dx on 7,V of Section [3.2|act on 7,V ® X B as
bX =DxQuw
where w € End (XB) is the Zg-grading of XB. On N,
(0 1
“=\1 o
with respect to the decomposition XB|y = (XBo® XBy) X (—a,a). Now the claim
follows by our formula for p. in Lemma [4.1.12] since

GYCGY-

The same argument proves p. Dyp. = 0 since

()= (4 o)
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4.2 Limiting behaviour of e Dy, ase — 0

4.2.7 Proposition (cf. [BLI1l, Proposition 9.9]). There exist constants Cy,Co,Cs,Cy >
0 and an g9 > 0 such that for alle € (0,&¢) and T € W1 (Na, .V ® EB|NG) the following
estimates hold

|Dar (pe(7)) — pe (Du(T)| 12,12 < C1ve T2 12 (4.2.1)
1 -
De <DN + DX) T S 02ﬁ|T‘L2 L2 (422)
3 2,12 ’
‘paRT|L27L2 < 03\/g’T‘W1,L2 (4.2.3)
1GTll 2,2 < Call7ll 2 12 - (4.2.4)

Proof. For the first estimate (4.2.1) one checks that for 7 =7 ® <:2>
3

Dy (pe(7)) — pe (Du(7))
=a, :0 —y2/2£ Z¢ /p e ¥ /22 gTr*V (g*vl}zr@imL(z,g) (Uz‘)a 7'1(1',3])) ['(x,y)(gi)
ia R

i 0
. . ~ *yrker @ im ) -
+9r.v (L(m,y) (04), 1 (, y)) g vfa L(z,y) (Uz)} ® <_CBO (fa) 73(z, g)) dy.

We verify that the integrand vanishes for § = y = 0 since on By
Ir.V (ai, Vljgr@imT) o = Pvlgfr@imr = Vl;(er@imPT
= 9.V (Vljﬁr@imom) 0i + gr.v <Ui, Vfr@imT) i + gr,v (04, T) Vl;?r@im(fi.
Therefore for any other y,y € (—a,a)
lgm (975 &0 5y (00,71 (@,9) ) 1400 (0)
2

9. (t(a)(00), (2, 7)) g*vlﬁr@imb(z,y)(ai) .

_=Cln(, s, P +7°)
and hence
D (pe(7)) = p= (Du (7)) |72,
SCOCE_2 / pZ(y)e—y2/£Zw2 /p2 P /a y +gz)
bo R

2
dy dvolp, dy

9B

<_CBO (fao) 73(90»2?)>

Al DI,
2
S Ce |T’L2,L2 .

Here we used

CVe<a:.= /pQ(y)e_yQ/ady < C'\e

R
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4 Large time contribution for n (D)

and
/p2(y)ey2/€y2dy < C//E3/2-
R
The second equation (4.2.2)) follows as the corresponding statement in [BL91l, Proposition
9.9].
Also equation (4.2.3) follows as in [BLI1, Proposition 9.9] by equation (4.1.1) in Lemma

4.1.12| and by the estimate of the remainder term R, in Proposition 4.2.5
For the last estimate (4.2.4) remember that

m—1
G=3 clfa) (¢VY - g T 1,
a=1

We already proved in Lemma [£.1.6] that on By

<Cnll
IrsV

H (V;;V o vl}zr@im) 7_1

IryV

by which estimate (4.2.4) follows. O

4.2.8 Lemma (cf. [BLI1l Proposition 9.13]). There exist constants Cy,C2,C3,9 > 0
such that for all € € (0,¢q) and all 7 € W (B, 7,V ® ©B) with suppT C B\ N%l

2 C Cs

1 2 2 2
EDM,sT > po) 17l 72 22 + 1T Z2m1 + Cs Il L2 -

1
2

Proof. Since D)y is self-adjoint

2

1 1 9
H€DM’ET 12,12 T2 <<DM*ET’ T>>L2,L2
1 M2 1~ 2
= fQDX—{—*[D)(,DB@]—{—DB’E T, T
9 9 L2,L2
> Lot -1 [Dx, Dg.] + (D% .7, 7))
= 22 XT 12,12 - X, VBelT, T 12,12 BTy T 2,12

For the fibrewise Dirac operator Dx we have two different estimates. First we use that
Dx is a fibrewise elliptic operator

2
2 = 2
HTHLQ’WI = HDXTHLz,m +C HTHLZ’,L2 ’
then we use that the support of 7 is included in B\ N a and therefore

|2

12 1a 2 Clirllga e

)
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4.2 Limiting behaviour of e Dy, ase — 0

Combining the two estimates we know that for all s € [0, 1]

|2

2
2 2
L2,12 Z s|Irlzepr + (CA =) = C'9)) I7llL2 12 -

By choosing s € (O, %) the constant Cy = C(1 — s) — C's fulfills Cy > 0 and

|57, = CrlirlZa g + Calirla e (4.2.5)

2
2L

By Lemma the Cauchy inequality and the fact that ||-[|;2 2 < [|*[|f2 131 We know

‘<<|: X B6:| >> 2 L2
L 7L

So we still need to estimate D%,S = [)?3 + e [[)B,T] + 272, Since the operator T is

