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ABSTRACT. In this thesis, we combine and merge the multiple-curve
approach and the two-price theory based on acceptability indices in a Lévy
interest rate model.

A multiple-curve Heath-Jarrow-Morton (HJM) forward rate model driven
by time-inhomogeneous Lévy processes (a multiple-curve Lévy term struc-
ture model) is presented. We find deterministic conditions which ensure the
monotonicity of the curves. Explicit valuation formulas for some interest rate
derivatives are established, namely forward rate agreements, swaps, caps,
floors and digital options. These formulas can numerically be evaluated very
fast by using the Fourier based valuation method. Furthermore, we apply the
two-price theory to this multiple-curve setting. Ask and bid model prices of
caplets, floorlets and digital options are derived.

A general procedure how to calibrate this two-price multiple-curve interest
rate model to market data is described. As a practical application, the model
is calibrated to market prices of caps for dates before and after the global

financial crisis.
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Introduction

In answer to the changes in fixed income markets due to the global financial crisis in
the summer of 2007, practitioners and researchers established the so-called multiple-
curve approach. Basically, the post-crisis market situation can be explained by taking
into account credit and liquidity risk. But instead of developing a complicated and
sophisticated model that considers credit and liquidity effects, one prefers using this
more practical approach.

The multiple-curve approach is based on the consideration of an individual discount
curve and as many term structures of interest rates as occurring tenors. The term
structure of interest rates, also known as the yield curve, is the function that relates the
yield on a zero-coupon bond to maturity (continuously compounded rate of return from
holding a zero-coupon bond over a period of time; called yield-to-maturity). A tenor
represents the duration of a compounding period. By the one-to-one correspondence
between the bond price and its yield-to-maturity, the term structure of interest rates can
be represented either by the yield curve or by the function that relates the bond price
to maturity (bond price curve). In this thesis, each term structure is interpreted as the
bond price curve. Therefore, we often use the term curve as an analogy for the notion of
term structure.

In the multiple-curve setting, interest rates are divided into different risk classes de-
pending on their related tenor (fixed income market segmentation). This means that
each tenor-related term structure reflects the respective (credit and liquidity) risk of the
corresponding tenor-dependent interest rates. The discount curve is specifically used to
determine the present value of a (future) payoff. It can be interpreted as the risk-free
curve.

In the post-crisis situation, a bootstrapping technique for the construction of the dif-
ferent initial curves was developed. Furthermore, the question concerning the stochastic
modelling of the dynamics of the various tenor-dependent interest rates arises. A logically
similar method to the one used for the initial multiple-curve construction was applied.
Generally speaking, the interest rate curves are modelled jointly but distinctly. Conse-
quently, a large number of short-rate models, Heath-Jarrow-Morton-based models and
market models related to the multiple-curve approach were developed. We refer to this
type of models as multiple-curve interest rate models.

We present a multiple-curve interest rate model based on the framework of Heath-
Jarrow-Morton. A discount curve and a finite set of risky curves which take into account
credit and liquidity issues are modelled. We use time-inhomogeneous Lévy processes as
driving processes of the model. On the one hand, their generality related to the theory
of semimartingales are of special interest from a mathematical point of view. On the
other hand, these processes are also appropriate for practical purposes because of their
distributional flexibility and relatively simple handling.



The differences between the curves originate from the individual included risks. In
general, curves corresponding to larger tenors represent more credit and liquidity risk
than curves related to smaller tenors. This fact leads to a crucial monotonicity condition
of the curves. More specifically, the larger the related tenor (the risk) of a (fictitious
risky) bond is, the cheaper it is. The discount bond is therefore the most expensive one.
One of our key objectives is the development of a model framework which guarantees this
monotonicity. We derive deterministic conditions on the model quantities, which results
in additional restrictions on the model parameters.

Furthermore, liquidity risk can cause a large spread between ask and bid prices of
a derivative. This situation is also observed in fixed income market data during the
financial crisis. On this account, we apply the two-price theory based on acceptability
indices to our multiple-curve interest rate model. Ask and bid prices of some financial
products are derived and we present a method to evaluate them numerically.

The question how to calibrate our two-price multiple-curve model to market data arises.
A general calibration procedure that deals with this fact is described. To illustrate this
issue, we calibrate the model to market data for dates before and during the global
financial crisis. The calibration results are also demonstrated in detail.

Overview - Synopsis

This thesis consists of four chapters and three appendices. It is organised as follows:
Chapter 1 deals with the mathematical tools and concepts that are needed in order
to develop our model. We review time-inhomogeneous Lévy processes which we use
as driving processes of the model. The theoretical background for this topic is given
by Jacod and Shiryaev [56]. Furthermore, we consider the mathematical modelling of
credit risk. We investigate the enlargements of filtrations and the martingale invariance
property. Based on these issues, we study the construction of conditionally independent
default times with regard to our multiple-curve approach. The works of Brémaud and
Yor [16], Jeanblanc and Le Cam [59] and Bielecki and Rutkowski [12] are crucial for this
study.

In chapter 2, we introduce the theory of two prices based on the concept of acceptability
indices. Ask and bid prices for financial positions related to a static period of time are
derived. We use the paper of Cherny and Madan [22] and Eberlein and Madan [35] as
main reference. We also present the fundamental theory of interest rate term structure
modelling. In particular, the multiple-curve approach is motivated by market data that
are observed since the beginning of the global financial crisis in the summer of 2007.
We extensively explain this modern model approach. The application of the two-price
theory to the multiple-curve approach is also described. Finally, we present a general
calibration procedure in this two-price and multiple-curve setting.



Chapter 3 introduces our multiple-curve Lévy forward rate model. This model ap-
proach bases on the work of Eberlein and Raible 38|, Eberlein and Kluge [33] and
Crépey, Grbac, and Nguyen [23]. Moreover, we apply the two-price theory to this model.
Valuations formulas for some interest rate derivatives are established.

In chapter 4, we calibrate our model to market data for dates before and during the
financial crisis. The accurate framework and the calibration results are stated.

In the appendices, we present the calibration results in form of the relative errors
between market and model prices.

Practical Implementation

For practical purposes, we apply the programming language and environment R for
the graphics as well as for the statistical and numerical computations. The used packages
are mentioned at the end of the thesis. The presented data sets of this work are based
on data provided by Bloomberg.






CHAPTER
ONE

MATHEMATICAL PRELIMINARY

In this chapter, some basic mathematical tools and concepts that are needed to de-
velop our model are stated. We first introduce the driving process that we will use:
Time-inhomogeneous Lévy processes. The mathematical theory for these processes is es-
sentially developed by Jacod and Shiryaev [56]. Therefore, we mainly adapt the notation
of these authors. The use of time-inhomogeneous Lévy processes in financial models is
justified by their great distributional flexibility (cf. Eberlein and Keller [32], Eberlein
and Raible [38], Eberlein [29], Eberlein and Kluge [34], Eberlein, Grbac, and Schmidt
[42] and Eberlein, Grbac, and Schmidt [41]).

We also address the mathematical modelling of credit risk. More specifically, we deal
with the enlargement of filtrations and the martingale invariance property. This topic is
intensively studied by Brémaud and Yor [16], Jeanblanc and Le Cam [59] and Bielecki and
Rutkowski [12]. Then, we present a method for the canonical construction of conditionally
independent default times. This approach is of particular importance for our type of
multiple-curve Heath-Jarrow-Morton model.

1.1. Driving Process of the Model

Let T* € Ry = [0,00) be a finite time horizon and % = (Q,9,F = (F)c[0,1+), P) be
a stochastic basis that satisfies the usual conditions (or, equivalently, is complete) in the
sense of Jacod and Shiryaev [56, Definition 1.1.2 and Definition 1.1.3]:

e The stochastic basis & is defined as probability space (2,%, P) endowed with an
increasing and right-continuous family F = (J)co,7) of sub-o-fields of 4. The
family F = (%4).¢(0,r+) is called filtration and % is also named as filtered probability
space. By convention, one usually sets % = 4.

e The stochastic basis £ is said to satisfy the usual conditions (or, equivalently, is
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called complete) if the o-field ¢4 is P-complete and if every .%; contains all P-null
sets of 4.

As driving process, we consider a d-dimensional time-inhomogeneous Lévy process
L= (L'...,LYT on % with L = (L})iejo 7+ for every i € {1,...,d} with d € N.
This means that L is an F-adapted process with independent increments and absolutely
continuous characteristics (abbreviated by PIIAC) defined on % (see Eberlein, Jacod,
and Raible [39] and Jacod and Shiryaev [56]). Such type of stochastic process is also
known as additive process (see Sato [8I]). We emphasise that L is a d-dimensional
semimartingale (see also Jacod and Shiryaev [56, §5.]).

We can assume that the paths of each component of L are cadlag (continue & droite
avec des limites a gauche). This means that these paths are right-continuous and admit
left-hand limits (almost surely). We also postulate that each component L? starts in
zero. The law of L; is determined by its characteristic function:

E[e(w-L)] = exp (/0 [z(u, bs(h)) — %(u, cou)

+ /R‘i (ei<u,x) —1—i(u, h(m)}) Fs(dx)}d5> (ue Rd),
(1.1)

Here, h is a truncation function in €2, bs(h) = (bL(h),...,b%(A)T : [0,7*] — R,
cs = (Céj)i7j§d : [0, 7%] — R¥4 whose values are in the set of symmetric nonnegative-
definite d x d-matrices and Fj is a Lévy measure for every s € [0,77], i.e. a nonnegative
measure on (R?, B(R?)) that integrates (|z|> A 1) and satisfies Fy({0}) = 0 for every
s € [0,T7]. As truncation function, one usually takes h(x) = x - Lj;<13. We denoted by
(-, -) the Euclidean scalar product on R? and |-| is the corresponding norm. The scalar
product on R? is extended to complex numbers by setting (w, z) == Z?:l w;zj for every
w,z € C4 Thus, (-, -) is not the Hermitian scalar product here. We further assume
that

/OT* [|bs(h)| + Jles|l + /Rd(‘x|2 A 1)F8(dx)}ds < o0,

where |- || denotes any norm on the set of d x d-matrices. The triplet (b,c, F) =
(bss Cs5 Fs)scjo,r+) represents the local characteristics of L. We also make the following
standing assumption on the (exponential) moments throughout this thesis:

Assumption (EM): There are constants M,e > 0, such that, for every

we [-(1+e)M,(1+e)M]?,
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we have

T*
/ / exp(u, x) Fs(dx)ds < oc.
0 JH{lz[>1}

Assumption (EM) is equivalent to Elexp(u, L:)] < oo for all t € [0,7%] and u €
[—(1+ €)M, (1 + ¢)M]9. We will consider interest rate models with underlying processes
that are exponentials of stochastic integrals with respect to L. By the theory of risk-
neutral pricing, these underlying processes have to be (local) martingales under the
risk-neutral measure. Therefore, they have to have finite expectations which is exactly
guaranteed by assumption (EM). A direct consequence of (EM) is that the random
variable L; has finite expectation. Therefore, the representation can be written as

E[@i<U,Lt>] = exp (/Ot [z<u, bs) — %(u, cst)

(6 -1t ] ). 0

We emphasise that the characteristic b is now different from the one in (1.1f) (see Sato
[81), chapter 2, section 8]). In this thesis, we will always work with the local characteristics
(b,c, F) that are derived from form (L.2). Another implication of assumption (EM) is
that the process L is even a special semimartingale. Thus, its canonical representation
is given by the simple form

Lt_/otbsds+/()t \/adWS—i—/Ot/Rdx(uL—u)(ds,dm) (1.3)

(see Jacod and Shiryaev [56, Corollary I1.2.38]), where W' = (W¢),¢(o,r+] is a standard
d-dimensional Brownian motion (Wiener process), ,/cs is a measurable version of the
square root of ¢y, and p” is the random measure of jumps of L with compensator
v(ds,dzx) = Fy(dx)ds. Obviously, the integrals in should be understood componen-
twise. We stress that assumption (EM) is valid for all processes that we are interested
in. In particular, it holds for processes that are generated by generalised hyperbolic dis-
tributions. The (extended) cumulant process associated with process L is denoted by 0
and given by

00(2) = {ab) + 5 (ercd) + [

y <e<z’w> -1- <z7x>) Fy(dx)

for every z € C? where this function is defined. A detailed analysis of the cumulant
process for semimartingales is given by Kallsen and Shiryaev [61]. Note that if L is
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a (homogeneous) Lévy process, i.e. if the increments of L are stationary, the triplet
(bs, cs, Fs) and thus also 65 do not depend on s. In this case, we write 6 for short. It then
equals the cumulant (also called log moment generating function) of L;. Observe that
the cumulant process is related to a specific measure. Below, which measure is meant

can unambiguously be seen from the notation.

1.2. Credit Risk Modelling

Our multiple-curve model takes credit risk into consideration. To this end, we present
some related topics that we need to develop this framework. More specifically, we give a
detailed explanation of the enlargement of filtrations and the corresponding martingale
invariance property. Then, the canonical construction of a finite set of conditionally
independent default times is stated.

1.2.1. Enlargements of Filtrations and the Martingale Invariance Property

Let us consider a stochastic basis (Q2,%,F = (%)cr, , P) that satisfies the usual condi-
tions. By an enlargement of the filtration F we mean a filtration G = (%;);cr, defined
on the same probability space (€2,%, P) such that

(i) F C % for every t € Ry and
(i) the stochastic basis (2,9,G = (¢;)cr, , P) satisfies the usual conditions.

The family [ is called reference filtration. Originally, the right-continuity of G is not
explicitly requested in the definition of an enlargement of a filtration. For technical rea-
sons, we require this condition but we stress that in the remaining part of this subsection
all the claims can be stated without this additional property.

According to Brémaud and Yor [16] section 2.4.], the martingale invariance (or immer-
sion) property is classically stated as any of the following equivalent hypotheses:

(H1) Every square integrable F-martingale is a square integrable G-martingale.
(H2) Every bounded F-martingale is a bounded G-martingale.
(H3) Every F-local martingale is a G-local martingale.

The martingale invariance property reveals a nice structure of the enlargement G
relative to the reference filtration F (see Brémaud and Yor |16l Theorem 3|). In this
context, the notion of conditional independence of two families of sets with respect to
a given o-field plays an important role. Although we generally use this concept in the
case where all the considered families are o-fields, it is beneficial for our further approach
to define it in a slightly broader sense. To this end, let us consider a probability space
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(F, F,Q). We call two families of sets A and B with A, B C F conditionally independent
given a sub-o-field S of F if

QAN B|S) = Q(AIS)Q(B|S) as. forall Ac A,B € B. (1.4)

We symbolically write A L B|S if the relation (1.4) is valid.

Lemma 1.2.1 For two families of sets A and B that are closed under formation of
intersections, we have

AL B|S = 0(A) La(B)|S.
Proof: For every set E € F, we define
Dr={G € F| Q(ENG|S) = Q(E|S)Q(G|S) as.}.

One easily shows that Dg is a Dynkin system. Clearly, if A € A, we have B C D4. From
Dynkins m-A-Theorem (for details see Klenke [63, Satz 1.19]), it follows that o(B) =
d(B) C D4. By the symmetry property of the conditional independence of two sets, this
fact can be reformulated as A C Dp for every B € o(B). By using Dynkins m-A-Theorem
again, we obtain o(A) C Dp for every B € o(B). [ |

In the case where A and B are o-fields, condition (1.4) can equivalently be written as
Eq[én|S] = Eq[¢ISIEP[n|S]  aus.

for any bounded, A-measurable random variable £ and any bounded, B-measurable ran-
dom variable 1. This fact is based on the monotone convergence Theorem for conditional
expectations. Another crucial argument related to the martingale invariance property is
a result coming from Dellacherie and Meyer [26]: For three sub-o-fields A;, A2 and Aj
of F, it holds that A; and As are conditionally independent given Az under @ if and
only if

Eq[X3] A1 V Az] = Eq[X3|A;]

for every bounded and As-measurable random variable X3 (cf. Grbac [50, Theorem
2.3.]), where we define A; V Ay := 0( A1, A2). Observe that this statement can easily be
extended to the set of integrable As-measurable random variables by standard truncation
and approximation arguments (for instance, consider X3, = max{X3,n} for n € N).
The following equivalent forms of the hypotheses above are obtained by the result of
Dellacherie and Meyer [26]:

(H4) For every t € R, the o-fields %, and ¥, are conditionally independent given .%;
under P.
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(H5) For any ¢t € R4 and any bounded, .%,-measurable random variable &, we have

Ep[¢|] = Ep[¢]|7].

(H6) For any ¢t € R4 and any bounded, ¥;-measurable random variable 7, we have

EpnZ] = Ep[n| 7.

We mention that Bielecki and Rutkowski [12, chapter 6] state the martingale invariance
property as follows:

(H7) Every F-martingale is a G-martingale.

It is shown that (H7) is equivalent to (H4) (see Bielecki and Rutkowski |12l Lemma
6.1.1.]).

There are basically two ways to enlarge a filtration (cf. Jeanblanc and Le Cam [59]
and Bielecki and Rutkowski [12]):

1. Initial enlargement: &, = .%; V 2 for a sub-o-field 7 of ¢.

2. Progressive enlargement: %; = #; V J for a filtration H = (J)cr, defined on
(Q,9,P).

Kusuoka [65] proves by means of a counterexample that the martingale invariance
property is generally not invariant with respect to an equivalent change of the underlying
probability measure. However, this fact does not pose a serious problem in our setting.
Concretely, let us consider two probability measures P and ) defined on the filtered
space (2,9,G = (¥4)icr, ) where Q is locally absolutely continuous with respect to P,
i.e. @ is absolutely continuous with respect to P on (£2,%;) for every t € R, (shortly

|
written as < P). Then, by Jacod and Shiryaev [56, Theorem II1.3.4|, there exists a
Radon-Nikodym density process Z = (Z;)iecr, with

for all t € R4. If the density process Z is F-adapted the martingale invariance property
holds after change of measure (see also Jamshidian [57]). To see this, let M be an (I, Q))-
martingale. Since Z is F-adapted we conclude that M Z is an (F, P)-martingale by an
application of Jacod and Shiryaev [56, Proposition I11.3.8]. The martingale invariance
property is valid for (F,G) under P. Thus, MZ is a (G, P)-martingale and it follows
that M is a (G, Q)-martingale by applying Jacod and Shiryaev [56, Proposition I11.3.8]

once again.