< (C3+ C4e) [I7][72,p1 - (4.2.6)

an endomorphism of V ® n*¥XB and [DB,T} is a differential operator of order one of
™.V ® ¥ B — B we get, by using the elliptic estimate of Lemma [4.2.2

(Db eriT)) a2 2 (1 =Cs) |7l 2 = (Co +€°C7) |17l 72,2 = Cs Il yyr - (4:2.7)

Combining the estimates (4.2.5)), (4.2.6) and (4.2.7) we finally get

1 2 Oy Ch Cs
Ll > ( o 5207) 722 o + ( ~ G - Gy Il
LQ,LQ 155 1 e

3

+ (1= eCs) lI7llfpr g2 s

which proves the claimed estimate by choosing € small enough such that all constants
are positive. ]

4.2.9 Proposition (cf. [BLI1l Proposition 9.12]). There ezists a constant 0 < a3 < a/2
and constants Cy,C,C3 > 0, such that for all T € imgt N W (M,V ®@ m*¥B) whose
support is included in Ng,

2 oy

Z P
2,2 ¢

Co

1 —_
o2

*DM,ET

2 2 2
ITlz2 L2 + =5 I7llze wr + Ca lI7llp L2 -

Proof. We follow the ideas of the proof of [BL91l, Proposition 9.12].
Since the support of 7 is included in By x (—a1,a1) we can define the section

7=h'2r

and since 7 € im q§ we know that 7 € im peL because of Lemma |4.1.11] By definition of

our norms

2 2

1
—Dhppet
3 2,12

B2y he127
3

12,12
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4 Large time contribution for n (D)

Again because we are now working locally around By, we can write our operator with
the help of the operators of Definition
1 1=~
W2-Dyh /2 = Dy + Dy + Dy + G + R.
€ €
== Le + RE + G

where L, = éD x + Dn + Dp. Recall that on N, the bundle 7, V| n, splits orthogonally
into the line bundle L = im P and the infinite part W = im ). We decompose the

section 7 with respect to this decomposition into 7 = 7L + 7W = p1/2 (TL + TW) where

7L or 71 is the part which is in the line bundle and therefore corresponds to the small

eigenvalue of Dyx.
Estimate of (R. + G)T
By Proposition and since |y| < ay
\RET’%2 2 < Caj ’T‘%/Vl 2+ C (a7 +¢%) ’T‘QLQ,LQ

and by equation (4 in Proposition

G732 12 gcyﬂ% 2.

G712 L I2,L
Alltogether we get the following estimate for the remainder R, + G

[(Re + G) ﬂ%aL? < C(af +¢°) |7’%2,L2 + Caj ‘ﬂ%/Vl,L? : (4.2.8)

Estimate of (L7, L7V 2 1»
Since Dx is obviously diagonal with respect to L & W and Dy + Dy is symmetric for
sections with compact support, see Lemma [£.2.4] we know that

(LE?L,Lg?W>L2’L2 = <(DH + DN) T TW>L2’L2.

Now we want to prove that (Dy + Dy)?7% is ‘almost’ in L, so the product becomes
comparibly small. This follows since the decomposition L & W equals ker Dx @ im Dx
on By and we use Lemma together with the fact that |y| < a; to see that

< Car |l g2 Il g2 g2 < Can 17l g2 (4:29)

=L =W
<(DH—|—DN) T, T >L2,L2

Estimate of L. 7V
By Lemma we know that Dy + Dy has the same properties as Dp and since for
7 the estimate

’[) X7W

—W
12,12 = C ‘T ‘LQ,L2
holds true, the same proof as the one given for Lemma [£.2.8] leads to
_W |2 _
|L57—W‘L2,L2 = ;‘TW’H L2+ |TW‘L2 Rie! +C3‘T |W1 L2

HTWHB L2 + HTWHL2 wr T Cs HTWHWl L2 (4.2.10)
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4.2 Limiting behaviour of e Dy as e — 0

Estimate of L7~
By definition the operators Dy and Dy anticommute (since Clifford anticommutes and
differentiation with the pulled back connection commutes) and since PDx = yP ®w and
Dy just differentiates into By-directions, PDx and Dy also anticommute. Therefore

1. 2
‘L‘S?LEQ,LQ = |DH7LEQ’L2 + ‘ (EDX + DN> ?L

L2, L2
2
72 1~ _ 72
> |DHTL‘L27L2 + ‘ (6DX + PDN> 7L T Cl(1+ y)TL|L2’L2 , (4.2.11)

where the estimate comes from the fact that on By we can estimate the off-diagonals

with respect to the decomposition ker Dx &im Dx of V”@*V = % because of Proposition
o

Y
see Lemma [£.1.7) and we know that P is parallel along normal geodesics with
respect to V.

We will first investigate the spectral properties of the operator P (%[) x + DN) P. We
see that it acts on W1 (By x (—a,a), L ® ¥B) as

0 ¢ 0 1\ 0
ra(y §)+re (S o) o

£

where the matrix decomposition is again with respect to X B = X By ® X By. So if we
choose a local basis of ker Dx ® ¥ By @ ¥ By — By and transport it parallel along (—a, a)
we see that we need to calculate the eigenvalues of

0 %_a% .17l 2 2 2
vy o g : W (R,R?) — L? (R,R?),
€ Oy

which are i\/sz, m € Z and each with multiplicity one (we see this using Getzler
scaling and Hermite polynomials).
Therefore, if p! denotes the projection onto the kernel of P (%f) x + DN> P we see that
as in [BLII Eq. (9.75)]
2
C _ w12
> — |7 =i ga - (4.2.12)

1 -~
'P <DX + DN> 7L
8 L27L2 E

The formula for the projection p again looks a bit different as in [BL9I]. For a section
s =81 ®(s2,83) € ['(By X (—a,a), 7V & XBy ® LBy)

(prs) (z,y) =B e /%Y i)

./eﬂz/%gmv (t2,9)(0i(2)), 51(,9)) t(2,) (03(2)) @ (53 (2@)) &

—a
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4 Large time contribution for n (D)

where as in Lemma 4.1.11{ {U;}; is a covering of By with subordinate partition of unity
1;, such that there exist local orthonormal frames o;: U; — ker Dx and

a

BE = /e_y2/2€dy.

—a

By assumption 0 = p.7 = p.7° and therefore as in [BLII, Eq. (9.80)] and by
Lemma [£.1.17]

a

(275) (o) =516 2 S wita) [ (0= plape

v (i) TH@ D) v ® (g ()
and since 1 — p(g) = 0 for |g| < a1/2
P71 g2 < Cla)VE 7 [ e
Together with equation and this implies that
‘ <1DX + DN) - (Cl Clar)
€

>

£ NG
But we just want to use half of that estimate, we want another estimate for

‘P (%bX —I—DN) 7L ’

12,12

estimate. As in [BL91,7Eq. (9.77)] we know that

- CQ) T e pe = Calymh] 2 e (42.13)

12,12

which we want to combine with ‘DH?LEQ 12 for an elliptic

2 2

1~ 2 1~
‘(SDXJFDN) 7L + | DT 2 1o +2Re<€DxTL,DNTL>

1 -~
= ‘DxTL
9

:§<

1~
+2Re <DxTL, DNTL>
3

12,12 12,12 12,12

1. 2
Dx7L

- + ‘DNTLE?,m)

12,12

12,12
2
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4.2 Limiting behaviour of e Dy, ase — 0

for all o € (0,1] (since |A|* 4 |B|* > —2Re(A, B)). Therefore using half of this estimate
and half of estimate (4.2.13)) and the fact that P (ZN)XDN + DNﬁX) =P® (1 0 ),

0 -1

we see that

1.
‘(DX + DN> 7L
g

2 2
«Q 8 _I —L [0 03 _L 2
>0 _ = =
ez 4 < a7 >L2 L2 i <452 2 75 e

Now we choose a € (0,1] such that C; — § > <1 and therefore

2 2
(6] 8 _I —L (e} C3 _L 2
>0 2 2
22 4 < 83/2T T >L2 L2 * <452 2 ’yT ’L2’L2

N (Cl _Clay) CQ) 7, (4.2.14)

By using the ellipitic estimate of Lemma [£.2.4] for the operator Dy + Dy we see that

1.
(3

a! 0? _; _ L2 L2 L2 L2
VR G + D712 12 2 C 75y 12 = C7 12 2 = C 7 12 gy -
4 8y L27L2 I I 9’ 9
(4.2.15)
Finally if we put together the estimates (4.2.14]) and (4.2.15)) we get
L7, > FE) G o) P 421
{ eT ‘LQ,LQ = ‘T ‘Wl,LQ + o2 2 ‘yT ‘LQ,LQ (4.2.16)
C'3 C4(a1) _L12 _L12
Ry =) L YR i

Combining the estimates
We put together the estimates of the cases above, namely estimates (4.2.8)), (4.2.9),
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4 Large time contribution for n (D)

(4.2.10) and (4.2.16) to see that

2 2

1
H *DM,ET

- hl/QlDMﬁh_l/z?
13

12,12 12,12

> —|LTl32 12 — |(Re + G) Tl72 12

»—t[\’)\)—t

L e o4 5 | — (2T L) o

— (R + G) 772 1

Z Cl }?L|W1,L2 + CQ ‘?W“2/1/17L2 - (030’% + 04(11) |?’12/V1,L2

Cs  Cglar)
+(5— VE

C1o 2
+ <€2 — 0116 — Clgal ‘7’ ‘LZ,LZ
014

2 2\ |=L|?
_07—085 —CgCLl) ‘T ‘LQ,LQ

= Cus [P g2y + 5 17 [

We know by definition that |7[;> ;> = [|7|| 2 ;2 and

s o = I3 g + A 20V EmB0R2 " < O

L212

since we chose a small enough such that A and its derivatives are bounded.