10
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1.2.2. Canonical Construction of Conditionally Independent Default Times

The aim of this subsection is the construction of a finite set of default times. They are
used in the multiple-curve term structure model to specify the credit risk components. To
this end, let 2 = (Q,j,fﬁ? = (jt)teRJr, P) be a complete stochastic basis (recall Jacod
and Shiryaev [56] Definition I.1.2 and [.1.3]) and m € N* := {1,2, 3, ... }. The probability
measure P will play the role of a local martingale measure in the model. Let I'',..., "™
be real-valued, F—adapted, continuous and increagsing stochastic processes defined on B.
It is assumed that TE = 0 and TX = limo [} = oo for every k € {1,...,m}. We
consider an auxiliary probability space (€2, Z, P) endowed with a family of independent
random variables &1, ...,&, that are uniformly distributed on the interval [0,1]. This
situation can canonically be achieved by considering the product space (Q’g? ,]3) =

(XZLI U, Q1 Ty Q1 ]—:’k> and setting & = py, for every k € {1,...,m} with

Q%Qk
Pr Ay . . . .
W= (D1,...,0m) — Wk

and (Q, Zr, B) = (R, B(R),U), where we denote by ¢ the uniform distribution on [0, 1]
(cf. Bauer [9, chapter IIJ).

We state the product space
(Q,9,P) = (2xQ,%®.%,PoP)

and denote by F = (%;).¢(o,7+] the trivial extension of IF to the enlarged probability space
(2,9, PY). This means that each A € % is of the form A x Q for some A € .%;. Observe
that F is right-continuous and denotes the reference filtration here. All the random
variables (functions) and stochastic processes defined on Z and (Q,.%, P) are extended
to the enlarged filtered probability space (2,%,F = (F)ier., , PY) in the usual canonical
way. We retain their names when we consider them on this complete stochastic basis
to avoid unnecessary and confusing notation (cf. Eberlein and Ozkan [36] and Kluge
[64, section 4.2]). Observe that every (F, P)-(local) martingale is also a (F, P9)-(local)

martingale.

For every k € {1,...,m}, let us define a random time 7% : Q@ — R, on (Q,%, PY) by
setting

T =inf{t e Ry | e71F <&} =inf{t € Ry [ TF >,

where the random variable 7, = —1Iné; is exponentially distributed with mean one
under P4, Obviously, 71, ..., 7m is a family of independent random variables. For every
k€ {1,...,m}, we denote by H* = (J*);cr, the right-continuous filtration generated

11
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by the default process H* = (H[)ier, that is defined by Hf = Lirrcyys e HF =
o(HE:0<u<t)=oc({rF <u}:0<u<t).

Now, we want to enlarge the reference filtration F. Unfortunately, the filtration G =
(%)ier, induced by &, == F VI N -V I = o(Fy, S, .., ™) (written as

G=FVH! V...vH™) does not have to be right-continuous (cf. Song [86]). Therefore,
we endow the probability space (2, %, P9) with the filtration G = (% )ter,. given by

Y, = ﬂ%;, for any t € R,.

s>t

This filtration trivially satisfies the right-continuity. Since the stochastic basis (2,4, F, P4)
is complete (see also Jacod and Shiryaev [56] §la. 1.4]) it easily follows that the enlarged
stochastic basis (,%,G = (%)icr, , P?) is also complete. We conclude that G is speci-
fied as the smallest enlargement of F containing G.

We notice that & represents all information available at date ¢ including the observa-

tions of all random times 71, ..., 7™. Formally, we have the following Lemma:

Lemma 1.2.2 For anyt € Ry, the o-field G, is given by

G=FNVo({r <t;}:je{l,....m}0<t; <t)

Fvo({r! >t} je{l,...,m}0<t; <t

Il
N

tVo m{Tj>tj}:‘]c{1""am}a0§tjSthEJ
jeJ

Proof: Obviously, it is sufficient to show that

AN v =0 ({7 <t} ije{l,...,om},0<¢t; <)
=o({r! >t;}:je{l,...,m}0<t; <t)

=o| (> :Tc{l,....m}0<t;<tVjeJ
Jj€J

By definition, we have SV .-V 4™ = o (UT:I o({m7 <t;}:0<¢t; < t)) For any
ke {l,...,m}, it clearly holds

A =c({thF<tp}:0<t, <t)Co({r <t;}:je{l,....m}0<t; <t)

12



1.2. Credit Risk Modelling

and, therefore, we obtain

=

c{r <t;}:0<t;<t)co({r <t}:jef{l,....m}0<t; <t).
1

J

Let k € {1,...,m} and t; € Ry with 0 < t, <t be chosen. Since {7% < #;,} € J£F, it is
evident that
m

(" <uye ol <t} :0<t; <.
j=1

The second and third equality are immediately clear by definition. |

Note that the generator of the o-field J# == J v - - v ™

e={ NP>t} sc i mo<t<tvje}
jeJ

is closed under formation of intersections. It is evident that the random times 71, ..., 7™
are G-stopping times but we stress that they may fail to be F-stopping times. We
explicitly assume that 7!,..., 7™ are not F-stopping times. Since I'} is .#,-measurable
and &, is independent of .Z,, on (92,%, P?) for every k € {1,...,m}, we obtain by using
Kallenberg [60, Theorem 6.4] that

k

PUTE >t | Fog) = PUe™™ > & | Fo) = P(e7 > &)y = 7.
Consequently, we conclude from the .#;-measurability of the last term that
Pk >t | Z) = PP > t | Fo) | F) =0

for each t € Ry. Therefore, the stochastic process T'* represents the F-hazard process
of 7% under P4 (see Bielecki and Rutkowski [I2, Definition 8.2.1.]) and the (F,G¥)-
martingale hazard process of 7% under P9, where we set Gk = Fv HF (see Bielecki
and Rutkowski [12] Definition 6.1.1. and Lemma 8.2.2.]). More specifically, the process
Mk = (]\ﬂ“)te]g+ given by
MF=Hf-TF , (1.5)
is a GF-martingale under P9. One verifies that it is also a G-martingale under P9 (cf.
Bielecki and Rutkowski |12, Lemma 9.1.1.]).
By a straightforward modification of Bielecki and Rutkowski [I12, Lemma 9.1.1.] and
a further application of Kallenberg [60, Theorem 6.4|, we obtain for each subset J C

13



1. Mathematical Preliminary
{1,...,m} and every T > 0 satisfying 0 < ¢t; < T for any j € J that

. ' L e
Pd(| |{7'3 > tj} ’ 900) :Pd(ﬂ{T] > tj} ’ yT) _ He th — Zjejl‘tj.
il j€J jeJ

In particular, for any k € {1,...,m} and every 0 < ¢;, < T it holds

k

PYUrF >ty | Foo) = PUTF >ty | Fr) = € ik (1.6)

We conclude that the random times 7!,...,7™ are (dynamically) conditionally indepen-
dent with respect to filtration F under P9 (see Bielecki and Rutkowski [I2, Definition
9.1.1. and Definition 9.1.2.]). We stress that these properties are additional features of

1 m

the canonical construction of the random times 7°,...,7"" which means that they are

not necessarily valid in a general framework.

Next, we examine if the martingale invariance property for F and G is satisfied.

Lemma 1.2.3 For any t € Ry, the o-fields Foo and H = H1N -V H™ are condi-
tionally independent given F; under P9,

Proof: Let A € # and B € £. Then, there is a subset J C {1,...,m} and 0 <¢; <t
for any j € J such that B = ﬂjGJ{Tj > t;} and we get

Pd(A N ﬂ{Tj > tj}‘yt) =Epd [1A10j6.7{7j>tj}‘yt:|

Jj€J
= Eps[Eps[1aly_ 50y Foc] | 7] = Eps [LaPU(\ {7 > 13}|Fc) | 7]
JjeJ
= PYUALZ) P ({7 > t;}0).
JjeJ
Then, the statement follows from Lemma [1.2.] [ |

Consequently, it follows that the martingale invariance property is fulfilled in a frame-
work where we consider F and G. To see this, let M be an F-martingale under P<.
Obviously, M is G-adapted and, for t,s € Ry with s < ¢, we have

Epa [Mi|9s] = Epa [My|Fs vV AN - -V AT = Epa [ My Fs| = M,

and therefore (#7) holds for F and G. The martingale invariance property should be
valid for F and the enlargement G. To show this, let us consider a bounded F-martingale
M, s,t € Ry with s <tand A€ Y =(),..%. Clearly, M is G-adapted and it holds

u>s

14



1.2. Credit Risk Modelling

that A € 4, for every u satisfying s < u < t. For each u € (s,t), we have

/ E pa[M,|4,]dPY = / M;dP? = / E pa[M}|%5)dP? = / Mgd P
A A A A

from which we conclude that

/ M,dpPY = / M;d P
A A

for every A € ¥;. Then, by taking the limit & | s on both sides and applying the
dominated convergence Theorem, we obtain

/ E ps[M;|9,]dP? = / MdP? = / M,dPY,
A A A

where we used the right-continuity of the process. Hence, M is also a bounded G-
martingale and from hypothesis (H2) we obtain the validity of the martingale invariance
property with respect to filtration F and each enlargement G of F satisfying G c G.
Analogously, one shows that the process M* in is also a G-martingale.

In the following Lemma, we study the behaviour of a time-inhomogeneous Lévy process
defined on the original stochastic basis after enlarging it.

Lemma 1.2.4 Let L be a d-dimensional time-inhomogeneous Lévy process with semi-
martingale characteristics (B, C,v) = ( [y bsds, [, csds, F; @ dt) defined on the stochas-
tic basis (Q, F,F, P) (see Jacod and Shiryaev [56, Definition 11.2.6]). Then, it is also
a d-dimensional time-inhomogeneous Lévy process with characteristics (B,C,v) on the
enlarged stochastic basis (Q,%,G, P9).

Proof: The process L is clearly G-adapted, cadlag and starts in zero. For any ¢t € R,
one verifies that the characteristic function of L; is preserved with respect to P9. To see
this, we have

Epa[exp(i{u, Lt))] = / _exp(i(u, Li(w, w)))d(P @ P)(w,w)

OQxQ

_ /Q exp(i(u, L (@)))dP (&) = Eplexp(i{u, Le))].

Hence, it follows that the characteristics of L are invariant with respect to the enlarge-
ment. We finally show that the increment L;— L is independent of ¥; for every 0 < s < t.

15



1. Mathematical Preliminary
Let A € 9, and B € B(R?) be chosen. Then, we obtain
PYUAN{(L; — L) € B}) = / 1p(L; — Ly)dPY = / Eps[15(L; — Ly)|%s]dP?
A A

= / Eps[lp(L¢ — Ls)|.F]dP? = / Epa[lp(Li — Ls)]dP?
A A
= PYA)PY({(L — Ls) € BY),
where we used hypothesis (#5). [ ]

It is often convenient to postulate that each random time 7% possesses an F-intensity
(or F-hazard rate) 7* (see Bielecki and Rutkowski [I2, chapter 5 and 8]). This means
that the hazard process I'* of 7% admits the integral representation

t
Ff:/ vfds
0

for any t € R4 and some non-negative, F-progressively measurable stochastic process v*
with integrable sample paths. Note that we obtain

tATR t t
Mtk _ Hf _/0 7§d3 = Hf —/0 ﬂ{TkZS}Wde = Htk _/0 1{Tk>s}'>’§ds

for any k € {1,...,m}.
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CHAPTER
TWO

TWO-PRICE THEORY IN MULTIPLE-CURVE TERM
STRUCTURE MODELS

In this chapter, we present the two-price theory based on acceptability indices developed
by Cherny and Madan [22]. In the classical theory of mathematical finance, the time-¢
arbitrage-free price II;(X) of a claim with discounted payoff X is determined by the
linear valuation formula

I(X) = EqlX| 7). (2.1)

Here, @ is a risk-neutral probability measure defined on a filtered measurable space
(Q, (Fi)t>0, F) and X € L1(Q, Z,Q) (see Delbaen and Schachermayer [25]). In general,
the term is assumed to be the valuation formula of the price for which we sell and
buy the financial product in liquid markets. But financial products that are traded in
illiquid markets typically have two prices: The one for buying from the market, called
ask price, and the other one for selling to the market, referred to as bid price. Here the
market is considered as a passive counterparty (cf. Cherny and Madan [22]). It follows
that the prices are allowed to vary with the trading direction. Typically, the ask price is
above the bid price. In this setting, we obtain non-linear valuation formulas for the ask
and bid prices. The mid price is the price between the ask and the bid price. In general,
the mid price can be interpreted as the average of the current bid and ask prices being
quoted. But we stress that, in some cases, it is rounded up or down to the nearest valid
tradable price for convenience purposes, and it is therefore not the exact average. Of
course, ask and bid market quotes of derivatives also differ in liquid markets but their
spreads are often seen as negligible.

We stress that our meaning of the spread should not be confused with the bid-ask
spread relating to transaction costs or other frictions (see also the comments of Eberlein
[30]). The effect of liquidity risk can cause a large bid-ask spread. More specifically, the
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2. Two-Price Theory in Multiple-Curve Term Structure Models

rigk of trading and holding a position, especially in illiquid markets, influences the ask and
bid prices in such a way that they diverge substantially. This situation was observed in
fixed income markets with the beginning of the financial crisis in the summer of 2007. The
two-price theory provides a mathematical framework to deal with this issue. Therefore,
all these facts motivate the application of the two-price theory to the multiple-curve term
structure model approach. The concept of the multiple-curve approach is introduced in
detail. It is motivated by a variety of market anomalies that arise with the beginning
of the crisis. Finally, a method to calibrate a model to market data in this two-price
multiple-curve setting is described.

2.1. Two-Price Theory Based on Acceptability Indices

We review the theory of two prices that is based on the concept of acceptability indices.
A detailed explanation about its origin and development is given. In particular, we state
the crucial connection between coherent utility functions and distortion functions. The
(Weighted Value at Risk) acceptability index is defined and we specify the corresponding
ask and bid prices of a financial product.

2.1.1. Coherent Utility Functions

Let us consider a period of time between two fixed dates ¢t and T'. These points in time
are seen as today (¢ = 0) and as a finite time horizon (7" > 0). A financial position
transforms initial wealth Xy € R into some random future payoff Xp. Consequently, we
comprehend X7 as a real-valued random variable defined on a given probability space
(Q, . #, P). The space of random variables on (€2,.#, P) with values in R is denoted by
L.

Below, X7 is interpreted as the discounted payoff at time 0. To measure the risk of
financial positions, one can use the concept of coherent risk measures and acceptance sets
(acceptance cones) developed by Artzner, Delbaen, Eber, and Heath [4] and Delbaen
[24]. A coherent risk measure p is defined as monotone, cash invariant, convex and
positively homogeneous map on the space of (P-almost surely) bounded, real-valued
random variables L (for details see Artzner, Delbaen, Eber, and Heath [4] or Cherny
[20, Definition 2.1]). A risk measure p associates with each discounted payoff X1 a
number p(X7) € R that quantifies the risk of the financial product. More specifically,
p(Xr) is understood as the amount of money (i.e. the capital requirement) that should be
added to X7 in order to make the position acceptable for an investor. A financial position
with discounted payoff Xp is therefore called acceptable if and only if p(X7) < 0. To
simplify the notation, we prefer considering the coherent utility function v = —p instead
of the corresponding coherent risk measure p. The acceptance set (acceptance cone) of
u is defined as the set A, = {X € L>®|u(X) > 0}. A coherent utility function u has the
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2.1. Two-Price Theory Based on Acceptability Indices

Fatou property, i.e. if | X,| <1, X, £ X, then limsup,, u(X,) < u(X) (cf. Cherny [20,
Definition 2.1 (e)]), if and only if there exists a non-empty set D C M;j(P) such that

u(X) = inf EqlX], (2.2)

where M (P) denotes the space of probability measures on (2,.%) that are absolutely
continuous with respect to P (cf. Delbaen [24] and Féllmer and Schied [46] Chapter
4]). By using this representation, Cherny [20] extends the definition of a coherent utility
function from the space L to L°. To be precise, a map u : LY — R = [—00,00] is
called coherent utility function on LU if it has a representation (2.2)), where Eg[X] is
understood as Eg[X ] — Eg[X ] with convention oo — 0o = —oco. One easily sees that
this extension is consistent with the definition of coherent utility functions on L*°. In
an analogous way, we define the acceptance set of a coherent utility function on L°.
Note that a set D for which the representation above holds is not unique. The largest
set is given by D, (u) == {Q € My1(P)|Eg[X] > u(X) for every X € L°} and is called
determining set of u. Clearly, the determining set of a coherent utility function is convex.
For coherent utility functions on L™ it is also L!-closed. We stress that each measure
from M;(P) is identified with its Radon-Nikodym density with respect to P and the
topological structure of L! is used. For a convex L'-closed subset D C M;(P), we define
a coherent utility function u by w(X) := infgep Eg[X]. Then, by the Theorem of Hahn-
Banach, it can be shown that D = D,,(u). For a coherent utility function v on L% we
refer to LY (u) == {X € L | u(X) > —oo and u(—X) > —oo} as the weak L!-space of w.
Clearly, we have u(X) € R for every X € L} (u).

2.1.2. Fundamental Examples of Coherent Utility Functions

Let us introduce some crucial examples of coherent utility functions that are studied by
Follmer and Schied [46, Chapter 4] and Cherny |20, Chapter 2|. First, we consider the
Expected Shortfall uFS» (Average Value at Risk or Tail Value at Risk) defined by

JESh L - R
X — ianep)\ EQ [X],
where A € (0, 1] and

@<)ﬁ1

Dy={Qem(p)| 55 <A

We set uF50(X) := essinf(X) for A = 0. Since Dy is a convex and L'-closed subset of

M (P), we conclude that Dy is the determining set of uF5*. Let us denote by ¢x(X)
the right A-quantile of X € L% ie. ¢\(X) :==inf{z € R | P(X < x) > A}. Cherny [20,
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2. Two-Price Theory in Multiple-Curve Term Structure Models
Proposition 2.6] shows that, for A € (0,1] and X € LY, u¥* can be represented by

uFMNX) =27t /( ) xPx (dz) + exgr(X),
—00,g\

where ¢y =1 — A" Px (—00, (X)) and Py denotes the distribution of X with respect
to P. For a random variable X with continuous cumulative distribution function we

obtain

uES N (X) = A1 / 2 Px (dx).
(—00,gx (X))
The Weighted Value at Risk is a generalisation of the Expected Shortfall. The basic
idea behind this concept is to weight the values of uF5A(X) by a probability measure.
More precisely, the Weighted Value at Risk utility function «Wr on L is defined by

uWe

{LOO SR
X = Joq uESN (X)) p(dA),

where p is a probability measure on ([0,1],B([0,1])). It can also be extended to L% in
the standard way (cf. previous subsection). To this end, we define

0 _
Wi | L — R
X HianeDH EQ[X},

where D,, is the determining set of u""» on L. The justification of this definition can
be understood by the following observations: uW¢ on L™ is a coherent utility function
satisfying the Fatou property. Hence, the set D,, is convex and L'-closed and is therefore
equal to the determining set of u"W» on L°.