Therefore we see that if we choose a; small enough, there exist constants C1,Cs, C3 > 0
and an gy > 0 such that for all € € (0,e9) and all 7 € T' (B, 7,V ® ¥ B) whose support is
in Ny, and g.0 = 0 the follwing holds true

2
Co
> CITlp e+ —
12,12

C3

= 7l we -

1
— 752 e +—

EDM’(ST

For the 7l-part we estimated some of the ||7||;2 ;2-norm by the |||/, y1-norm. But L
is a finite-dimensional bundle so these norms are equivalent. ]

4.2.10 Theorem (cf. [BLOI, Theorem 9.11]). Let a1 < a/2 as in Proposition [{.2.9
Then there exist constants C1,Co,Cs > 0 such that for € small enough and for all
T€imgt NWH(M,V @ n*¥B)

2
Cs
> — HTHL2 2t —

1
12,12

fDM@T

2 2
= Il + Ca il L2 -

Proof. We combine the estimates of Lemma [4.2.8] and Proposition {.2.9 as in the 3rd
step of the proof of Theorem 9.11 [BLI1, pp. 115]. O
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4.2 Limiting behaviour of e Dy, ase — 0

4.2.2 Main estimates

4.2.11 Theorem (cf. [BLI1, Theorem 9.8]). There exist constants C,eq > 0 such that
for all e € (0,¢0) and all s € W' (B, ker Dx ® XBy) the following estimate holds true

41
H (Je 1EDM7E71JE + DB()> S

< Cve [sllwi(Boker Dx@3Bo) »
LQ(BO,ker DX®ZBO)

where Dp, denotes the twisted Dirac operator on ker Dx ® ¥ Bj.
Note that ngéDMﬁ,ng converges to —Dp, which is explained in the considerations for

the Clifford actions in Remark [{.1.8

Proof. We follow the ideas of the proof of [BLI1, Theorem 9.8] and adopt carefully the
estimates to our situation.

By Lemma and Definition [£.2.3] we know that

.1 _ 1 _
J; IEDM,s,lJE =1 'p. (hl/QgDM,Eh W) I

1 -
= I;lp(c_‘ <EDX + Dy + Dy +G+Ra> 1.
So by Lemma [4.2.6]
11 _
Je 1EDM:E71J8 =1 lpa (Dp + G+ R.) L.

(1) Let us first consider the term p.Dyl.. We will see that this operator converges in
the right sense to the twisted Dirac operator

m—1

iy = 3 (V0 cmfa) + 19 ey () VE)

a=1
m_].
- Z <V1}2r ® (=B (fa)) +1® (= (fa)) v?aB())
a=1

or rather —I.Dp, and then we will make use of the fact that I. is an isometry with
respect to |-[;2 ;2 and the L2-norm on T (B, ker Dx ® ¥ By).

By using the definitions and Lemma [£.1.11] one can check that for a section s1 ® s9 €
I' (B, ker Dx ® £By)

_ -1/2 —y2/28 0
PPl @) = o ply)e L(Sl)‘@(ZZ‘;f—cBo<fa)ViBOs2)

m—1
i . 0
+ —1/2 (~\,—T5°%/2¢ *vkerEBlm ® ( ) '
p: (Ozs p(y)e a§:1 IV B o (s
Now we know by Lemma, that

<Clyl H81HL2(BO,kerDX) . (4.2.17)

*vker@im _ (Vker )
9 Vi, L(s1) — v fa S1 L2(Box [} meV)

67



4 Large time contribution for n (D)

Using Proposition [4.1.12| this proves that

m—1
_ ~\ —7 * r P im 0
Pe (O‘E Vplg)e > gV s @ (_CB (f )32>>
0 (0%

a=1
m—1
—pe (@ (Z Vs @ (—c30<fa>82>>)
a=1

Combining the above estimates we conclude that

< C\/gHSl & 32HL2(BO,keer) :
L2,12

H (Iff_lprXje + Dp,) (51 ® 82)HL2(B0,kerDX®ZBO)
= |(p8DHIE + IEDBO) (Sl X 82)|L2,L2
<Cvelsi® 52||L2(Bo,kerDX®ZBO) .

(2) Now we will prove that the G-part is small

-1
HI€ peGle (Sl ® SQ)HLZ(BO,I{eer@EBo) < C\@ ||51 ® 52||L2(B07kerDX®ZBO) '

For this we consider the function
- *vﬂ'*v _ *vkerEBim . - U _ R
Y =9mv (\9 Vi, 9 Vi, u(s1),4(03) ) : Ui x (—a,a) = R,

where U; is a covering of By and o;: U; — ker Dx a local orthonormal frame as in

Lemma 41111
At § = 0 we know that ¢, 0(s1),tz,0(0i) € ker Dx 4, but vV — vker@im interchanges
ker Dx and im Dy and therefore

Therefore we can check that
iz, 9) < Clgllisillg,, . -

Writing down the explicit formula for p.GI. (s1 ® s2), we see by the above estimate and
by using Proposition 4.1.12| that
-1
HIE PGl (51 © 52)HL2(BO,kerDX®EBO)
= [peGl: (51 ® SQ)’LQ,LQ
<CVels1® 32HL2(BO,kerDX®ZBo) :

(3) In the last part of the proof we show that the remainder term R. is small. This
follows by Proposition Proposition [£.1.12] and the same considerations as in part
(2) of this proof

[peR-I: (51 ® 52)| 12 12 < CVE51 @ s2llyp1 By ker Dy @S Bo) -
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4.3 Calculation of the integral for large times

4.2.12 Theorem ([BLI1l Theorem 9.10]). There exist constants C,eo > 0 such that for
all e € (0,0) and 7 € img- "W (M,V @ 7*XB)

1
H DT
&

<O (Ve Tl g2 + 7l 2 12

L2,]2

and for all T € img. "W (M,V ® £B)

1
HDM,E,3T
€

<O (VE Tl g2 + 17l g2 12 ) -

12,12

Proof. The proof follows exactly as the proof of [BLI1, Theorem 9.10] by using Propo-
sition instead of [BL91), Proposition 9.9]. O

4.2.13 Theorem (cf. [BLII, Theorem 9.14]). There ezist constants C1,Ca,Cs,e9 > 0
such that for all € € (0,e0) and all sections T € img- N W (M,V ®@ n*¥B)

1 Co
> - —_ C .
o st g + Ol

1
H ~Dppeat
€

Proof. As in the proof of [BLI1, Theorem 9.14] we know that
Dypem = Do + Dygeat.
By Theorem [4.2.10| we know that

1
*DM’ET

£ HTHLQ,Wl + 03 ||THW1,L2 .

e

L2,L2 - %
We know by Theorem that

1
H&DM@QT <C ||7'||L2,L2 + C\@HT”W%L? :
2

L2,L

If we combine these two estimates the claimed estimate holds true for all € small enough.
O

4.3 Calculation of the integral for large times

We want to use the results of the previous Section to obtain estimates of the resolvent
of Dpre. Asin [BLII) Section IX. e)] and [Goel4, Section 2| we use the Schur complement
method. Then we use holomorphic functional calculus as in Section [3.2] to compute the
large time contribution

o0
1 —tD2 dt
L (D) 2
ﬁ/ M Vi
60472

as € — 0 for a certain choice of 0 < av < 1.
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4 Large time contribution for n (D)

4.3.1 Resolvent estimates

4.3.1 Proposition ([BLII Proposition 9.16]). There exists an 9 > 0 such that for all

e € (0,e0) the operator

= _ (Dnmen 0

DM7€ B < 0 DM7874>
is self-adjoint with domain W' (M,V ® m*XB).
Proof. As the proof of [BLI1, Proposition 9.16] we want to make use of the Kato-Rellich
theorem [RS75, Theorem X.12]. We just have to adapt our estimates. We already know
that Dy is self-adjoint with domain WY (M,V @ n*$B) and Dyre— Dy e is symmetric.
It remains to show that Dys. — Dyre is Dy -bounded with relative bound C' < 1 for
all € small enough, i.e., that

| (Dase — Dase) THL27L2 S ClDmetlpe pe + Il 2, 2 -
We know that 3 )
D%\/l,s = Dg{ +€[DX7DB,5] +€2DQB,57

Dp. = DB + gT, and use tlle elliptic e§timate for Dx and DB, see Lemma m and
the fact that [Dx, Dp .| = [Dx, Dp+£T] is a fibrewise differential operator of order one
plus an endomorphism, see Lemma [4.2.1] Therefore

HDM,J”;,B > (*Cl - 0252 + 0354) HTH%Z,H
+ (Ca — Cse — Cge?) ||| 7o w1 + (Cre® = Cse®) |75 12
and we see that there exists an ¢y > 0 and constants K7, Ky > 0 such that for all

e € (0,¢0)
ellTliwr pe < KullDaretlip2 2 + Ko lI7ll 22 g2 -

The remaining part of the proof follows as the proof of [BLI1, Proposition 9.16]. Com-
bining the estimates of Theorem [4.2.12] and Lemma [4.1.12| leads to

|(Dare = Dare) 7ll o 1o < Coe™? |7l 2 + Coe |17 2 po

< ClKl\/gHDM,gTHL27L2 + (K2\/g+ 026) HT”LQ,L2 :

Now it is clear that that the difference Dy;. — Dy is Dy -bounded with relative
bound C < 1 for all € small enough and therefore the Kato-Rellich theorem proves the
statement. ]

4.3.2 Remark. The fact that Dy, is self-adjoint implies that the spectrum of Dy 4
is contained in R and therefore its resolvent

_ -1 . .
R.(2) = (z —¢ 1DM,5,4) : 1mq€l — 1mq€L

exists as a bounded linear operator on L? (M,V ® m*%B) for all 2 € C\R. In particular
if Imz| > C

1
1R ()7l 201 vemsp) < ° 17l L2 vemsB) -
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4.3 Calculation of the integral for large times

4.3.3 Definition. As in Remark we define for z ¢ spec 5_1DM7574 the resolvent
R.(z) = (2 — 5_1DM,E,4)_1 ©imgt — imgt
and the Schur complement
M (2) =2z — EilDMPE’l — €*2DM7572R8(2)DM7873.