Cherny [20] proves that, for any X € L u"u(X) can be represented by

oW _ 4ES» _
() /[O @y /

W) )~ [ a0 ()
[0,1]

0,1]
(2.3)

with the convention oo — 0o = —o0.

In order to get a representation of ©Wr that is more useful for practical applications,
we introduce the concept of distortion functions. A distortion function is an increasing
concave function W : [0,1] — [0,1]. Let us state some important properties of distortion
functions (see Follmer and Schied [46]):

1. ¥ is continuous on (0, 1] and admits a right-hand derivative.
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2.1. Two-Price Theory Based on Acceptability Indices

2. There is a one-to-one correspondence between a probability measure p on ([0, 1], B(]0, 1]))
and the distortion function ¥ given by

U(y) = n({0}) / /t - w(ds)dt for every y € (0, 1]. (2.4)

Henceforth, we write ¥, instead of ¥ for the distortion function when it is given by

relation (2.4). As an example we consider the Dirac measure p = J) with A € [0,1]
defined on ([0,1],B([0,1])). Then, we obviously get u"/s» = uFS». The corresponding
distortion function is calculated from (2.4) as Ws, (y) = § A1 for any A € (0,1]. In the
case where p = Ajg 1] is the Lebesgue measure restricted on ([0, 1], B([0, 1])), we obtain

—y-In(y)+y, ye(0,1]
\I,A[()’l] (y) =
0, y=0.

In practical applications, the considered distortion functions are assumed to satisfy

U,(0) =0and ¥,(1) =1.
For every X € L and each probability measure p on ([0, 1], B([0,1])) with correspond-
ing distortion function W, Cherny [20, Theorem 3.3] shows that u'V# can be written as

a Lebesgue-Stieltjes integral of the form

0 00
WM (X) = /R Y, (Fy (dy)) = - / W, (Fx () dy + /0 LW, (Fy (y))dy,

— 00
(2.5)
where F'x denotes the cumulative distribution function of X and we use the conven-
tion oo — oo = —oo. The following diagram summarises the relationships between the
quantities:

won (0,11, B(10.1])) ED v,

23) 23

= o S (Ou(aN) ZELL Wi () = [y, (F(dy)

Hereafter, we consider a parameterised family (u)),>0 of Weighted Value at Risk
utility functions. They are constructed through a specific family (¥, ).>0 of distortion
functions with corresponding family (f14)z>0 of probability measures on ([0, 1], B([0, 1]))
by using representation . To simplify the notation, we set ¥, = W, for every
x € [0,00). A family (¥;),>0 of distortion functions is called proper if for every y € (0,1)
the map = — ¥, (y) is increasing on [0, 00) and continuous on (0, 00).

Let (U4)z>0 be a proper family of distortion functions. Then, we obtain the decreasing
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2. Two-Price Theory in Multiple-Curve Term Structure Models

family (u?).>o of coherent utility functions on LY by setting
Wl () = e (X) = [ g0 () 2.6
0 oo
= [ warsay+ [T1-vima @D

By decreasing, we mean that for every X € L it holds ug,(X) < ug, (X) for all 21 < s.

We end this subsection with some crucial examples of proper families of distortion
functions and their related families of utility functions. They are considered by Cherny
and Madan [21, 22].

1. The family (ITV)z>0 of MINVAR distortion functions is defined by

W?:{mu—wau

yr1—(1—y)'e.

We plot some graphs of this function for different parameters in figure [2.1]

1.0

0.8

0.6

Psi

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1.: Graphs of distortion function WV with different parameters: (o)
7:0157( )720'57 (.)7:17 (.)7:1‘57 (.)VZQand( )’Y:
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2.1. Two-Price Theory Based on Acceptability Indices

2. The family (¥T?V),>¢ of MAXVAR distortion functions is defined by

0,1] — [0,1
\Ij?avz{[ ] 1[ ]
y s yTie.

It is represented in figure

1.0

0.8

0.6

Psi

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2.: Graphs of distortion function W' with different parameters: (o) v =0, ()
7=0.15,() y=0.5, () y=1, () y=15,(e) y=2and () v =3.

3. The family (IT™);>0 of MINMAXVAR distortion functions is determined by

pmmy [07 1] — [07 1]
: 1
¢ yrr 1 — (1 -yt )itz

In figure we illustrate some graphs of W™ for different values of v > 0.

4. The family (¥7?™),>0 of MAXMINVAR distortion functions is defined by

mamv {[O? 1] — [07 1]
v : 1
5 (1= (1 - y) ).
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Figure 2.3.: Graphs of distortion function W™ with different parameters: (o

)
(¢) ¥y=0.15,() y=0.5,(e)y=1, (o) y =15, (e) y=2and () v =

3

Figure presents some graphs of W7*™ for different values of v > 0.

The corresponding families of utility functions (ul™)z>0, (u3®)z>0, (UF™)z>0 and
(ufam™), ¢ are defined by relation (2.6)).

T

2.1.3. Acceptability Indices

The reason why we consider a parameterised family of coherent utility functions is that
the acceptance set of an investor is not constant over time. For instance, in boom times
it is wide and in times of crisis it contracts.

Formally, let (uz)z>0 be a decreasing family of coherent utility functions and (A, )z>0
be its corresponding family of acceptance cones. The parameter x indicates the current
stress level in the market. Note that for an increasing stress level we therefore get a
contracting acceptable cone. Hereafter, a financial position with discounted payoff X is
called acceptable at level z > 0 if and only if X € A,,, i.e. we have u,(X) > 0.

The concept of acceptability indices was introduced by Cherny and Madan [2I]. An
acceptability index associates its level of acceptability with each financial position. To
be specific, an acceptability index « is a map « : L™ — [0, oo] satisfying the following
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Figure 2.4.: Graphs of distortion function W™ with different parameters: (o) v
() ¥ =015, (¢) ¥ =05, () y =1, () y =15, (¢) y =2 and (1) v =
properties (see Cherny and Madan [21]):
1. Monotonicity: If X <Y a.s., then a(X) < a(Y).

2. Quasi-concavity: If x < a(X) and z < a(Y), then x < a(AX 4+ (1 = N)Y) for every
A€ 0,1].

3. Scale invariance: a(AX) = «(X) for any A > 0.

e

. Fatou property: For a sequence of random variables (X,,) satisfying |X,| < 1,
r < a(X,) and X, 5 X, we have z < a(X).

An acceptability index can be represented by a decreasing family (uy),>0 of coherent
utility functions on L* having the Fatou property or by an increasing family (D)0
of subsets of M;(P) (see Cherny and Madan [2I]): a map o : L™ — [0,00] is an
acceptability index if and only if it has the form

o(X) = sup {z > 0 | ux(X) >0} = sup {:c >0 inf EqlX]> o}, (2.8)
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2. Two-Price Theory in Multiple-Curve Term Structure Models

where we set inf () = sup® = 0. As in the case of coherent utility functions, this repre-
sentation is used to extend acceptability indices from space L™ to L°. More specifically,
amap o : L% — [0, 00] is called acceptability index on L if it has a form with a de-
creasing family (u,),>0 of coherent utility functions on L (or increasing family (D ).>o0,
respectively). We say that « is represented by (ug)z>0 (or (Dz)z>0, respectively). By
using the properties of a coherent utility function, one shows that this extension is con-
sistent with the definition of a on L*°.

Let a be an acceptability index on LC that is represented by (uz)z>0. Then, for every
X eI and z > 0, we clearly have

In general, the converse does not hold true. We call a random variable X regular with
respect to « if for every z > 0 we have

U (X) > 0 = o(X) > .

Observe that, for every X € L (a) := Neo L} (u;) (referred to as the weak L!-space
of a) satisfying ug(X) = infgep, Eg[X]| > 0, the random variable X is regular with
respect to « if, for every x > 0, it holds

Jim uy (X) = ua(X). (2.9)

2.1.4. Weighted Value at Risk Acceptability Index

Let (u¥),>0 be a decreasing family of coherent utility functions constructed by a proper
family (¥,)z>0 of distortion functions with corresponding family (yg)z>0 of probability
measures on ([0,1], B([0,1])) (see subsection 2.1.2). Then, the Weighted Value at Risk
acceptability index o'V is defined by

oV LY — [0, ]
X s sup{x >0 | vV (X) > 0}.

This approach leads to acceptability indices o™, o™, o™ and ™™ based on the
families (u™)z>0, (UWI?)e>0, (UP™)z>0 and (u®™),>¢ introduced in subsection [2.1.2]

Proposition 2.1.1 Any X € L (") with u}/ (X) > 0 is reqular with respect to o'V,
i.e. for every x > 0, it holds

/y\IJx(FX(dy)) >0 u(X)> 0= MNX) >z
R
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2.1. Two-Price Theory Based on Acceptability Indices

Proof: We only need to check that condition is satisfied. Then, the statement follows
immediately (see the statements at the end of the last subsection). For any X € Ll (a"V),
we have [uY (X)| < oo for every > 0. Let = and s be chosen such that 0 < s < .
Then, we have

[l (X) = wy (X)] = u (X) = ug (X) Z/R\I’I(Fx(y))‘l’s(Fx(y))dy-

Since the family of distortion functions is proper together with Elstrodt [43], Satz IV.5.6],
it follows that the right-hand side converges to zero as s 7 z. |

Note that in the situation of this Proposition, for any a,b € R with u}’ (aX + b) > 0, it
holds that

uW (aX +b) > 0= (X +b) >z

for every z > 0.

We conclude from representation (2.7) and an application of the change-of-variable
formula (cf. Billingsley [13, Theorem 16.13.|) that if

0 e
/ U, (Fx(y))dy < oo and /0 U, (1— Fx(y))dy < oo (2.10)

—00

for some = > 0, it holds X € L} (u¥). Hence, a random variable X satisfying u} (X) >0
is regular with respect to o'V on [0,b) C Ry (b € R, U {oc}) if condition is valid
for every x € [0,b).

A random variable X has exponential moments in a neighbourhood of zero if there
exists a constant M > 0 such that we have My (u) = Elexp(uX)] < oo for every u €
[-M, M]. A distribution Px of such an X is also called light-tailed. Accordingly, one
defines left-light-tailed (u € [—M,0]) and right-light-tailed (u € [0, M]) distributions (for
a detailed discussion see Foss, Korshunov, and Zachary [48]).

Lemma 2.1.1 Let Px be a light-tailed distribution with cumulative distribution function
Fx and constant M. Then, there exist constants ui, uo, C1 and Co with 0 < up,us < M
and C1,Co > 0 such that for every y € R, we have

Fx(y) < Cre"?
and

1-— Fx(y) < CQG_UQy.
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2. Two-Price Theory in Multiple-Curve Term Structure Models

Proof: We easily get
Y y
Fx(y) = / Px(dz) = e“ly/ e “WPx(dr) < e"YMx(—up)
—0o0 —00

and

1—-Fx(y) = / Px(dx) = e“Qy/ e"? Px (dz) < e "*Y Mx (ug).
y y

Proposition 2.1.2 Suppose the random variable X € L° has exponential moments in a

netghbourhood of zero. Then, condition is fulfilled for each V., € { W7V, WNaV gomy mamvi
and v > 0.

Proof: Let v > 0 be fixed. For distortion function W7?" the statement is obvious. To
prove the claim for the other functions, let d; < 0 and ds > 0 be given and set
. ln(Cl) ].H(CQ)

cp=—ANd1 <0 Ccy = Vdy >0
U1 U2

where the constants C1, Co, u; and ug are as in Lemma 2.1.7] An easy analysis of a
convex function shows that

I+z)" >14+rx

for every x > —1 and r > 1 (Bernoulli’s inequality). We obtain for the distortion function
wmmY that

0 0

[ v < [ wrmcienmay
(&} I Y

<K, +/ 1— (1 OFF etia¥) 74y

c1 1,
skt / 1= (14 (14 7)(~CF e153%))dy

- e
=K1+ (1+~)C;" / e Ydy < oo

—00
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2.1. Two-Price Theory Based on Acceptability Indices

and

/0 TI™(L— Fy (y))dy < /0 T (Coe 2 ) dy

0 1 u
<K, +/ 1—(1— e tHY) gy
c2

1

<Ky + / I—(1+ 1 +y)(=Cy"e ) dy

C2

= [ _u
=K+ (1 —1-7)021”/ e 7 Ydy < oo

Cc2

with K, Ko > 0. The verification for the remaining functions can be shown analogously.
[

2.1.5. Ask and Bid Prices

The theory of two prices (ask and bid prices) based on the concept of acceptability
indices was developed by Cherny and Madan [22] and is referred to as conic finance. In
this context, we also mention the work of Eberlein and Madan [35] and Eberlein [30)].

Recall that the market appears as a passive counterparty that decides to accept or not
accept a quantity. The price for buying a product from the market is called ask price
and the price for selling it to the market is referred to as bid price.

Let a be an acceptability index represented by a decreasing family (uy)g>0 of coherent
utility functions and v > 0 be a fixed level of acceptability. We define by

A() = {X € L] a(X) > 7}

the set of acceptable discounted payoffs at level 4. The parameter v can be seen as the
current level of market (il)liquidity. Furthermore, consider a regular discounted payoff
X € LY with respect to o. Motivated by market competition, the ask price ay(X) of X
at level v with respect to « is the smallest number a such that a — X is accepted by the
market. Consequently, we define

ay(X) =inf{a e R | afa — X) > 7}.
We easily obtain the non-linear expression

ay(X)=inf{a € R | uy(a — X) >0} =inf{a € R | Qing Egla — X] > 0}
€Dy

=inf{a e R|a+ Qié%v Eq[-X] >0} = _Qiéllgw Eg[—X]

= sup Eq[X].
QeD,
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2. Two-Price Theory in Multiple-Curve Term Structure Models

Analogously, we define the bid price by(X) of X at level v with respect to « as the largest
number b such that X — b is accepted. Therefore, we have

by(X) =sup{be R | a(X —b) > ~}.
One immediately gets the non-linear formula

by(X) = jnf EqlX)

Observe that we naturally have b, (X) < a,(X).

As a particularly important case, we consider ask and bid prices based on Weighted
Value at Risk acceptability indices. In this situation, we obtain the useful representations

for the ask price
ay(X) =inf{a € R | u} (a — X) > 0} = —ul/' (- X)

0 [e)
—— [ rxn) = [ o)ty — [ 1)y
R 0

—0o0

00 0
=/0 Uy (1= Fx(y))dy — / 1— W, (1 Fx(y)dy
and the bid price
by(X) =sup{b e R | uxV(X—b) >0} :uYYV(X)

0 [e'e)
_ / Y (Fx (dy)) = — / . (Fx (y))dy + / L~ 0, (Fx(y))dy.
R 0

—0o0

Observe that the ask and bid prices depend on an underlying probability measure. In
our situation, this will be a basic pricing measure which is distorted by the family ¥
to obtain the ask and bid prices (it is assumed to be contained in the set D,). These
facts are crucial when we apply the two-price theory to the multiple-curve term structure

model (see section [2.3)).

2.2. Multiple-Curve Interest Rate Term Structure Modelling

In this section, we present the multiple-curve interest rate modelling approach. First,
we briefly recall the fundamental model framework and relevant interest rate derivatives.
Then, we address the modern multiple-curve setting.
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2.2. Multiple-Curve Interest Rate Term Structure Modelling

2.2.1. Fundamental Model Approaches

In equity markets, it is a priori clear which quantity is fundamental and has to be mod-
elled, namely the stock price. In contrast, fixed income markets provide some freedom
to choose which quantity is considered to be basic and which quantities are derived from
this basic one. Concretely, the fundamental model quantities can be zero coupon bond
prices, instantaneous forward rates, short rates, forward prices or (forward) reference
rates (Libor/Euribor).

A default-free zero coupon bond is defined as a financial security that provides an
amount of one currency unit to its owner at maturity without intermediate coupon pay-
ments. We denote by B;(T') the price of such a security at time ¢ € [0, 7] when it matures
at time T € [0, 7%], where T > 0 is a finite time horizon. One also refers to By(T) as
discount factor. The interest rate that applies for an instantaneous period of time is
called short rate. The value of this rate at time ¢ is denoted by r;. The instantaneous,
continuously compounded forward rate is defined as the forward rate that applies for an
infinitesimal period of time starting at some (future) specific date. More specifically, we
call f;(T) the forward interest rate at time ¢t < T for instantaneous borrowing or lending
at date T. Intuitively, we can interpret f;(T) as the interest rate over the infinitesimal
period of time [T',T + dT| considered from time ¢. That is why f;(T) is referred to as
instantaneous, continuously compounded forward rate or shortly, instantaneous forward
rate. The instantaneous forward rate is closely related to a zero coupon bond by the

equation

By(T) = exp <_ /tT ft(u)du> . (2.11)

Let us denote by 8% the differential operator with respect to variable T'. From the last
equation, f;(T') can be represented by

0

fit(T) = 37 In B(T),

where we assume that the (partial) derivative exists. The instantaneous forward rate
is related to the short rate by r, = fi(t). Another important quantity is called the
forward price. It is defined at time t for the maturities S and T by the quotient of the
corresponding zero coupon bond prices, namely

Fp(t,S,T) = gzg

Let ¢, 5,T € [0,T%] satisfying ¢t < S < T and 6(5,T) denote the year fraction between
S and T according to a specified day count convention (for details see Brigo and Mercurio
[17, section 1.1.2]). The time-t §(S,T)-forward reference rate L;(S,T) is the discretely
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2. Two-Price Theory in Multiple-Curve Term Structure Models

compounded annualised interest rate that can be earned for an interval starting at date
S and ending at 7. It is defined by

1 (B
L&) = 55 (Btm - 1) |

This rate can be seen as the Libor or Euribor. Note that we define this quantity as
risk-free rate here but we emphasise that credit and liquidity risk can also be taken into
account in term structure models (see for instance Kluge [64] and Jarrow and Roch [58]).