Furthermore we define the subset U, C C by

Uez{ze(C

G
<=Land inf —ul>G
VLﬁwmﬁ%bM_%,

where 0 < G < % with C; from Theorem |4.2.13|will be fixed in the proof of Proposition
4.3.6/and 0 < G2 < 1 is chosen, such that G2 < Ap,/2 where Ap, is the smallest absolut
value of an eigenvalue of Dp,.

Im

4.3.4 Remark. We want to use the resolvent R.(z) of s_lDMygA and its Schur com-
plement M. (z) to compute the full resolvent of Djs. and also to get the desired esti-
mates. We will prove that R.(z) exists and M.(z) is invertible for all z € U,. Therefore
z & spec e_lDM,E since

(z— S_IDM,E)_l

( M.(z)~! 5_1M5(z)_1DM75’2R5(z) >
e 'R.(2)DpresM(2)"1 R.(2) (1 + 6_2DM76?3M5(z)_lDM@gRE(z)) '

4.3.5 Lemma ([BLI91l Proposition 9.18]). There exists an 9 > 0 and a constant C > 0
such that for all z € C, |2| < C, e € (0,&0) and p > 2dim M + 1

22’
[R=(2)]l0,0 < CVelz|, (4.3.1)
[1Re(2) o1 < Cll, (4.3.2)

[Re(2)]l, < Cl, (4.3.3)
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4 Large time contribution for n (D)

where ||.[|go and |.][o; denote the operator norm for operators
L*(M,V @ *%B) — L* (M,V @ 7*¥B) or L* (M,V @ m*¥B) — W' (M,V @ 7*£B)
respectively and ||.||,, denotes the p-Schatten norm on L*(M,V @ T*¥B).

Proof. The first inequality (4.3.1)) follows directly by Theorem [4.2.13] since it states in
particular that

1

—1

e Dateat|| o asvomesm) = NG 17l L2 ves)
and we chose |z| < 26\%

For estimate |D we first prove an elliptic estimate for e 1D M,,4. For that we recall
that under the identification I'(B, 7.V ® ¥B) = I' (M, V ® n*XB) the norms ||.| 2 ;2

and |||l 2 (ar,v@resp) correspond and ||.|[yy1 2+l 2 w1 and [ ly1(ar v gresp) are equiv-
alent. Hence the estimate of Theorem B.2.13 leads to

-1
ITlwr (v yversp) <C e DM,E,4THL2(M7V®7T*ZB) +C Tl 2y ensp - (4.34)
Using this we see that
||Rs(i)7|’W1(M,V®w*EB)
<C HEilDM,sARE(i)T}|L2(M’V®W*EB) +C ||R€(i)THL2(M,V®7T*ZB)

<C HT||L2(M,V®7T*EB)7

C1

NG Using

where we used (4.3.1)) in the last step, since for ¢ small enough |i| =1 <

HRE(Z)HO,l < ‘|Rs(i)||0,1 + HRe(i)Ho,l (i = 2)| ||R€(z)||070

proves (4.3.2)).
The last inequality (4.3.3) follows from inequality (4.3.2) and the fact that for p >
2dim M +1

166~ Da 1, <

since
IR(2)ll,, < [|(i = Dar) ™[, i = Darlly o 1 Re(2) ]l < C 2] -

O

4.3.6 Proposition ([BLI1, Theorem 9.21]). There exists an o such that for all ¢ €
(0,g0) and z € U. the operator

ME(Z) =z - 5_1DM76,1 - E_2DM,6,2R6(Z)DM,6,3
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4.3 Calculation of the integral for large times

is wnvertible. Furthermore there exists a constant C' > 0 such that
1M:(2) M| < €
IMe(2)]l, < Clal,
H«f:‘_lDM,s,?)Ms(Z)_lHO,O <C,
where p > 2dim By + 1.
Proof. The statement follows just as [BL91L Theorem 9.21] by writing
M.(z) =m.(z) (z + JEDBOJQI) ,
where
me(2) = 1= (€ 'DarenJe + J-Dp,) (2 + Dp,) " I

_ _1y—1
— & ?DapeaRe(2)Duses (2 + J-DpyJo 1)

Then we use Theorem [4.2.11| and the fact that Dp, is a Dirac operator to see that

|7 Dase e + Dy (2 + D) Y| < OVE

)

Theorem [4.2.12] equation (4.3.1)) and (4.3.2)) of Lemma to see that
le™ Dar e Re(2)]|o 0 < CVELA

and finally we see by using Theorem [4.2.12] Lemma [4.1.12] and the fact that Dp, is a
Dirac operator as in [BL91l, Proposition 9.19] that

HE:‘_IDM7€73 (Z—FDBO)_IH <C.