To sum up, the following master equation which clarifies the relations between all

relevant quantities is valid:

By(S5)
By(T)

1468, T)Ly(S, T) = — Fp(t,8,T). (2.12)

Another fundamental difference between the equity and the fixed income market is
the number of underlying securities one has to consider. In the former it is sufficient
to model at most a finite collection of securities, whereas in the latter one typically
considers a continuum. More precisely, we have one security for every maturity T €
[0, T*]. In our model, we focus on a finite number of securities since we only consider a
finite set of maturities. To this end, let us fix a collection of reset and settlement dates
T = {Tv,T1,...,T,}, where we assume that 0 < Ty < Ty < --- < T,, with n € N and
T, = T*. The time between two consecutive reset dates is known as tenor and .7 is
called discrete tenor structure. We define by 0y := §(T)—1,T)) the year fraction between

the dates T;_1 and T}, for every k € {1,...,n}. Let us assume that the year fractions
d1,...,0, between each pair of consecutive dates are equidistant and we may therefore
set 0 := Jy, for every k € {1,...,n}. Thus, the considered discrete tenor structure 7 is

unambiguously related to tenor . We call such a tenor structure equidistant. For each
pair of dates from the discrete tenor structure, the master equation results in

By(Tk—1)

= Fp(t, Ty—1,Tk)
for every k € {1,...,n}.

We end this subsection by an overview about some important publications that are
related to interest rate modelling: A substantial collection of short rate models driven by
diffusion processes was developed by Merton and Vasicek. Brigo and Mercurio [I7, part
I1] present a detailed and profound summary about this type of models. Especially, they
devote the way from short rate models to the Heath-Jarrow-Morton (HJM) approach
(see Heath, Jarrow, and Morton [52]) on which the (multiple-curve) Lévy forward rate
model is based (see chapter . The Lévy forward rate model was developed in a series
of papers: Eberlein and Raible [38], Eberlein and Ozkan [37], Eberlein, Jacod, and
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2.2. Multiple-Curve Interest Rate Term Structure Modelling

Raible [39] and Eberlein and Kluge [33]. The basic model quantity is the instantaneous,
continuously compounded forward rate driven by a (time-inhomogeneous) Lévy process.
As opposed to the instantaneous forward rates that are a mathematical idealisation rather
than an observable quantity, the (forward) reference rates are observable in the market
(Libor or Euribor). Therefore, Brace, Gatarek, and Musiela [15] have chosen this rate as
fundamental model quantity and introduced the Libor market model. As a generalisation
of their approach, the Lévy Libor (market) model was introduced by Eberlein and Ozkan
[37]. In this context, the Lévy forward price model was developed by the same authors.

2.2.2. Interest Rate Derivatives

We emphasise that an interest rate model should be able to reproduce the observable term
structure of interest rates and the market prices of interest rate derivatives. Interest rate
derivatives are financial products whose payoffs depend in some functional form on the
value of the interest rate. The volume of trading in these derivatives both in the exchange-
traded and the over-the-counter market has been rapidly increased in the last years. One
of the key challenges for market participants is to develop suitable (mathematical) models
that are used to evaluate these instruments. This task has become even more important
since the beginning of the global financial crisis in 2007.

Subsequently, we describe some common interest rate derivatives that are considered
in this work. A more detailed explanation of these contracts are given by Hull [55],
Filipovic [44], Musiela and Rutkowski [75] and Brigo and Mercurio [17].

Floating-Rate Note

A floating-rate note (FRN) is a contract traded in the over-the-counter market that
ensures the payment at a reference interest rate at some future dates. This financial
product pays a last cash flow consisting of the notional principal at its maturity.

Forward Rate Agreements

A forward rate agreement (FRA) is an over-the-counter contract between two market
participants. It is constructed to ensure that for one party a certain fixed interest rate
will be valid to either lending or borrowing the notional principal to or from the other
party during an agreed future period of time. The basic assumption of the contract is
that the (lending or borrowing) payment would normally be done at a floating reference
interest rate. Therefore, the (possible negative) amount that a party earns (or loses)
depends on the difference between the fixed and the floating rate. The usual market
practice for forward rate agreements is that all rates are measured with a compounding
frequency according to the length of the considered future period of time (tenor). For
instance, if we assume that the year fraction of this period is equal to d = 0.25, then the
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2. Two-Price Theory in Multiple-Curve Term Structure Models

rates are expressed with quarterly compounding and the reference interest rate refers to
the three-month tenor (for instance the three-month Libor). Another interpretation of
a forward rate agreement is that both market participants agree to exchange payments
at some future date, where one party receives interest on a principal at the arranged
fixed rate and pays interest on the same principal at the realised floating reference rate.
Accordingly, the other party pays interest on the principal at the fixed rate and receives
interest on the principal at the floating rate.

Interest Rate Swaps

A swap is an over-the-counter contract between two individuals to exchange cash flows in
the future. This contract precisely specifies the payment dates and the way in which the
payments have to be determined. Swaps typically lead to cash flows that are exchanged
between two market participants on several future dates (for instance, along a discrete
tenor structure). The calculation of the cash flows is usually based on the future value
of an interest rate, an exchange rate or another market variable. A forward swap is a
swap agreement that starts at some future date.

A plain vanilla (forward) interest rate swap (IRS) is the most common type of a swap.
Here an investor agrees to pay cash flows equal to interest at a predetermined fixed
rate on a notional principal at some predetermined future dates to the other party. In
return, the investor receives interest rate payments at a floating interest rate on the same
notional principal from the other party. The payment stream indexed on the fixed rate is
referred to as the fixed leg and the payment stream indexed on the floating rate is called
the floating leg. The floating rate is usually tied to a reference rate such as the Libor or
the Euribor. We consider interest rate swaps which are settled in arrears. This means
that the floating rate is set at the beginning of a period of time and pays at the end of this
period. One says that an interest rate swap is settled in advance if the payments are made
at the beginning of each period of time. The fixing and payment dates corresponding
to the respective legs are given by discrete tenor structures. The (mid-market) fixed
rate that will be exchanged for the reference rate is known as (forward) swap rate. It is
specified as the rate which sets the value of the contract equal to zero.

Another type of a swap is the basis swap (BS). Here, two payments that are each based
on a separate floating reference rate are exchanged.

Caps and Floors

Interest rate caps and floors are actively traded interest rate options offered by financial
institutions in the over-the-counter market. To explain these contracts we consider a
floating-rate note in which a reference interest rate is fixed along a discrete tenor struc-
ture. As usual, we call the period of time between two consecutive reset dates tenor. An
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2.2. Multiple-Curve Interest Rate Term Structure Modelling

interest rate cap is designed to provide insurance against the possibility that the refer-
ence interest rate based on such a floating-rate note exceeds a certain level. This level
is denoted as cap rate. At each fixing date up to the maturity of the cap the reference
rate is observed. Either there is no payout if the rate is below the cap rate or there is a
payout if the rate is above. The payout is the difference between the interest rate and
the cap rate. A payout occurs at the end of the period and depends on the excess, tenor
and notional principal. Hence, a cap can be characterised as a portfolio of call options
with underlying reference rate. These call options are known as caplets. Interest rate
floors are defined in an analogous way as caps. A floor provides a payout if the reference
interest rate is below a certain rate (floor rate) at the reset date. The payment also
occurs a tenor after the fixing date. A floor can therefore be regarded as a portfolio of
put options on the reference rate. Each option is named floorlet.

Digital Options

A standard European interest rate digital call (put) with strike rate B > 0 is a financial
security which pays an amount of one unit of currency to its owner if and only if the
simply compounded reference interest rate lies above (below) B at its maturity 77 € Ry.
An interest digital option is called delayed if the option maturity 77 and the payment
date T differ in the sense of 77 < T. Note that a standard digital option can be seen
as a special cage of a delayed digital option by setting 77 = T. A delayed range digital
option provides a terminal payoff equal to one paid at date T'if and only if the underlying
reference rate lies inside a pre-specified corridor at maturity 77.

2.2.3. The Multiple-Curve Approach

Before the global financial crisis started in the summer of 2007, interest rate quotes
showed typical consistencies. These conditions were assumed to be valid and stated in
literature as an indisputable fact. The consistencies between rates allowed to construct
a unique well-defined term structure of interest rates (bond curve) by using standard
bootstrapping techniques. Of course, differences between similar rates were present in
the market but could be regarded as negligible in general. For instance, interest rate
swaps that have the same maturity but are based on different discrete tenor structures
quoted swap rates at a small but negligible spread before the crisis (see figure .

Then, the global financial crisis caused a number of anomalies in the fixed income
market. As a result, the interest rates that were formerly consistent with each other
started to diverge substantially. This issue led to a degree of incompatibility between
them. Generally speaking, the substantial changes concerned market rates that are
implicitly related to different tenors.

An example is the forward rate that is implied by the EONTA overnight indexed swap
rate quote. This rate became a different object than the quoted FRA rate. This issue
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is illustrated in figures and Another example is given by the divergence of
the Euribor and the associated EONIA OIS rates presented in figures 2.7{2.11] The
corresponding spreads between these rates are demonstrated in figure This graph
illustrates the monotonicity of the different curves which is considered in section The
greater the underlying tenor, the greater the spread between Euribor and EONIA OIS
rate. Another anomaly can be observed by the arising differences of the swap rates with
respect to swaps with different payment frequencies (different discrete tenor structures).
More specifically, a swap rate based on semiannual payments indexed by the six-month
Euribor can be different than the swap rate based on quarterly payments indexed by
the three-month Euribor if both swap contracts have the same maturity. This issue
is illustrated in figure To sum up, the tenor dependence of market rates reveals
an additional significant influence factor in fixed income markets with beginning of the
global financial crisis.
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Figure 2.5.: Divergence of forward rates (based on EONIA OIS quote) and 3x6 FRA
rates.

All these changes that occurred in the quotes of market rates can be explained by credit
and liquidity risk. A nice treatment of the notion of credit risk is given by Schonbucher
[82]. Generally speaking, credit risk can be defined as the risk that a debtor does not
fulfil his payment obligations. Liquidity risk can be characterised by the following three
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Figure 2.6.: Divergence of forward rates (based on EONIA OIS quote) and 3x9 FRA
rates.

issues (see Acerbi and Scandolo [I], Brunnermeier and Pedersen [19] and Bianchetti and
Carlicchi [11]):

1. Funding liquidity risk: The lack of liquidity to meet short term debt obligations.

2. Market liquidity risk: The risk of trading and holding positions in illiquid markets.
This fact is generally accompanied by an excessive spread of the ask and bid prices.

3. Systemic Liquidity Risk: The difficulty to borrow funds on the market due to
funding cost.

Note that the liquidity risk component in reference interest rates is distinct but strongly
correlated to the credit risk component. In this thesis, market liquidity risk is modelled
by the two-price theory introduced in section 2.1} The other types of liquidity risk are
also considered in form of a liquidity component in the drift function.

The influence of credit risk in the crisis is emphasised by figure 2.14] where the con-
nection between the Euribor/EONIA OIS spread and CDS spreads of some panel banks
are illustrated. Credit risk is obviously a reason for the market anomalies. The effect
of liquidity risk is illustrated by Eberlein [30]. All these facts together imply that a
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EURIBOR and EONIA OIS rate (1m)
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Figure 2.7.: Evolution of the EURIBOR and EONIA OIS rates corresponding to the
one-month tenor.

consistent construction of a term structure of interest rates and the correct valuation of
interest rate derivatives have to take into account credit and liquidity theories.

We stress that, by taking into consideration credit and liquidity risk, this new market
environment does not necessarily generate arbitrage opportunities. Therefore, credit
and liquidity models provide a theoretical justification for the current market situation.
Since the development of a model that considers both types of risk is a challenging
task, practitioners preferred using an empirical approach. They divide market rates
into different risk classes depending on their respective tenor. This method results in the
consideration of a discount curve and as many different term structure curves as occurring
tenors. We call this procedure multiple-curve approach. It should be mentioned that the
distinct curves in the market reflect the various magnitudes of credit and liquidity risk
that are included in interest rates.

The appearance of negative rates is another remarkable fact since the beginning of the
global financial crisis. We emphasise that our multiple-curve interest rate model also
takes this issue into account and allows to consider negative rates.

The multiple-curve approach invalidates the classical pricing theory of interest rate
derivatives. Originally, it is based on the cornerstone of a unique consistent term structure
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EURIBOR and EONIA OIS rate (3m)
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Figure 2.8.: Evolution of the EURIBOR and EONIA OIS rates corresponding to the
three-month tenor.

curve that is used both for the producing of future cash flows and for the calculation
of their present values. More specifically, when pricing interest rate derivatives with a
given model the usual first step is to bootstrap the initial term structure of discount
factors and forward rates. Before the crisis, this was a straightforward task because of
the existence of a unique curve. When dealing with the multiple-curve approach this
issue needs a more sophisticated and extensive treatment. To construct a term structure
related to a given tenor, one may only use market quotes corresponding to this tenor.
For instance, the six-month curve is constructed by bootstrapping rates from the market
quotes related to the six-month tenor of the deposits for the short term maturities, the
futures and FRAs for the short-mid term maturities and the liquid interest rate swaps
for the mid-long term maturities. While the multiple term structures construction is
based on the tenor homogeneity principle that in the meantime turns out to be market
consensus, there is no general market convention for the building of the discount curve.
Basically, there are two different practices:

1. OIS-discounting.

2. Classical pre-crisis approach based on the most liquid instruments.
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EURIBOR and EONIA OIS rate (6m)
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Figure 2.9.: Evolution of the EURIBOR and EONIA OIS rates corresponding to the
six-month tenor.

We briefly explain the first approach. An effect of the global financial crisis has been
the wide dissemination of collateral agreements to reduce the counterparty risk of OTC-
traded derivatives. The collateral mechanism can be seen as a funding and hedging
mechanism. It is mainly based on daily margination and an overnight collateral rate.
Consequently, prices of derivatives quoted in the interbank market can be considered
as free of credit and liquidity risk OTC-transactions. Another consequence is that the
margination funding rate and the discount rate of future cash flows need to coincide
by no-arbitrage arguments. Therefore, a collateral agreement implies overnight based
discounting and the construction of the discount curve needs to reflect the funding level in
an overnight collateralised interbank market. Overnight indexed swaps are thus canonical
instruments for this construction. It can be seen as best available approximation of a risk-
free yield curve. This is exactly the reason why this method is called OIS-discounting.
We use this method in the multiple-curve model.

Furthermore, not only the initial multiple-curve construction but also the modelling
of the evolution of the relevant rates becomes a delicate task. To solve this problem,
one applies a logically similar method to the one used for the initial multiple-curve
construction: when building a discount curve and term structures for different tenors at
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Figure 2.10.: Evolution of the EURIBOR and EONIA OIS rates corresponding to the
nine-month tenor.

inception, a canonical way is to develop an interest rate model where these curves are
modelled jointly but distinctly. It is worth mentioning that the modern multiple-curve
approach generalises the approach based on one curve. This classical method is referred
to as single-curve approach.

To end this subsection, we list some of the publications that are crucial for this part
of the thesis: For the construction of the (multiple) term structures of interest rates,
we refer to Musiela and Rutkowski [75], Hagan and West [51], Hull [55] and Ametrano
and Bianchetti [2, B]. The delicate issue of discount curve construction is considered
by Henrard [53, 54]. Kijima, Tanaka, and Wong [62] develop an interest rate model in
a multiple-curve framework. A double-curve model with regard to a foreign exchange
analogy is introduced by Bianchetti [10]. Modern market models are stated by Mercurio
[69] 70, [71]. Models based on the Heath-Jarrow-Morton framework are considered by
Moreni and Pallavicini [73] and Crépey, Grbac, and Nguyen [23]. We further refer to
Pallavicini and Tarenghi [77], Morini [74], Bianchetti and Carlicchi [I1] and Filipovié and
Trolle [45]. A profound overview about the causes and main events of the global financial
crisis is given by Brunnermeier [18] and Sinn [84].
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Figure 2.11.: Evolution of the EURIBOR and EONIA OIS rates corresponding to the
twelve-month tenor.

2.2.4. Valuation Formulas of Interest Rate Derivatives

In this subsection, we illustrate the modern multiple-curve valuation method. To this
end, model independent pricing formulas for the interest rate derivatives of subsection
2.2.2] are stated.

Let m € N be given. We consider m + 1 curve(s) associated to max{m,1} tenor(s)
in a single currency economy. The curve 0 (also denoted by d) is referred to as the
discount curve. Note that the case m = 0 is therefore the classical single-curve setting.
This implies that the multiple-curve approach can be seen as a generalisation of the
single-curve one.

Let us fix a finite time horizon T* € Ry. The initial term structure of discount bond
prices BS (initial discount curve) is defined by

B [0,7%] — (0, 00)
" \7 = B(D).

For any m > 1 and each i € {1,...,m}, we interpret Bi(T) as time-t price of a fictitious
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Figure 2.12.: Evolution of the spreads between EURIBOR and EONIA OIS rates for
different tenors.

risky zero-coupon bond with maturity 7. Notice that such risky bonds are not traded
assets but can be considered as bonds being issued by an average Libor or Euribor panel
member. The initial curve By (initial curve ) is defined by
0- ’
T — By(T).
This curve is constructed by bootstrapping techniques. Ametrano and Bianchetti [3]
present a sophisticated bootstrapping method which deals with the multiple-curve set-

ting. The initial discount curve Bg and every initial curve Bj serve as ingredients of the
multiple-curve interest rate model of chapter 3.

We determine a stochastic process r¢ = (Tf)te[o,T*] on a complete stochastic basis # =

(Q,9,G = (%)te[O’T*],Pd) satisfying suitable measurability properties. This process
plays the role of the risk-free short rate dynamics. Let us define the continuous discount
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Figure 2.13.: Evolution of swap rates for swaps with a maturity of one year based on
three-month and daily payment frequency.

factor process 9 = (BE)te[O,T*} by

t
B = exp <—/ r?ds) :
0

The discount bond price at date ¢ with maturity 7" is denoted by B#(T). The probability
measure P9 is specified in such a way that the discounted bond price process Z4(T) =

(Z3(T))ieo,r+) given by
Z)T) = BB (T)

is a G-(local) martingale for each maturity 7" € [0, T*].