0,0

Combining the above estimates proves that for € small enough

H (' Daserde + J-Dp,) (2 + Dp,) "t I

— —1\—1
& ?DreaRe(2)Dases (2 + J-Dpy Jo 1) .- Cve|z|. (4.3.5)

)

Therefore we define the constant G1 = % in the definition of U, and hence all z € U,

: 1
Satlsfy |Z’ S m 5

[me(z) -1

00=3

for all z € U.. This proves that m.(z) is invertible for all € small enough and all z € U,
with
<c (4.3.6)
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4 Large time contribution for n (D)

On the other hand we know that z + J.Dp,J 1 is also invertible for all z € U, since by
the choice of U, inf,egpec D, |z —v| > G2 and

1y -1 1
H(Z + JEDB()JE 1) H0,0 S G727

which implies that for € small enough and all z € U, the Schur complement M,(z) is
invertible and

HME(Z)AHO@ = H(Z+ JEDB‘)ng)_lHoo Hms(z)ilHo,o <C.

The inequality for the p-Schatten norm follows by the inequality

(= +Dpo) || <O,

for p > 2dim By + 1, since Dp, is a Dirac operator on By, and equation
Ime ()" o, < C
by
|37, < |z = Do) | Ime(2) g < Calel

For the last estimate we prove just as in [BLI1l, Proposition 9.19] that

HEilDM@g (Z - JsDBOJ;l)_lHOO < C

by using the estimates of Lemma|4.1.12|and Theorem Then the statement follows
for all z € U, by equation (4.3.6) since

HEilDM,a,Z%Ma(Z)iluo’O < HEADM,E,?» (Z + JaDBojgl)_l“OO Hmé‘(z)ilHop <C.

O]

4.3.7 Proposition. There ezist constants C1,Ca,e9 > 0 such that for all € € (0,¢p),
z€U. and p > 2dim M + 1 the following inequalities hold true

H (2 — es_lDJ\/Lg)_1 - (z+ JsDBOJ_l)_lHoo < Civelz|, (4.3.7)
H (2 — 5_1DM75)_1H < ol (4.3.8)
p

Proof. For the first estimate (4.3.7) we know that

1 -1

— (2 + J-Dp,J 1)
-1

(Z — EleMﬁ)_

_ (Ms(z)_l — (24 J.Dp,J ) e M.(2)"'DpreoRe(2) >
E_le(Z)DM@gME(Z)_l R&‘(Z) (1 + €_2DM,573M5(Z)_IDM7E72RE(Z))
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4.3 Calculation of the integral for large times

So let us start with the left upper corner. We know by equations (4.3.5) and (4.3.6) in
the proof of Proposition and by the choice of U, that for ¢ small enough and for
all z € U;

_ _1\—1 _1\—1
| M) = o 2Dy )Y < ||+ DB )T imez) = 1l

< Cyelzl.

For the remaining three entries we use the inequalities of Proposition Theorem

4.2.12| and the estimates (4.3.1) and (4.3.2) of Lemma to see that they are all
bounded in the |||, ,-norm by C'v/e|z|.

For the inequality (4.3.8]) the same estimates as above combined with estimate (4.3.3))
of Lemma and the fact that the p-Schatten norm of M_(z) is bounded for z € U,
lead to the statement that

H(z—e_lDM@)_lH < C|z|
P
for all € small enough and z € Uk. O

4.3.2 Main Theorems

4.3.8 Definition. We define the contour I' = I'_ U Ty U T, as in [Goeld, Section 2.d].
We denote the smallest absolut value of a non-zero eigenvalue of Dg, by Ag,. Let ¢ >0
be a constant such that ¢ < Ag,/2.

Im
I T
/ \ N
— g, \Jc AB,

- 5

4.3.9 Remark. Since D). is a self-adjoint operator its spectrum has to be real. There-
fore we know by Proposition that there exists an gy such that for all € € (0, () the
contour I' encloses not just the eigenvalues of Dp, but also the eigenvalues of e_lDMﬁ.

4.3.10 Definition. We choose €9 > 0 small enough such that all statements in the

previous sections are fulfilled. Then we define projections P- and Q. = 1 — P. on
L?(M,V ® m*¥B) for all £ € (0,59) by
1 1 -1
P. = 3 (z —€ DM78) dz,
To
1 -1 —1
Qezl_Pazi. (Z—E DM,a) dz.
271
LUl
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4 Large time contribution for n (D)

4.3.11 Theorem. There exists an 0 < a < 1 such that

o0
. 1 _ D2 dt
tim = [ (1= o Dagee P o (1= P)) T = < (D).
60472

where again Dp, denotes the twisted Dirac operator on By ® ker Dx — By.