The forward martingale measure for the date T' € [0, 7*], denoted by Pj‘i, is a proba-
bility measure defined on (€,%r) that is equivalent to P9 (see also Geman, El Karoui,
and Rochet [49]). It is characterised by the Radon-Nikodym derivative of the restrictions
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Figure 2.14.: Nlustration of the influence of credit risk on the market anomalies.

of P4 and P9 to (Q,%r) that is given by

dprs
dpd

|%T By
- BY(T)

(2.13)
ly

For any t < T, the restriction to the o-field ¢, is of the form

d
dPT G % _ IB?B? (T)
d == Epd d gt — d .
P, By(T) BG(T)

Note that it can be useful to define the forward martingale measure on (2,%r-). We
use P9 and P;fl as pricing measures here. To simplify the notation we set the notional
amount equal to one.

Forward Rate Agreements

Let us fix two dates T} € R, and Ty = T} + 6°, where the tenor 6° corresponds to curve
i €{0,1,...,m}. The time T} means the inception date and T% is the maturity of the
(modified) forward rate agreement (see Mercurio [69]). The fixed rate of the FRA is
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2. Two-Price Theory in Multiple-Curve Term Structure Models

denoted by K and the payoff of such an agreement at maturity 75 is given by
FRA7, (T, T, 8", K) = §' (L}, (Th, To) — K),

where L%, (T1,Ts) denotes the time-T; (spot) reference rate relative to curve i. By the
risk-neutral valuation principle, the value of the FRA at time ¢ < 77 can therefore be
calculated as the conditional expectation with respect to the pricing measure P9. Tt is
given by

FRA(T1, T», 6", K) = 6"(8) 'Epa |85, (L, (T1, T2) — K)|%]. (2.14)
By using the change-of-measure technique, we switch to the forward measure P% and
obtain

FRA/(Ty, Ty, 6, K) = §' B¢ (TQ)E% (L (T1, T2) — K)|%,).

The rate for which the value of this contract at time ¢ is equal to zero is denoted by K.
It can obviously be expressed as

K= Epg [LE (T1, T2)|%] - (2.15)
We stress that in the multiple curve framework (m > 1), the dynamics of the forward
reference rate L*(Ty,Ty) are in general not a (G, P§,)-(local) martingale. This fact is

in accordance with the market quotes of the crisis (see figures and [2.6). In the
single-curve setting (m = 0), we have the well-known form

K¢ = Epg (LS, (11, T3)|%] = L{(Th, T»). (2.16)

Interest Rate Swaps

Let us consider an equidistant discrete tenor structure 7 = {Ty,...,T,} that corre-
sponds to the curve i € {0,1,...,m} with T,, = T™*. The payoff of an interest rate swap
for the receiver of the floating rate at payment date T}, with k € {1,...,n} is given by

8" (LY, (Ti—1,Tk) — S),
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2.2. Multiple-Curve Interest Rate Term Structure Modelling

where we set 0 := §'(T),_1, T) for a year fraction 6° and S denotes the fixed rate. The
value of this swap at time ¢ can be calculated as

Swap,(7°,6") =) 8'(B)"Epa 8%, (L, _, (Ti1, Tit) — S)|%]
k=1

= Z 5'Bd (Tk)EP%k (L%, (The1,T) = S)|%]
k=1

=Y FRA(T}_1,T}, ", S). (2.17)
k=1

The swap rate at time ¢ with ¢ < Tp, denoted by Si(.7%), is defined as the rate that
makes the time-t value of the swap equal to zero. Thus, we obtain

ZZ:1 5iBf(Tk)EP%k [L%“,c,l (The—1, Tk)’gt}
Yokey 0'B(Tk)

If we consider m = 0, we get the common formula

Si(T") =

 BI(Ty) - BT
ST = sme)

Overnight Indexed Swaps

The overnight indexed swap is a special case of an interest rate swap. Let J¢ =
{Tb,...,T,,} be an equidistant discrete tenor structure as above. The overnight floating
rate for the time interval [Ty_1,Ty] for every k € {1,...,n} is assumed to be given by
simply compounding the consecutive overnight rates between the dates Ty and Ty. We
write R°"(S,T) for the overnight rate between 7" and S, where 0 < S < T < T,,. More
specifically, let T = tg < t1 < --- < tni = Ty be a partition of the interval [T_1, Tk]
into N trading days (i.e. business days). As mentioned above, we set
on 1 Al on
R (T, Ti) = & [T +6@t 1, )Rt t5)) =1,

J=1

where ¢ is an appropriate year fraction. Since the overnight rate R°"(¢;_1,¢;) can assumed
to be risk free (cf. subsection , we set R°"(tj_1,t5) = r?j_l. We approximate the
rate R°"(Ty_1,T%) by

1 T
Ron(Tk_l, Tk) ~ g exp / ’I“Sds —1 y
Ty
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2. Two-Price Theory in Multiple-Curve Term Structure Models

where we used the fact that
1 + (5(tj_1, tj)T‘gj_l ~ exp (6(75]'_1, tj)T?j_1> .
Then, the time-t value of the (forward) overnight indexed swap with ¢ < T} is given by

0IS/(77) = Y (B) " Epa | 85,0 (B (Tier, T1) = S) | 4]

k=1

n Ty—1 Ty,
= ZEPd {exp (—/ r?ds) — exp <—/ rSds)
k=1 t t
T ‘
— exp (/ ngs> 515‘%}
t

=3 (Bi@1) - BAT)) = > 9'S BT
k=1

k=1

=BY(Ty) — BT, 5152& Ti),
k=1

where we exploit the relation

BY(T) = E pa [exp ( - /tT rgds)%} .

The overnight indexed swap rate at time ¢, denoted by S¢"(7%), determines the value

of the overnight indexed swap at time ¢ equal to zero. It is given by

B{(Th) — B{(T,)

> ke 6B (Tk)
The (forward) Libor/Euribor-OIS spread at time ¢ for the interval [Tj_1,T})] is defined
by

Sn(7) =

sy (Th_1, T) =Li(Ti—1,Ti) — S"({Ti_1, Tx})
1 (Bt Th_1) 1> B (Th_1) — BY(T})
“5\ B (Ty) §¢BY(Ty,)

1 <BZ(Tk 1) BT 1))

o Bi(Ty,) BY(Ty,)

1
= (Fl(Tie, 1) = F(Tie, 1) ).

The Libor/Euribor-OIS swap spread at time ¢ is defined as the difference between the
time-t swap rate corresponding to curve ¢ and the overnight indexed swap rate. Formally,

48



2.2. Multiple-Curve Interest Rate Term Structure Modelling

it is of the form
> ko1 8" Bf (Tk)Eng (LY, (Te-1,Ti)|%] — B (To) + B{(T,)
> ko1 8B (1) '

ST = SNTT) =

Basis Swaps

Let i,7 € {0,1,...,m} be given with ¢ < j. We consider two equidistant discrete tenor
structures 7 = {T§,...,T. } and J7 = {Tj,...,TﬂLj} with n;,n; € N and tenors &°
and 67, It is assumed that it holds 0 < Tj = Ty, T, = T* and J7 C ' for every

i,7 €{0,1,...,m}. The last assumption corresponds to the fact that .7/ relates to the
riskier curve compared to 7 (§¢ < §7).

A basis swap agreement is usually understood in two ways:
1. As the difference of the two different floating legs with given maturity.

2. As a portfolio of two interest rate swaps with same fixed legs and maturity but
with different floating legs.

In the first case, the time-¢ value of a basis swap with ¢ < Tg = Tg can be determined
by

BS} (7, 79) Z&JBt TJ)EPd [ng 1(Tg_1,Tg)\%] (2.18)
k=1 B

- ZéZBd Tk)EPd [L}éil(T,ifl,Tg)\%].
k=1

Secondly, we obtain

U]
togj J J J J J Jj
BS2(7%, 79) Lzlé Bd(T )Epd [LTg_l(Tk, NSIEA ;wt Tx)S]

9

| antaey 1, mt o] - 3 astas

where S! and S{ denote the time-t swap rates of the respective contracts and . =
{Tv,T1,...,T,} is the tenor structure corresponding to the fixed legs. Motivated by
figure , we set S = S! + bs;, where bs; means the basis spread at time t. Then, we
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2. Two-Price Theory in Multiple-Curve Term Structure Models

get
nj n
Do N . . . .
BSH(7", 77) =3 O BUT)Eps [Ly, (T TI%] =) 0BTk - bsi
k=1 k k=1
-3 5iB?(Tzi)Ep;i [Lz“éil(Tli—l’ )% (2.19)
k=1 k

This formula implies the equilibrium basis spread that sets the value of the basis swap
equal to zero:

T]

k—1 k—1

ke O BUTOEps (L, (T, T = kL ' BHT)Ep [Lyy (Tiy T)I4]
k k

bSt = n
> ko1 0B (Th)

Caps and Floors

Let 7% = {Tp,...,T,} be an equidistant discrete tenor structure related to curve i €
{0,1,...,m}. The payoff of a cap with strike K at time T} for every k € {1,...,n} is
then given by

&Ly, (Th1,Ti) — K)7,

where we define f := max{f,0} for any measurable function f. Accordingly, the payoff
of a floor with the same contractual features is

5K — Ly (To1, Ti)*

The time-t price of a cap for ¢t < Ty and with strike K is determined by

n

Cap, (74,6, K) ==Y (B) "Bpa[7,8" (L, (Te1,Th) — K)¥|%] (2.20)
k=1

= 5iB?(Tk)Ep%k (LY, (Ti—1, Ti) — K)¥1%] (2.21)
k=1

and the related caplet price is given by

Cply (Ty—1, Tk, K) = 5iBf(Tk)Eng (L, (Tha, Th) — K) |4
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2.2. Multiple-Curve Interest Rate Term Structure Modelling

Analogously, we obtain the price of the floor as

Floor,(77,6', K) :==> (B8)) 'Epa[8,6'(K — Ll (Te-1,Tk)) " 4]
k=1

=Y OBI(TWEp [(K — Ly, (Teer. T0)) ' 14]
k=1

and the floorlet price as
Flt,(Ty—1, Tj, K) = 6iBf(Tk)EP%k (K — L% (Thor, T) V|4).

Notice that for m > 1 the caplet (floorlet) can not be written as a put (call) option on
a bond in the multiple-curve setting as it is classically done in the single-curve framework
(see Musiela and Rutkowski |75, Section 12.2]).

Digital Options

Let us fix the dates T} € Ry and Tp = T} + ¢’ with tenor &° related to curve i €
{0,1,...,m}. The time-T} value of a standard digital option is given by

SD§~1 (Th, T, B,w) = ]l{ngpl(Tl,TQ»wB}v
where we set

1, for a digital call
w =
—1, for a digital put.

Then, the time-t price of this derivative for every ¢ < 77 can be represented as
SD% (Tb Ty, B, w) = (ﬁ?)_lEPd [B% ]]'{wLiTl (Th,T2)>wB} |gt]
d
= B; (Tl)EP%l []1{wLiT1 (1 1o)>wBy %) -

Let T' € R, be such that 77 < T'. The time-T value of a delayed digital option is given
by

DD (Ty, T, T, B, w) = LwLy, (11,1)>wB)- (2.22)
where we have

1, for a delayed digital call
w =
—1, for a delayed digital put.
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We get its risk-neutral price at time t < T} as

DD}(T1, %, T, B,w) = (B) "Epa [5%]1{11;1:;1 1y 1) 5w} %]

= B?(T)Epg [l{wUTl (Ty,T2)>wB} |gt]'

The value of a delayed range digital option at time 7" with barriers B, B satisfying
0<B<Bis

DRD%”(Tlg T27 T, B, E) = ]]-{§<L§“l (T17T2)<§}
= Ls<ry, rnmy + Ly, onmy<sy — 1
Therefore, we obtain that the time-t price for any ¢ < T can be represented by

DRD!(T, Ty, Ty, B, B) .= DD{(T}, T», T, B, 1) + DDi(T}, T», T, B, —1) — BY(T).
(2.23)

2.3. Application of the Two-Price Theory

We briefly describe the method to apply the two-price theory introduced in section
to the multiple-curve approach. To this end, let us postulate a mathematical model for
the evolution of a fundamental quantity of the fixed income market, say L'(T}_,,T})
for every i € {0,1,...,m} and T} |, T} € T = {Té,...,Tﬁi}. More specifically, all
stochastic processes and random variables are defined on a complete stochastic basis
(Q,9,G = (%)tG[O’T*],Pd) (cf. section .

In general, the discounted payoff of an interest rate derivative is of complicated nature.
The reason for this circumstance is the occurring stochastic discount factor for the present
price (¢ = 0) with respect to the underlying pricing measure PY (see for instance equation
(2.20)). To overcome this problem, we switch to the forward measure P:;i. Then, the
discount factor of the present price becomes deterministic, namely Bg (T'), and the form
of the discounted payoff simplifies considerably (see for instance equation (2.21))). With
this approach, we can easily apply the two-price theory with respect to the forward
measure P%. In this work, we use a Weighted Value at Risk acceptability index o'V that
is constructed by a proper family (V,),>0 of distortion functions.

2.4. Calibration Procedure

We will calibrate our term structure model to market data. Therefore, a calibration
procedure that deals with the two-price multiple-curve setting is presented.
Let TITKt(ny), TIMKE(5) and TITKE(n) be given ask, mid and bid market prices of the

ask mid
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considered derivative. The factor n € H denotes a certain contractual feature for a finite
set H. For instance, H could be the set of all maturities and strike rates:

H={(T,K):Te{1,2,...,10}, K € {0.0175,0.02,0.025,0.03,0.04, ...,0.1}}.

We postulate a multiple-curve interest rate model in a two-price economy. Their ask,
mid and bid model prices are referred to as TIT9 (9, n,~), Im4(9,n) and TITI(0,7n,7).
We denote by O the set of admissible model parameters and 6 € ©. It is assumed that
at least the mid prices can be numerically evaluated fast and thus allow to calibrate the
model to (mid) market data. In this thesis, we apply the Fourier based valuation method.
To this end, the R-package 'Pracma’ created by Borchers [87] is very useful to compute

the relevant integrals.

The parameter v > 0 is a fixed level of acceptability. Recall that v can be interpreted
as the current level of market (il)liquidity. It is related to a certain discounted payoff of
a derivative with a given maturity. Observe that it should hold

T3 (8,1, 0) = I3 (8, m) = TR (6, 1, 0).

Our calibration procedure is made in two steps. The reason to proceed in this manner
is that the numerical evaluations of the ask and bid price formulas are extremely time-
consuming in general. In our approach, we only need to calibrate the parameter v to the
ask and bid prices. The other parameters are fitted in the first step.

1. First, we minimise the term

016, H) = 3 (Tpsh(6.m) ik ()

neH

over all admissible model parameters ©. Let us denote by 0 the parameter such
that

01(0.1) = 3~ (m(@.n) — I ()

neH
| k 2
— min > (TR0, ) — T ) ) (2.24)
0co
neHd

2. In the second step, we determine the parameter 4 > 0 satisfying

O2(%,0, Hr) = min Os(v, 6, Hr), (2.25)
>0
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2. Two-Price Theory in Multiple-Curve Term Structure Models

where T is the corresponding maturity of the contract, Hr C H and

0a(0.0.) == 3 | (1360.) ~ 1))+ (g 0..) — gt
neH

The resulting factors 6 and 4 are the calibrated parameters where 4 is related to a certain
(distorted) pricing measure and the maturity 7" (see the explanations in section [2.1). We
use a modified Powell method for the minimising problems and (cf. Powell
[78]). We stress that we just obtain local solutions for the minimising problems by our
method.
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CHAPTER
THREE

THE MULTIPLE-CURVE LEVY FORWARD RATE MODEL
WITH APPLICATION OF THE TWO-PRICE THEORY

In this chapter, we present the multiple-curve Lévy forward rate model. The Lévy forward
rate model was originally introduced by Eberlein and Raible [38] and extended to time-
inhomogeneous Lévy processes by Eberlein, Jacod, and Raible [39] and Eberlein and
Kluge [33]. Our multiple-curve extension is based on the work of Crépey, Grbac, and
Nguyen [23]. We also take into account the monotonicity of the curves. A tractable
model framework that includes this fact is specified. We emphasise that the interest
rates are permitted to become negative in accordance with the current market situation.
Moreover, valuation formulas of interest rate derivatives with an application of the two-
price theory are stated.

3.1. The Multiple-Curve Lévy Forward Rate Model

Let us consider a finite time horizon 7% € Ry, d € N* = {1,2,3,...} and a complete
stochastic basis Z = (0, .7, F = (ﬁt)te[oy*],ﬁd). As driving process of the model
we assume a d-dimensional time-inhomogeneous Lévy process L = (L',...,L%)T. In the
multiple-curve setting, we consider a discount curve 0 (or d, respectively) and m different
term structures of interest rates, where we have m € N ={0,1,2,3,...} (see section.
Recall that this framework contains the single-curve approach that was used before the
global financial crisis by setting m = 0 and the term structures are represented by the
bond curves.

3.1.1. Discount Curve

Let us begin with the specification of the discount curve. To this end, we consider an
arbitrary equidistant discrete tenor structure 79 :== {Ty, ..., T, }. Recall that this means
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

that we have n € N* Ty < --- < T}, and T,, = T*. We denote by ¢ = §(Tj—_1,Tx) the
year fraction between the dates Tp_1 and T%. As usual, it is called the tenor of 79, The
time-t risk-free zero-coupon bond price maturing at date T € [0, T*] is denoted by BY(T)
(discount bond). We denote by 22 the predictable o-field on € x [0, T*] which is defined
as the o-field on ) x [0, T*] generated by all adapted processes that are left-continuous
and considered as mappings on Q x [0, 7] (cf. Jacod and Shiryaev |56, Definition 1.2.1]).
The optional o-field & on Q x [0,7%] is defined as the o-field on Q x [0, 7*] which is
generated by all cadlag adapted processes considered as mappings on Q x [0,T%] (cf.
Jacod and Shiryaev [56, Definition 1.1.20]).

The following additional ingredients are needed to develop the model for the discount

curve:

(D.1) The initial discount curve B3 defined by

o 0.7 = (0,00)
"7 BT

is given.

We assume that the initial discount curve is built by using an appropriate bootstrap-
ping technique. A general explanation of a bootstrapping method is given by Hull [55]
and Ametrano and Bianchetti [3]. One typically takes the OIS-zero-coupon bond as an
approximation of Bg.

(D.2) We consider a drift function o and a volatility structure o9 defined by
a%{QxMTﬂxMTﬂﬁR
(&,5,T) — ad(@,s,T)
and
UL{QXMTﬂxMTﬂﬁRd
(@, 5,T) = 04(@,5,T) = (6(@,5,T),...,08(&,s,T))

which satisfy the usual measurability and boundedness conditions (cf. Eberlein,
Jacod, and Raible [39]):

(i) o and 09 = (0{,...,09) are measurable with respect to & @ B([0, T*]).

(ii) The random functions are bounded for each & € ) in the sense of

sup_(la®(@,5,7)| + o¥(@, 5, T)]|) < oo,
0<s,T<T*

where || - || denotes the Euclidean norm here.

o6



3.1. The Multiple-Curve Lévy Forward Rate Model

(iif) For every (&, s,T) € Q x [0,T*] x [0, T*] with T < s, we have ad(&, s,T) =0
and 04(@, s,T) = (0,...,0).

Let us postulate that, for every fixed maturity 7' € [0, 7*], the dynamics of the discount
instantaneous forward rates f4(7) = (ftd(T))te[QT] are modelled as

ftd(T):fg’(T)Jr/o ad(s,T)ds—/O 09(s, T)dLs,. (3.1)

The initial values f§(T") are assumed to form a deterministic, bounded and (B([0, T*]), B(R))-
measurable mapping

0,7*] 5 T — f3(T) € R.

It is shown by Eberlein, Jacod, and Raible [39] that under these assumptions we
can find a joint-version of all f8(T) such that the map (&,t,T) — f§ (@0, T)1g<ry is
0 ® B([0, T*])-measurable. Consequently, we can build an integral with the forward
rate as integrand. It follows from the forward rate dynamics and an application of
Fubini’s Theorem (cf. Protter [79, Theorem 64]) that the bond price B¢(T) at time ¢
given by

B =eo (- [ i) (32)

can be expressed as

BY(T) = BY(T) exp </Ot(rg — AY(s,T))ds + /t Zd(s,T)dLs> , (3.3)

0

where the short rate 7§ at time ¢ is specified by r{ = f¢(¢) and we set
T

T
Ad(s, T) ::/ od(s,u)du and X9(s,T) ::/ o9(s, u)du (3.4)
sAT sAT

(cf. Eberlein and Kluge [33]). Note that the integral fsq;\T o4(s, u)du is clearly understood
componentwise and the initial values f§(7") can be obtained by the relation

d
f(r) = -2 BT

if the derivative exists.
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

The discount factor process g9 = (5?)te[0,T*} given by

t
BY = exp (—/ rSds)
0

is an adapted process with continuous paths. It can obviously be written as

B9 = BY(t) exp (— /Ot Ad(s,t)ds + /t Ed(s,t)dLs) . (3.5)

0

From (3.3) together with (3.5), one easily verifies the useful representation

d Bg (T) "l d !

B(T) = 20 exp (A (s,1) — A (s,T)) ds+ [ S4(s,t,TVdLs ),  (3.6)
BO (t) 0 0

where we set X4(s,¢,T) = X9(s,T) — £9(s,t). To get a tractable model and guarantee

the existence of all related functions, we additionally require the model to be based on

the standing assumption of a deterministic, bounded and continuous volatility structure:

Assumption (DET):  The volatility structure o¥ is a deterministic and bounded

function such that, for every s and T with 0 < s, T <T™, it holds
0< Z?(S,T) <M < M, foreveryje {1,...,d},

where E? arises from definition (5t component of £9) and the constant M is from
assumption (EM). Moreover, the mapping

0,7%] 3 5 — 0%(5,T) € RY
is continuous for each given T € [0,T*].

Observe that we have 09(s,s) = 0 for every s € [0,7*] under this assumption. Let
MY = ({BYTy),...,BYT,)},S) be a financial market and S denote the space of ad-
missible trading strategies. By the fundamental Theorem of asset pricing (see Delbaen
and Schachermayer [25]), the existence of a local martingale measure is a sufficient cri-
terion that ensures the absence of arbitrage in .#9. More specifically, this means that
there exists a probability measure under which the discounted zero coupon bond price
processes are local martingales. Eberlein and Kluge [33, Proposition 9 and the prelim-
inary remarks| derive a condition on the drift function A9 such that for all T € [0,T"],
and therefore for all T € 79, the discounted bond price process Z¢(T) = (Z3(T))o<i<T
given by

Z{(T) = B B{(T)
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3.1. The Multiple-Curve Lévy Forward Rate Model

is an (F, PY)-martingale. Here, the result of Eberlein and Raible [38, Lemma 3.1] and
its generalised version given by Kluge [64] Proposition 1.9] play a crucial role: We can
determine the term

E,, [exp (/Ot Ed(s,T)dLs)]

in the form of the cumulant function 6; of L with respect to measure Pd, namely

E g [exp (/Ot Ed(s,T)dLS>] = exp </0t Qs(Zd(s,T))ds> .

They obtain the following generalisation of the famous Heath-Jarrow-Morton no-arbitrage
condition that will be a standing assumption in this model:

Assumption (NA): The function AY is given by the form

A(s,T) = 0,(29(s,T)). (3.7)

Notice that this approach makes the Lévy forward rate model of Eberlein and Kluge
[33] related to the discount curve work directly under the risk-neutral measure. This
choice of the drift term is closely related to the notion of the exponential compensator
(see Kallsen and Shiryaev [61] and Jacod and Shiryaev [56], Section I1.8]). We emphasise
that the drift function A9 and therefore also a¥ as well as the volatility structure 3¢
(and ¢9) are deterministic in this setting.

Lemma 3.1.1 Fort,T € [0,T*] with t < T, the discount forward rate f8(T) is given in
terms of

AT = fNT) + tia (24(s,T))ds — /t o4(s, T)dL (3.8)
t 0 8T 0 ) s .

and the short rate v$ has the representation

t
/ —0,(29(s, 1) )ds/ o4(s,t)dLs. (3.9)

0
Proof: The statements (3.8)) and (3.9) are immediately clear on the basis of the relation

0
ad(s,T) = 8—T€ §(X4(s,T))

together with (3.1)), relation (3.4), assumption (NA) and the definition of the short rate.
[ |

For some important comments on the (partial) derivative of the cumulant process we
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

refer to Kallsen and Shiryaev [61, section 2.5].
Under assumption (NA), the bond price (3.3) is given in the more specific form

d t t
BXT) = B (dT) exp <—/ 05(x(s,T))ds —i—/ Ed(s,T)dLs>
/Bt 0 0
from which we conclude that
d t t
ZZ(T) = exp <—/ es(zd(s,T))der/ Zd(s,T)dLs>. (3.10)
Z§(T) 0 0

Lemma 3.1.2 In this model framework, the discounted bond price process Z9(T) is the
solution of

dz9(T) = z4(T)dY",
where the process Y4 is given by

t t
Ve = / 24(s, T)y/esdWs + / / (D) _1)(uk — v)(ds, dx).
0 0 JRd

Proof: We apply Jacod and Shiryaev [56, Theorem IL.8.10] with equation (3.10) to get

where the process Y9 is specified by the stochastic logarithm Y9 = Z(exp(Y'¥)) with

t t
ve == [0t s + [ 25, )L
0 0

Then, we immediately obtain the statement. |

This Lemma confirms once again that Z4(T) is a P9-(local) martingale (cf. Kallsen
and Shiryaev [61]). To end this subsection, we introduce some useful definitions. We
observe that representation (3.6) results in

_ Bi(T)

P = i

exp (/Ot [es(zd(s, 1) — GS(Ed(s,T))] ds
+/t Ed(s,t,T)dLs). (3.11)
0

For fixed t,T € [0, T*] with t < T, the last expression is decomposed into its deterministic
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3.1. The Multiple-Curve Lévy Forward Rate Model

part defined by

B(T)

DY(t,T) = B0

t
exp ( / [HS(Ed(s,t)) - GS(Ed(s,T))] ds) (3.12)
0
and its stochastic part given as the exponential of the Z-measurable random variable
t
X4, T) = / »4(s,t, T)dLs,. (3.13)
0

Hence, we obtain the compact form

BY(T) = DY(t, T) exp(X9(t,T)).

3.1.2. Multiple Curves

Now we address the modelling of the risky curves. Let us consider m € N* different
curves. Since each term structure corresponds to a discrete tenor structure, we introduce
the equidistant tenor structure 7% = {T¥, ... ,Tffk} forevery k € {1,...,m} and n, € N.
We assume that it holds T} = Tp and Tffk =T, =T for all k € {1,...,m}. The
year fraction between the dates 1}121 and Tf is denoted by &% = 5"“(7}1‘;1,Tf), where
j€{1,...,ns}. Note that 6* unambiguously corresponds to the tenor structure .7* and
we can therefore call 0% the tenor of .7%. Moreover, for all k,1 € {1,...,m} with k <1,

we postulate
Ttc gk c 74,11 (3.14)

In accordance with the multiple curve approach, this assumption means that the curves
reflect liquidity and credit risk in decreasing order of magnitude (6% < &').

For every k € {1,...,m}, we interpret Bf(T') as time-t price of a fictitious risky zero-
coupon bond with maturity T that corresponds to curve k. Notice that such risky bonds
are not traded assets but can be considered as bonds being issued by an average Libor
or Euribor panel member.

We need some additional ingredients to model the multiple curves:

(MC.1) The initial multiple term structure curves B, ..., B* defined for every k € {1,...,m}

by
BO .
T — BE(T)
are given.
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

Ametrano and Bianchetti [2, 3] developed a sophisticated bootstrapping method dealing
with this multiple-curve setting. Note that, by using this bootstrapping procedure, the
initial values satisfy

By(T) < B§(T) < B§(T)
for every k,l € {1,...,m} with k <land T € [0,T*].

(MC.2) For every k € {1,...,m}, we consider the drift function o* and the volatility
structure o defined by

L [Qx[0,7] % [0,T] - R
o
(@,8,T) = a*(@,5,T)

and

L [Qx[0,7%] x [0,T%] — R
g
(@,8,T) — ok (@,8,T) = (o¥(@,s,T),...,0%0,s,T))

which satisfy the same (measurability and boundedness) conditions as o and o¢
in (D.2).

For every k € {1,...,m} and T € [0,7%], the dynamics of the instantaneous forward
rates f*(T) = (ftk(T))te[O,T] are postulated to be

ko _ gk " B tO_kS
FHT) = f5(T) + /0 ok (s, T)ds /0 (5, T)dLs,

where the initial values f§(7T') are assumed to be deterministic, bounded and (B([0,T*]), B(R))-
measurable in 7. It can be determined by the formula

Oln BE(T)

k 0

Ty=———+——+

if the derivative exists. In the same way as one gets representation ({3.3)), we obtain the

form
t ¢

BF(T) = BE(T) exp </ (r¥ — Ak (s,T))ds +/ Ek(s,T)dLs> (3.15)

0 0

for each k € {1,...,m} from the relation

BF(T) = exp <— /tT ff(u)du> : (3.16)
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3.1. The Multiple-Curve Lévy Forward Rate Model

The rate rF at t is given by rf = fF(t) and we similarly define
T

T
A (s, T) ::/ o (s,u)du and XF(s,T) ::/ o* (s, u)du.
sAT sAT

To ensure the existence of the cumulant process and for practical purposes, we need
the following standing assumption:

Assumption (MC.DET): For any k € {1,...,m} and all s,T € [0,T*], it holds that
the volatility structure o® is deterministic and bounded in the sense of

OSE?(S,T} < M < M, for every j € {1,...,d}.

The mapping [0,T*] > s — o*(s,T) € R is continuous. As usual, M is the constant
from assumption (EM).

Note that the constant M in this assumption does not have to coincide with the
constant M from assumption (DET). The discounted bond price process Z¥(T) =
(ZF(T))o<t<T corresponding to curve k is defined by

ZH(T) = By By(T)

for each date T' € [0,7%]. One easily verifies that

20— oxp ([ s =t - s+ [ 1L, (317

Lemma 3.1.3 The discounted bond price process Z*(T) is the solution of
dZM(T) = z* (T)dy'*, (3.18)

where the process Y* = (YF)o<i<7 is given by
B t t
v :/ [k —rd — A¥(s,T) +68(Ek(s,T))]ds+/ YF (s, T)\/csdWs
0 0
t k
+/ / <e<2 (7)) _ 1) (ut —v)(ds, d).
0 JRd

Proof: We apply Jacod and Shiryaev [56, Theorem I1.8.10] with relation (3.17)) and obtain
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

where the process Y* is set as the stochastic logarithm Y* = Z(exp(Y*)) with

t t
vh = [kt Ak s + [ SMs T
0 0

We get the form
= [k = = AR ) 4 (K )b+ 7))
n /R d <e<zk<s,T>,x> 1 <Ek(s,T),x)> Fy(dx)]ds
s [ e, [ (1) s,
0 0 JRd

—/t [T§ - 7”2 - Ak(S,T) + Qs(zk(s,T))]dS + /t Ek(‘g?T)\/adWS
0 0

t
+/ / (e@k(s’T)’x) - 1) (ut —v)(ds, dz).
0 JRd

[ |
This Lemma shows that Z*(T') is not a P9-(local) martingale in general.
Similar to relation (3.11)), we rewrite the expression (3.15)) as
k By (T) "1k k "
BH(T) = 202 oxp [A (s,t) — A (S,T)} ds+ | SF(s,t,T)dLy),  (3.19)
B (t) 0 0
where we analogously set
SE(s,t,T) = SF(s, T) — X (s,t).
To simplify the notation, for fixed ¢,7" € [0, 7] with t < T, we define the factor
Bk(T) t
DF(,T) == =02 exp ( / [Ak(s, t) — A¥(s, T)} ds> (3.20)
B (t) 0
and the j}—measurable random variable
t
Xk, 1) = / >*(s,t, T)dLs. (3.21)
0

Then, we obtain
BE(T) = DH(t, T) exp(X*(1,T)).

Note that at this stage it is not clear if D* can be chosen deterministically.
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Now, we specify the drift function A* in such a manner that credit and liquidity
risk issues are taken into account. We closely follow the approach of Crépey, Grbac,
and Nguyen [23] Section 2.3.2]. Their idea is based on no-arbitrage requirements in
defaultable HJM-models which lead to the required drift conditions. Let us temporarily
assume that defaultable bonds with respect to each curve can be traded in the market.
The time-t price of such a bond maturing at T is denoted by BF(T). We then study
the conditions that preclude arbitrage opportunities by dealing with these bonds (cf.
Delbaen and Schachermayer [25]). Keep in mind that such bonds are actually not traded
in the market (see also the comments in Crépey, Grbac, and Nguyen [23| section 2.3.2]).
In fact, they are rather mathematical concepts which represent the credit risk of the
panel bank members and are not defaultable in the classical sense.

To develop an appropriate credit risk model, let us construct default times 7!, ..., 7™

as it is described in detail in section To this end, we need to enlarge the initial
stochastic basis (Q,.7,F = (ﬁt)te[QT*],Pd) towards (2,%,F = (ﬁt)te[QT*],Pd) and
(Q,9,G = (%)te[O’T*],Pd), respectively, where we used the notation for the relevant
quantities as in section (except for P9 = Pl P). Further, we assume that the
defaultable bonds pay a certain recovery upon default. This recovery payment is specified
by the terminal recovery process RF = (Rf)te[o,T*] for every curve k € {1,...,m}.
The process RF is F-adapted and (locally) bounded on (Q,.%,F, P4) (cf. Bielecki and
Rutkowski [12, Section 13.1.9.]). In financial interpretation, the amount R¥, is the
recovery payment made at maturity 7T if the default of the bond issuer occurs at time
7 < T. More specifically, the value of the defaultable bond price BE(T) at time T is
given by

BH(T) = Liprsqy BH(T) + BH(T)RE L iy

= Liriory + Bl eery.
Then, the time-t price results in
Bf(T) = Lipisy BY (T) + Bf (T)RE L (rh <y
and we obtain its discounted value ZF(T) := B BF(T) as
ZE(T) = Lipisy 20 (T) + Rix Lk Z8(T).

Consequently, the time-t bond price BF(T) is interpreted as the pre-default price of
the associated defaultable zero-coupon bond. We postulate that each random time 7%

possesses an F-intensity +*.

The following Theorem states the conditions which ensure the absence of arbitrage in
our model. To be precise, we derive conditions such that for every k € {1,...,m}, the
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

discounted defaultable bond price process Z*(T) is a (G, P9)-local martingale for each
T € [0,7%].

Theorem 3.1.1 Assume that, for each k € {1,...,m} and T € [0,T*], the condition
k,d
Zr (T) N = AR T) + (258, T)] = (Zi(T) — REZ{ (D)t (3.22)

is satisfied for all t € [0,T], where we set )\f’d = 1rF — 18, Then, for each k € {1,...,m}
and T € [0,T*], the process Z*(T) is a (G, P)-local martingale.

Proof: For every k € {1,...,m} and T € [0,T*], we obviously have that H* = likc.y €
¥, 1—-HF = =1k .y €V and ZF(T) € .. Let us define by Hff = R’T“kHtk a G-adapted
process H¥ = (Hk)te[QT*] in ¥. Then, by Jacod and Shiryaev [56, Proposition 1.4.49],
we obtain that

ztn = [ -z + [z - ) + 25

0

t
/ HF dzd(T / Z3(T)dH*
0

t
- / (1= 5 )az(T) - [ 25Dt + Z5(r)
0 0
t t
- / HY dz9(T) + / REZY(T)dHE.
0 0
Using the form (3.18)), one gets
t
ZHT) = [ (L= HE)ZET) N — 445, ) 4 0.(2M(s,T))ds + Z5(T)
0
t
+ [ (= HOZE (D). T) W,
0
t
n / [ = 28 (@) (B0 1) (i ) (s, de)
Rd
t
/ HY dzd(T / (REZ4(T) — Z¥(T))dHP.
0

Since condition (3.22) is assumed to be satisfied, we have
t
|- B ZE (@) - 44 ) 40,25, T))]ds
0
t
= [ @ mh(ZE (1) - ReZd@)ptas
0

= [(0 - @ - Rz ks
0
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and it follows that
t
ZHD) =25 + [ (L~ HE)ZE (T)SH6,T) eadW,
0
t
[ =z @) (BT 1) () s, da)
Rd
t
/ HY dzd(T / (REzd(T) — Z¥(T))dME, (3.23)
0

where the (G, P9)-martingale M* = (Mf)sefo,r+) is defined by

t
M=t [ (= Hinkas

By taking into account the valid martingale invariance property, we observe that all
the considered stochastic integrals in equation 1} have (G, P9)-local martingales as
integrators. Hence, we conclude that Z*(T) is a (G, P9)-local martingale. [ |

Let us assume that the terminal recovery process is of the form
RF = RFBE (T)BY(T)!, where R* € [0,1).