Proof. We write

dt

<

o
/ tr <(1 —P.)o D]\/[,ge—tDlefvs o(1- P5)>
ea—2
o

- dt
= tr(l—P oe ' Dye Plreo(1— P )—
Ju(1=ryocDu. 1-r) %
EQ
T d
1 — t
:/tr 277” / Ze_tzQ (Z—e_lDM75) 1dZ %
e rtur-
as well as
T d
1 1 e . t
—n(Dp,) =n(-Dp,) = ﬁ/tr Gy / ze”"% (24 Dp,) " dz 7
0 r+ur-
Now
T d
. 1 1 .2 _ -1 C1h—1 t
2 Tl [ o (s ) %
ex I'+NU:

follows in the very same way as the proof using holomorphic functional calculus of

dt

7i =n(Dp ®ker Dx)

£—0

e}
1
lim ﬁ / tr <(1 — PE) @) DMﬁeitD?\/[,E (e} (]_ — PE)>
ea—2
for constant kernel dimension of Dx in [Goeldl Proposition 2.10]. By defining holomor-

phic functions F, ,;tt: C — C for all k£ € Ny which satisfy

d" 422 .
@Fft(z) =ze " and zgr:?oo Fkit(z) =0,
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4.3 Calculation of the integral for large times

one proves with the resolvent estimates of Proposition that

H(l — P&-) 0 <€*1DM’€e—tg*2D?VLE> o (1 _ P&‘) o JE (DBoe*tD%O) ngul

p . j

<C / ’F;t(z)‘ Z H (z — 5_1DM,€) Hp
7=0

p—J

: H (z— e*lDW)_1 — (= + JEDBOJj)_lH H(z + DBO)_lH dz

0,0 p
< Cye / ‘sztzpﬂl dz
r'+NU:
< C\/gt—p—S/Qe—ct.

Now by choosing 0 < a < ﬁ we see that

<=

oo
1 1 - -
lim ﬁ /tr Tm / Ze_tZQ ((Z — 5_1DM76) ' - (Z + JsDB()Ja‘_l) 1)
Ea

e—0
I'rNU:

Since

(z+Dp,) | <Clal.

it is easy to see that the remaining part of n(—Dp,) converges to 0

€Ot
1 1 2 dt
lim— [ tr | — —t D) tdz | —
EIE}%)\/TTO/ : 271 / =¢ (Z+ BO) ¥ \/i

L ur-

oo
1 1 —t 2 —1
— [t | — z D dz | — =0.
+ ﬁ/ | oo / ze ¥ (24 Dp,)” dz i
8(1

1
(T4ur-)NU¢

It remains to show that

o0
1 1 2 -1 dt
lim — [ tr [ — 2 (,— 7D dz | —= =0.
20 / " 2w / e (o D) dz )
Ea

(T, Ul _)NUe

Therefore we check that for € small enough and all z € T, so in particular for z € ' U,

[ ==pwe) 7|
p

< |G- Dase) |+l 2l (2 - e Dase) 7|
p

< C |z

. | —1
0,0 H(l c DM7E) Hp
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4 Large time contribution for n (D)

by equation (4.3.8]) in Proposition and the choice of our contour I'. Therefore there
exist constants ¢, C > 0 such that for all € small enough

1

tr | —
271

2 _ -1 —Cte—1
/ ze b (z—e 1DM,E) dz || < ce €t

(T4ur-)NU¢

since |z| > 92 for z € US. But this leeds to

/e
r d
1 4.2 _ —1 t
/tr 51 / ze b (2—5 IDM,s) dz %
e (TLur_)nUg
(o, ¢]
S C/ectf-:_ldt
Vit
80[

T, dt
=cy/e / e Ot
80‘_1 \/E

and since we chose a < 1

o0
. 1 1 22 -1 —1 dt _
igr(l) ﬁ /tr Py / ze (z —€ DMf) dz W =0
e (T4ur-)NUe
and the theorem follows. O

4.3.12 Theorem. Let 0 < o < 1 be chosen as in Theorem and let us assume
that there exists an €9 > 0 such that dimker Dy, is constant for all € € (0,e9). Then

1 0o & dimkerDB(J

lim —— [ t (P Daree s P)—: sign (A (€))

g%ﬁ/ r(P.o Dyee oF) Z sign (A (2))
60472 -

where A\, (€) are the finitely many eigenvalues of Dy that decay faster than € as e — 0.

Proof. By the resolvent estimates of Propostition [£.3.7|we can show by the same methods
as in the proof of [Goeld, Proposition 2.10] that

lim

lim || — / ((2 e Dy ) (24 JEDBojgl)’l) dz|| =0

F() 1

and therefore there exists an g9 > 0 such that for all £ € (0, g)

rk P. = dimker Dp, < oo.
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4.3 Calculation of the integral for large times

But this means that there are just finitely many eigenvalues {5_1)\”(5)}”_1 dimker D
Ly 0

of E_IDM8 converging to 0 as ¢ — 0. Therefore and by our assumption we find a
constant g > 0 small enough such that the signs of A, (g) are constant for all £ € (0, &¢).
By using the Mellin formula we see that

o0
1 2 dt
lim —— [ t (P Dy e Phre P>—
el—I>r(l)\/7?/ FTe oM Mee o Vit
80472

dt
Vit

e—0

o0
. 1 _ _te—2D2
= lim ﬁ /tr (PE oe 1DM756 e " Diye o PE>
80(

dim ker DBO o)

= ;lﬁl\% \/17? 1; sign (7', (e)) [e“f/%
dimker D, )
= Z sign (A, (¢))
v=1
for € small enough as explained above. O
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