Note that this choice corresponds to the fractional recovery of market value (see Bi-
elecki and Rutkowski [12, section 1.1.1]|). By easy computations, we obtain the following
practical form of condition (3.22)): For each k € {1,...,m} and T € [0,77], it holds

A AR, T) + 0,(5F(¢,T)) = (1 — R*)~F (3.24)

for every t € [0,T] (cf. Crépey, Grbac, and Nguyen [23, equation (26)]). One verifies
that condition (3.24)) can equivalently be formulated as

A =1 — RF)yf
AR (4, T) =60,(2%(t,T)). (3.25)
Hence, the credit risk component of the model is given by equation (3.25]).
Since the crisis was caused by a mixture of credit and liquidity risk (cf. Filipovi¢ and

Trolle [45] and Eberlein [30]), we add a further liquidity component to the pure credit
risk factor 6;(XF(¢,T)) in (3.25). Thus, we need another ingredient in the model:

(M(C.3) We consider the liquidity component I* defined by

k. [0,7%] x [0, T*] = R
¢, T) = (T
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which is assumed to be a deterministic, differentiable and bounded function.

Finally, we consider the drift function
AR, T) = 0,3k (¢, 7)) + 1F(¢, T) (3.26)

for every k € {1,...,m}. We stress that the drift function A¥ (and o¥) and the volatility
function ¥* (and o) are deterministic functions. Therefore, the factor D* is also deter-
ministic. Observe also that this choice of the drift function corresponds to the fact that
the forward reference rate L*(S,T) is not a PS-martingale in general.

3.2. Monotonicity of the Curves

Assumption implies some kind of monotonicity of the curves. More specifically,
bonds that are related to a riskier curve should have a lower price than bonds that
correspond to a curve associated with less credit and liquidity risk. Figure implicitly
confirms this fact by means of market data.

3.2.1. The Monotonicity Condition

Let m € N*. Recall that, by using the bootstrapping method of Ametrano and Bianchetti
[2, B3], we generally have for every k,l € {1,...,m} with k¥ <[ and all T" € [0,T"] the
monotonicity of the initial curves:

By(T) < B§(T) < BY(T).

We have to design the model such that the monotonicity is valid for all dates. This means
that we achieve the model quantities in such a way that we obtain

B{(T) < B{(T) < B{(T) (3.27)

for every ¢, T € [0, T*] satisfying t < T. This reflects the fact that the higher the risk is,
the lower the price of the bond is. The monotonicity will be guaranteed by additional
restrictions on the model parameters. The inequalities (3.27) obviously imply

FUT) < fH(T) < FH(T) (3.28)

by the relations (3.2)) and (3.16).

For every k,j € {d,1...,m} and T € [0,7%], we define the additive (forward) spread
between the curves k and j by

st (T) = fH(T) — f1(D). (3.29)
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One sees that the dynamics s59(T") = (sf’j (T))tejo,r) are given by
sEI(T) = sP3(T) + / (s, T)ds — / o*J(s,T)dLs, (3.30)
0 0

where we set o7 (s, T) := o*(s,T) — o/ (s,T) and 0% (s,T) := o*(s,T) — 07 (s, T). Note
that sf’k(T) =0 for every k € {d,1,...,m} and we deduce from 1’ that

0<sed(T) <s54T) and 0 < s5M(T)

for all k,1 € {1,...,m} with k <l and T € [0,T*]. For every k,j € {d,1...,m}, the
short term spread between k and j is defined by /\f’] =rf - r] and we set

T
oM (s,u)du and  XPI(s,T) ::/ o®9 (s, u)du.

sAT

T

ARG (5, T) = /

sAT

Then, we clearly have the relations

ARI(s,T) = A¥(s,T) — A¥(s,T) and XFI(s,T)=XF(s,T) - XI(s,T).

For any k € {1,...,m}, we obviously have
k
k,d jj—1
st (T) =Y s77H(T), (3.31)
j=1

where we define 3% (T = stl “4(T). Therefore, we obtain
k ..
FET) = fAT) + )57 H(D).

=1

Note that, for every k € {1,...,m}, the short term spread \ed i given by

k k
A== ),
j=1 g=1
where we set )\% 0= )\i’d. Moreover, one easily sees that the drift function and the

volatility structure related to curve k can be represented by

k
(s, T) = al(s, T) + Zaj’jfl(s,T)
j=1
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and

k
(s, T) = o5, T) + 3 0991 (s,T),
j=1
where we denote a'0(s, T) :== a'4(s,T) and o'0(s,T) = o14(s, T). It follows that we

have

k
AF(s,T) = A%(s,T) + Y A771(s,T)
j=1

and

k
SF(s,T) = 295, T) + > _ DM 71(s,T),
j=1
where we define A10(s,T) :== AY(s,T) and £10(s,T) := £19(s, T). Consequently, due
to relation 1) we can specify the dynamics of the quantity f*(7") by modelling the

forward spreads s¥7(T) and the forward rates f7(T).
It is evident that the relation (3.28]) is equivalent to the condition

0 < sPY(T) < () (3.32)

for every k,l € {1,...,m} with k& < [ and ¢,7 € [0,7%] satisfying ¢ < T. Then, we
conclude from representation (3.31)) that condition (3.32)) is valid if, for all j € {1,...,m}
and ¢, T € [0, T*] with ¢t < T, we have

0< s NT). (3.33)

To sum up, this approach results in the non-negative specification of the forward spreads
between two subsequent curves (3.33)). Then, condition (3.32)) is automatically satisfied.
This fact implicitly guarantees the relations (3.28|) and we therefore ensure the required

monotonicity (3.27]).

We end this subsection with the derivation of a representation of the (forward) spreads.

Lemma 3.2.1 The forward spread s%’d(T) is given by

tro 0
5%(T) =55 (T) + /0 |70 (56, T) + 5145, 7)) + 05, T)
0

- G0 )]s = [ M5 Ty
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and, in the case of m > 2 with j € {2,...,m}, the forward spread s{’j_l(T) can be
represented by

- o tr o 0 i
Ny =577 +/ —0,(X(s, T) + g Yol (s, T)) + =177 1(s,1
o D) =T @) 0 [aT Tort (= T)

8 d 10— 1 ! Jj—1
_O—TG (2%, T) +ZZ (s T))}ds—/0 o (s,T)dLs,

where we set 17771 (s,T) :== 17(s,T) — 1V "1(s,T).
Proof: On the basis of the specifications of the drift functions and -7 we get

0 0 0
Spls(BHE 7)) + 5nl!(5,T) = 5m0s(5(5, 7))

1,0 _ 1d —
a (s, T)=a"%s,T) = 5T 570

and, for m > 2 where j € {2,...,m}, it holds

- 9 . 9 9 4 9
Jj—1 — J J j—1 _ Jj—1
o (s,T) 8T05(Z (s, 7)) + 8Tl (s,T) — aTGS(E (s,T)) 8Tl (s,T).
Then, the assertion follows from the forward spreads dynamics given by (3.30)). [ |

3.2.2. A Suitable Model Framework

We present an example of a tractable model which ensures the non-negativity of the
consecutive forward spreads. Through the analysis made in the previous subsection,
it follows that the monotonicity of the curves is then valid. This framework is
motivated by Crépey, Grbac, and Nguyen [23]. We emphasise that we specify the model
quantities corresponding to each curve k € {1,...,m} by modelling the quantities of the
relevant spreads and the discount curve (cf. the previous subsection and relation (3.29)).

Let d,m,l € N* = {1,2,3,...} with [ + m < d. The d-dimensional driving process
L= (L',...,L%T7 is given on the enlarged stochastic basis (2, %4, G, P?). Its components
are divided into [ real-valued Lévy processes and d — [ negative Lévy processes. More
precisely, we specify the d-dimensional Lévy process L as follows:

(i) Y= (L',...,LYT is an Rlvalued Lévy process.

(i) Y2 = (L LY = (=25 2N T where Z = (Z!F1,..., 2T = —y?
is an R‘i_l—valued Lévy process whose components are subordinators (see Sato [81],
Definition 21.4.] and Barndorff-Nielsen and Shephard [8]). The cumulant process
of Z is of the form

Z(2) =z elat) T
0% (2) “bH/Ri—z( 1)F(da)

71



3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

where z € C?! such that Re(z) € [—(1 4 €)M, (1 + e)M]?!. The drift term b
satisfies &/ > 0 for any j € {1,...,d — I} and the Lévy measure F has its support
on R

+

We make the following standing assumption:

Assumption (VL): For every k € {1,...,m}, the non-negative volatility functions
¥4 and SFE as well as the liquidity function ¥ are deterministic, differentiable and
stationary functions. This means that for every k € {1,...,m}, j € {1,...,d} and s,T
with 0 < s <T < T%*, the functions are of the form

where G : [0,T*] — Ry and G;? : [0,7%*] — Ry are differentiable and deterministic
functions satisfying G;(0) = G;‘?(O) = 0 that are bounded in the sense of

Gji(s)+ Y Gi(s) <M <M
k=1

for all s € [0, T*] with the constant M from assumption (EM), and G : [0,T*] — R is a
differentiable, deterministic and bounded function satisfying Gf(O) =0.

It follows that the conditions (DET) and (MC.DET) are fulfilled under assumption
(VL).

Proposition 3.2.1 The forward spread S;’d (T') can be written as

sp9(T) =sp2(T) — 0(29(t, T) + £19(L, T)) 4 0(24(0,T) + £19(0, T))
— 1Mt T) + 140, T) + 0(X4(t, T)) — 6(29(0, 7)) (3.34)

t
- / old(s, T)dL
0
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3.2. Monotonicity of the Curves

and, in the case where m > 2, the forward spread s{’j_l(T) s given by

D) = ) 00 1)+ B ) 00T + 305 0T)

=1 1=1
j—1
— PITNET) + P10, T) + (29t T) + Z »HiL(t, 7)) (3.35)
i=1
_ G(Ed(O,T) 4 Z E”’l(O,T)) — / (7“71(3,T)dLS
i=1 0

for any j € {2,...,m}. The corresponding short spreads result in

A =std(t) + 0(24(0,8) + 19(0, 1)) + 110, 8) — 6(29(0, ) — / t oM4(s,t)dLs
0

and

J
NI =57 1) + 0(29(0,1) + 3 40, 1)) + L0, )

=1
j_l o . t o .
SO0, 1) + 3 S0, ) - / o915, 8)d L.
i=1 0

Proof: We first observe that it holds

0 0
0 0
0 0

Then, let us consider the representation of s, 9(T) and s7771(T) that are stated in Lemma

It immediately follows that

B, 9 9
ﬁe(zd(s,T) + 2bd(s, 7)) + 6—Tl1(s,T) — a7T9(2<1(5,T))
= %H(Ed(s,T) + (s, T)) — %ll(s,T) + %H(Ed(s,T))
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

from which we observe that

/0 [8%,9(2(*(3 T) 4244, T)) + a%l (5,T) — 6%0(2"(5 T))]ds

= — /0 [%Q(Ed(s,T) + Eld((S?T)) + %ZI(S,T) _ %Q(Ed(s,T))] ds

= H(Zd(ta T) + El’d(ta T)) + Q(Zd(ov T) + El’d(oa T)) - ll(t7 T) + 11(07 T)
+0(24(t,T)) — 0(24(0,T)).
1,d .
Hence, s, (T') can be expressed in the form 1) Analogously, one shows that
9 d 30— 1 0 73,7—1
502, T) +Zz (5,1)) + 5t (5,T)

0

d i,i—1
—8—T€E sT—i—ZE (s, 1))

_ (9 d 4,0—1 8j,j—l
== 5003, 1) + Zz (5,7)) = 5.7 (s, T)

+§ 0(x4(s,T) + ZE”lsT

Then, we get

¢ 0 d ! 1 9 i, 1
_ 10— 75—
/0[8T92 (s,T) +Zz (5. 1) + 577 (s, 1)
—QQstT—i—Zﬁ“lsT}
T
t 0 o ..
=— 0(2%(s, T) TS, T)) + 197 (s, T
/0 [85 (s, Z (s, 85 (5, T)
j—1

— ;}Se(zd(s, T) + Z yhi=l(s, T))} ds

— (24, T) + z]: SELE T)) +6(29(0,T) + z]: »o10,T)) — 1971, T)

=1 =1
j—1 Jj—1
+197H0,T) + 0(24(E,T) + D811, 7)) — 0(29(0,7) + Y 8%71(0, 7).
i=1 =1

74



3.2. Monotonicity of the Curves

The last expressions immediately lead to the form (3.35)). By definition, we easily obtain
|

the representations of the short spreads.

Next, we derive necessary and sufficient deterministic conditions for the non-negativity
of the (consecutive) forward spreads. We explicitly mention that this approach is closely

related to the proceeding of Crépey, Grbac, and Nguyen [23], section 3.2].

Let m > 2 and define the deterministic terms

pte(t, T) = stl’d(T) + /t old(s, T)dL,
0
(T) — 6(24(t, T) + 214, 7)) + (240, T) + £14(0, 7))

Y+ 150,T) 4+ 0(24(t, T)) — 6(24(0,T))

t
o1d(s,t)dLg

_1d

- ll(ta

S

1,d
pha(t) = A0+

0
= 50(8) + 6(24(0,) + =190, ) + 11(0,1) — 6(3%(0, 1))
and
N T) = 5T + /O 0?94 (s, T)dLs
= )7 7H D) — 024t T) + > SH N, T))
=1
+0(240,T) + > 5HH0,T)) — N, T) + 9710, T)
=1
j—1 Jj—1
+ORYET) + > SN T)) - 0(29(0,T) + > B¥ 710, T))
=1 =1
0+ [ o
0
= 5771 (0) + 0(29(0,8) + Y BP0, 4) + 177H0,1)
i=1
7j—1
—0(240,) + > 5" 1(0,1)),
=1
respectively.

Proposition 3.2.2 Let T € [0,T*]. We assume that the following two conditions are

satisfied:
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

1. For any t € [0,T] and each k € {1,...,1}, we have
o0 (t,T) =0
and, if m > 2, it holds
o7 N, T) =0

for every j € {2,...,m}.

2. For all t € [0,T), it holds

0 < b4, T) = pbNT) — 029, T) + M4, 7)) — 1Nt, T) + 0(24(t, 7))
(3.36)

and, if m > 2, we have

J
0 < phi =1 (t,T) = 7N (T) = 0(S4(t, T) + Y _SH (¢, T)) = VI 1(t,T)
=1
(3.37)

j—1
+O(ZY(,T) + ) TV, T))

i=1

for every j € {2,...,m}.

Then, it results that the forward spreads meet
17d ]7]_1

0<s,7°(T) and 0<s” (1)
for every t,T € [0,T*] with t <T and each j € {2,...,m}.
Proof: It follows from the definition of p'd(¢,T) that the non-negativity of the term
—fg old(s, T)dLs, for any t € [0,T], together with 1) imply si’d(T) > 0 for all

t € [0,7]. Similar arguments lead to the non-negativity of the spread s} _I(T) for any
t €[0,7] with ¢t <T and every j € {2,...,m} if m > 2. [ |

Note that the conditions (3.36) and (3.37) result in additional restrictions on the con-
sidered distribution parameters of the driving process as well as the parameters of the

volatility and liquidity functions.
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3.3. Valuation Formulas with Application of the Two-Price Theory

3.3. Valuation Formulas with Application of the Two-Price
Theory

In this section, we specify mid price valuation formulas of interest rate derivatives in the
multiple-curve Lévy forward rate model. Furthermore, the two-price theory is applied to
some special financial products and the corresponding ask and bid prices are derived.

3.3.1. Valuation Formulas of Interest Rate Derivatives

We begin with some preliminary remarks related to the valuation approach. Let T* > 0
be a finite time horizon and m € N. Recall that in the case where m = 0, we obtain
the classical single-curve setting and the discount curve is referred to as 0 or d. For
any k € {0,1,...,m}, let TF = {Tk, ... ,Tﬁk} be an equidistant discrete tenor structure
with tenor 6¥. We assume that 0 < T§ = T, T = T* and J' C T* for every
k.l € {0,1,...,m} satistying k < [ (6* < 6'). To simplify the notation, we omit the
superscripts for the dates and tenors related to curve 0 (or d, respectively).

We conclude from the equations (]3.11[) and (]3.19[) that the ti1rne—T;‘3_1 bond price ma-

turing at date Tf can be represented by

B§(T; Tim1
B%j—l (T’J) O( ])) €xp (/0 Ed(saT’jflaT’j)dLs

- BY(Tj—

Tj
T / [0,(59(5, Ty1)) — Bu(9 (s, T))] ds

0

for every j € {1,...,n} and

Bo(TF) Tr
P = gy e\, STt
T k k k k
+ /0 [0.(SF (s, T 1)) + 15(s,T5 )
— 0,(SF (s, TF)) — 1%, ﬁ)}ds)

for every j € {1,...,n;} with k € {1,...,m}. Recall that these expressions can com-
pactly be written as

Bl (T)) = D} exp(X)),
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory
where we set the deterministic part as
k. k (k k
D} = DHTE, 7))
and the stochastic term as

Xb = XHTE, T

for every k € {d,1,...,m} (cf. equations (3.12)), (3.13), (3.20) and (3.21)). Furthermore,
the discount factor process 3¢ at date T € [0, T*] is calculated as

T T
B = BY(T) exp <—/ QS(Ed(s,T))ds+/ Zd(s,T)dLs> . (3.38)
0 0
By using Eberlein and Raible [38, Lemma 3.1] or its generalised version developed by
Eberlein and Kluge [33], we observe that the characteristic function of X jk under P can
be determined as

Tk |
gaﬁjk (u) = Epg [exp (/0 ’ quk(S,Tf_l,TJk)dLs) }

k

Tk
= exp </ ! o (iqu(s,Tf_l,Tf)> d8> ,
0

where 01" denotes the cumulant with respect to Pj‘i and T € 79. By changing to the spot
martingale measure PY with the use of (2.13) together with equation (3.5) (concretely,
(13.38), we get the useful representations

k
k Tj—l

T
P x (u) =Epa
J

a8 BY) e ([

z’uzk(s,zyf_l,Tf)dLs)
0

— exp ( / i (05 (290, TF) + s (s, THy, 7)) - es@d(s,z;ff))]ds)
0
(3.39)

and

T]'_l

P xd
Xj

Tj,1
(u) =Epo | B, BY(T3-1) " exp ( / iud(s, Ty, Ty)dL,
0

—exp </0le [95 (zd(s,Tj_l) +iu2d(3,Tj_1,Tj)) - es(zd(s,Tj_l))}ds)
(3.40)
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3.3. Valuation Formulas with Application of the Two-Price Theory

Note that these expressions can be extended to complex numbers by using assumption
(EM) (cf. Sato [81, Theorem 25.17]).

The payoffs of the derivatives that we will consider are combinations of determinis-
tic functions of the reference rates L?k (
j—1
random variables. Moreover, the discount factor process 49 is F-adapted. Since the

TF |, TF). These rates are F, -measurable
J J F

martingale invariance property between F and G under P9 is valid, we conclude from
hypothesis (H5) of subsection that it holds

(B Epal B30 (L (TE TS = (B) Bl f (Ls (T T

for every t € [O,Tﬁl] and each Borel-measurable deterministic function f : R — R.

Note that f (Llfff“ 1(T]121,T]k)) is considered as an integrable ﬂTjk_l—measurable random

variable. By using the abstract Bayes rule, we obtain

(8) " Epa | B f (s (TF 1 TI)I%) = Eps [BYTHI(Ly (11, 1)),

From the notes made in subsection we conclude that the martingale invariance
property between F and G is also satisfied for any forward measure prj with T' € [0, T%*].
Hence, we have

Eps, [BYTHF( Ly (T TG = Epe | BUTHFLE, (TF1. 1)) 7
J J

for every t € [0, 1}1@_1]. To summarise, we can replace 4 by .%; in all risk-neutral pricing
formulas in our model.

Now, we consider k € {d,1,...,m}. The related valuation formulas for the single-curve
setting are well-known and can be found in the literature. To simplify the notation, the
notional amount is set to one.

Forward Rate Agreements

Recall that the payoff of a forward rate agreement at maturity Tf is given by

FRATJk (Tjk_l’ TJk’ 5k’ K) = 6k(Ll7€}k_1 (Tjk—la Tjk) - K)
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory
Then, the value of this product at time ¢ < Tf_l is

FRAt(TJk—h T]ka 6k7 K) - 5k(ﬁg>_lEPd [5%@ (L’;ﬂ]kil(j—‘]k—h T]k) - K)|yt:|
= (B)"Eps |8 (B (I = K¥) |17
_ pd/mk k ky—1 -k
= BT, (B (o)™ - &) 17 (3.41)

= B{(T})Eps, [ (nf exp(—X}) — Kk> \L%},
T
J

where we set

- By(T},) ;

T
k. Ik k k k
T]] = Dié‘? = WeXp </0 [A (Saz_"j ) - A (sz_"j—l)]d‘S)

and K¥ =1+ 6K (cf. equation ) The time-t FRA rate KF is given by

1 _ 1
KE = Epy [55(Bhe (T - 1);%] =Ep, [57(17;? exp(—XF) — 1)|ﬁt]

J J

To obtain a tractable representation of the price, we consider the following term:

£y [0t (1] =l
J J

Jj—1

k
B Ty, k k
exp Y(s, Tj 4, Tj)dLs | | 7
0

t Tk |
= 77;C exp <— / Ek(S, T’f_h T‘jk)dLS> EPdk exp ( _ / 7 Ek(s, Tjk_17 TJk)dLS)]
0 7! ¢

t Tlil Tk
= ¥ exp (— / (s, TF |, TF)dL, + / Tyl <—zk<s,zﬁ_ﬂ§“>>d5>,
0 t

Tk
where 6,7 denotes the cumulant of L under P;k'

Proposition 3.3.1 The risk-neutral price of a forward rate agreement at time t can be
written as

FRA(TS,, T} 6%, K) = BY(T) (VAT TF) - K*),
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3.3. Valuation Formulas with Application of the Two-Price Theory

where we define

t
V;Ek(T‘jk—la Tjk) :ﬁf exXp <_ /0 Zk(S) ,I']k—l’ ,ijk)dLs)
Tk

X exp ( / U0, T - SH (s TE L, TE)) - es@d(s,Tf))]ds) :

The rate KF such that
FRA (T}, Tf, 0" K7') = 0

s given by

1

K 5

(vhaf T -1).

Proof: Given the formula (3.41)) and the analysis made before this Proposition, it remains
to show that

E
PT]?
J

Tk |
exp(—/ ’ Ek(s,Tf_l,Tf)dLs)]
t

TF Tr
=exp —/0 Ad(s,Tf)ds Epd|:eXP</0 Zd(S,Tf)dLs

TF
- /t Zk(svz}k—bj—‘]k)dl/s)}

—exp (— /OTf_l es(zd(s,Tf))ds> E po [exp (/Ot Ed(s,Tf)dLs)]

Tk |
exp</ ’ Ed(s,Tf)—Ek(s,Tf_l,Tf)dLs)
t

—exp (— /OT;C—I 05(9(s, Tf))ds> exp </Ot HS(Ed(s,TJk))ds)

Tk
X €exp (/ " Qs(zd(saTJk) - Zk(svTJk—laTJk))d8>
t

X Epd

—exp ( / 7 (0S5, ) — S, T 1, T) - es@d(sm)}ds) -
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Interest Rate Swaps

The time-t value of an interest rate swap with fixing and payment dates 7% can be
computed as

Swapt(ykﬁk Z5kBt Tk)EPd [(L§Jk71(2k7177}k) - S)"gzt]
7j=1

_ZFRAt ", T, 6",S)

> (VT ) - 8F)

Jj=1

where we define S¥ = 1+ 6¥S (cf. relation (2.17)). The swap rate at time ¢ with ¢ < Tk,
denoted by Sf(ﬂ k), is defined as the rate that makes the time-t value of the swap equal
to zero. We therefore obtain

Sk, BY(TE) (VAT TH) - 1)
Yk, o*BA(T))

SHEAE

The Libor/Euribor-OIS swap spread is given by

Sy, BY(TE) (VAR TH) = 1) = BI(TE) + BA(TE,)

k k on k
S{(T") = SPN(TT) = anl(ngg(Tk)
J= J

Basis Swaps

Let us consider k£ < [. From valuation formula , we immediately obtain that
ng
BSH(T*, 7 ZBt ) (VAT T — 1) = > BT (VTR T — 1)
j=1
Moreover, it results from equation that
ng
BSH (7", 7 ZBd ) (Vi) —1) = > B (VAT T - 1)
j=1

- Z §BY(T}) - bs,
k=1
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3.3. Valuation Formulas with Application of the Two-Price Theory

and

Sy BRI (VAT T — 1) = 5o, BT (VAT 1) — 1)

bSt = n
>ok=1 0B (Tk)

Caps and Floors

Given the pricing formula (2.20]), the time-¢ value of a cap with strike rate K and maturity
T* results in

Nk

Capy(7*,8%, K) = > (8 Epo | 81 (Bl (1)) = £4)7| 7]
j=1
ng
= (8 Eps | B (0] exp(~X) - K*) |7
j=1
= > Ep BT () exp(~X) - K) 717,
j=1

Hence, the time-0 price of a caplet with strike rate K is given by

CpIO(Tjﬁl, Tf, K) = Epd {ﬂ%}c (néf exp(—X]]-“) - K’k)ﬂ (3.42)
=Eps, [Bg(Tf) (nf exp(—XF) — Kk)ﬂ . (3.43)

j
To simplify the notation, we set Y;k =-X Jk The extended characteristic function of ij

relative to pricing measure P;k can be calculated as
J

Tk

w(2) =E ex ( e —iz%k (s, TF |, TF)dL )
(pyjk - P;k p 0 yLj—1s4y s
J

Tk |
:exp</oj [0.(89(s, TF) — 208 (5, TH 1. TF) — 0,(2%(s, T5))] s
(3.44)

for every z € C where this function exists.

To evaluate the price of the caplet, we use the Fourier based valuation method (see
Eberlein, Glau, and Papapantoleon [40]).
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Proposition 3.3.2 The risk-neutral price of the caplet at time 0 can be written as

ko k g e T oo e S Py (u— iR)(KF)1=H
Cply(TF |, T, K) = BY(T" R : d
plo(T51, T3, K) = Bo(T5) — /0 e (—R—iuw)(1 — R — i) “

(3.45)

for any R € (1, %}, where we set §f = —1In 7];C and M is assumed to be chosen such

that M < % M is the constant in assumption (EM) with respect to the driving process
L.

Proof: Clearly, we have

k
k !

T . T .
erptu=if) =exp ([ (05T — tiu+ RIS T TH)

J

— 0,(2%(s, 7)) ds)
and

Re(Sf (s, Tf) — (iu+ R)S{ (s, Tf-1, TF)) | = 5 (s, Tf) = RS} (5, T}y, T})|
< v+ R < i+ MMy
M
=M
for every [ € {1,...,d}. Then, by Eberlein, Glau, and Papapantoleon [40, Theorem 2.2.]

and an obvious symmetry property of the integrand, we prove the statement right. H

The price of a floorlet can be obtained in an analogous way.
We temporarily consider the case m = 0. Through a direct application of the Fourier
pricing method, we obtain

Cplo(Tj-1, 15, K) =

- e~ oo , , K —(1=Ri—iu)
— BYT:_NKE / Re| e~ 151 (4 — iR d
0T E—— | e<e exe (R A T Ry =y |
(3.46)
and
Flto(T'j_l,Tj,K) =
_ o R2&; 00 ) , K~ (—Ry—iu)
— BUT:_KE / Re| e~ pTi=1 (4 — iR d
oG- K—— | e<€ xy (=B s T Ry |
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with Ry € [—MﬁM,O) and Ry € (1, 1+ %] for a suitable M satisfying M < M and
& =—In Dg. Here we use the fact that a caplet (floorlet) can be represented as a put
(call) option on a bond.

The implementation of numerically efficient algorithms to compute the pricing formulas
and allows to calibrate the model to market data (first step of the calibration
procedure . This is achieved by our model (see chapter 4). Note that from the form
of the caplets (floorlets) we immediately deduce the valuation formula of the cap (floor)
price.

Digital Options

From formula (2.22)), we get the time-T price of a delayed digital option as

k k k
DDT(Ty-l?I-jj 7T7 B, w) = ]].{wLI’;k (T]k—l’T]k)>wB},

j—1

where we have 0 < B, Tf_l < T and

1, for a delayed digital call
w =
—1, for a delayed digital put.

Then, the time-t price (t < Tf_l) can be represented by
DDy (T}, T}, T, B,w) = (Bf) " 'Epa [ﬂ%l{wﬂ;ﬂk_l(Tjkil,T]k)>wB}|yt]
= B{(T)Epq 1y, L;Jk_l(Tjk_l,T]k)>wB}|g;t]
= B?(T)EP% []]'{w(l+§kB)*1>wB%k71 (TJI@)}W}]-
This formula can further be written as
DD (T 1, T}, T, B, w) = Bf (T)Epg [L(y14508) 1 5wt @hysr s )1kt )7
with

Tk
j—1
A TE ) = exp (— | AT s +Xt’fj) ,

where we set

AF(s, T 1, T]) = AR(s, T)) — A(s,T}"y)
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and

k

bed ::/ sk (s, T, TF)dL,.
t

By the independence of ij and .%; (independent increments of the process L) and the
Bf(T))

WM’ we obtain from Kallenberg [60, Theorem 6.4] that

F-measurability of

w

B (TF)
DD} (T}, TF, T, B,w) =B{(T) - g% ( !

BE(T} )

—BH(T) - gl (FH T, TH ™)

BE(T} )

A2 and the function ¢¥ : R — [0,1] is defined by
By (T}) w

where F¥(t,TF |, TF) =

gﬁ)(y) = EP% [ﬂ{w(1+6’€B)*1>wak(t7T;11)}]'

For every y > 0, we have

Tk
. ) . exp (ft it Ak(s,Tf_l, Tf)ds)
gw(y) = PT w exp (Xt,]) <w (1 + (SkB)y
fo—l AR (s, T | TH)d
X}, AP Je 5 Lj—1, 45 )08
=P, " |wexp(z) <w (15 0°B)y

k
Py "l o <log = , forw=1
= k
e exp (ftTj_l Ak(s,TJk_l,TJk)ds>
1-P, " |x<log 3% B)y ,  forw=-1,
(3.47)
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3.3. Valuation Formulas with Application of the Two-Price Theory

d, X} . . . .
where we denote by P~ the distribution of thj ;- The extended characteristic function
of ngj under P:% can be determined by

TF |
wﬁﬁj(z) = exp (/t 05(39(s,T) + i25F (s, TF |, TF)) — 0,(3%s, T))ds>

for every z € C where this function is defined.

Now, we calculate the present value (¢ = 0) of a delayed digital option by applying the
Fourier based valuation method developed by Eberlein, Glau, and Papapantoleon [40,
Theorem 2.7.]. To this end, let us write the value of the delayed digital option at time
t=0 as

DDIS(TJk—la Tjk7 Ta Ba w)
d
= By (T)EP% []]'{w exp(Xff§§)<w(l+5kB)_l}]

= BY(T) P4 (w exp (X]k - §Jk> <w(l+ 6’“B)*1>

B B(T)Pf ( XF <log((146"B)"") +&F), forw=1
BY(T)P§ (X¥ > log((1+6*B)~) +¢&¥), for w= -1
BY(T) P4 (Xk <log((1+6*B)~1) + ff) , forw=1
B§(T)[1 - F (log((1 + " B)~1) + &), for w= -1
= Vi),
where we obtain 5]’? =— log(Df) € R and FL denotes the cumulative distribution func-

tion of a random variable X under P%. Let us consider Vlf;’k as the value of the de-
layed digital option comprehended as function of ff, i.e. we define the map R > {;-“ —
sz,k(fjk) € R,. Clearly, V&" has locally bounded variation. We assume that the distri-
bution of X ]k under PY is atomless (see Elstrodt [43]). Then, it holds

BS(T)F§f((1+5kB)_1+§f), forw=1

Vik(gky =
(&) BY(T)(1 = FL((1+6*B)" +&k)),  for w=—1.

It follows that V" is a continuous function. The payoff function of a digital call option
with barrier B € Ry is given by

fw(l’) = ﬂ{wew<wélzl}7

where we set By, = 1+ 6*B. Easy calculations lead to the following form of the Fourier
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transform of f, for every z € C where it is defined:

R—1iz
Bk

Juw(z) = (A
~ 5 for w = —1 and Im(z) € (0, ).

w2z

for w =1 and Im(z) € (—00,0)

Let us denote the dampened payoff function of the digital option by d,. Recall that it
is given by d,(x) = e f% f,,(x). We easily verify that d,, € L'(R) for every

R € (—0,0), forw =1,
R € (0,00), for w = —1.

Observe that we can find an R that satisfies the prerequisites of Eberlein, Glau, and
Papapantoleon [40, Theorem 2.7.]. Then, we conclude from this Theorem that the value
of a delayed digital option at point 5;“ can be expressed as

DDS(TJk—la Tjk7 Ta Ba w)

—iugh oy AR+
e J ‘PXI;(“_ZR)BI@ w

— R}
BY(T)- lim < ['Re( - )du, for w=1and R <0
= —iu{’-C T . nR+iu
o e g (B
B§(T) - 1411~I)I;O — /5 Re( i )du, for w=—1and R > 0.

Note that the price of a delayed range digital option with barriers B, B satisfying 0 <
B < B can determined by formula 1D

3.3.2. Application of the Two-Price Theory

Now, the theory of two prices is applied to our multiple-curve model. We provide ask
and bid valuation formulas for some special interest rate derivatives. Let us consider

m € N and an equidistant discrete tenor structure % = {T¥,... ,Tffk} with tenor 0"
and k € {0,1,...,m}. As before, instead of writing 0 for the discount curve we also
write d.

Ask and Bid Price of Caplets and Floorlets

Our first aim is to derive explicit valuation formulas of ask and bid prices of caplets and
floorlets. According to the two-price theory in section 2.0} in order to determine these
formulas we have to distort the cumulative distribution function of the discounted payoff

B (] exp(=X7) — K*)* (3.48)
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3.3. Valuation Formulas with Application of the Two-Price Theory

with respect to measure P9 (cf. relation (3.42)). Although this can be done analytically,
this calculation is, in general, a challenging task. In most cases, it has to be determined
numerically and its numerical evaluation is extremely time-consuming. The main reason

for this lies in the joint appearance of the random variables 5%@ and X Jk in (3.48). To

handle this issue, we switch to the forward martingale measure and consider the more
tractable discounted payoff

Cplf ¢ = B(T})(nj exp(—X}) — K*)*

(cf. pricing formula (3.43) and the procedure described in section 2.3). Analogously, we
deal with the corresponding floorlets quantity

FIth = Bg (T]k)(f(k - 7);€ exp(—Xf))"‘.

Let us denote by F{‘f the cumulative distribution function of a random variable Y under
P8 with T € [0, T*].

Lemma 3.3.1 1. Let us assume that X]’-“ has exponential moments of order 1 < Mj]-‘“
under P;lk. Then, it results that
J

(i) for any ~v >0, we have

Tk 0 T*
o (Coliye) = [ w T @)is

k
—00 —Cplj i

and

b (Cplt ) = /0 h <1 — ™D @))) da.

k
Cplij

(it) for the the family ¥ = (V) € {¥MY, UMMV WMMVY of distortion functions
and every v € [0,u; — 1), we have
T 0 T
o (ol = [ 0 (FT, (@)de
—00 7, K

and

k
Cplj’K

b (Cplt o) = /0 h <1 (Y (ac))) da,

where we have 1 < up < M]k
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

2. For every U = (W,)y>0 € {UMV, gmav gmmv gymamvi gnd v > 0, we obtain

PT]]?,l X 0
o P = [ (P ()ds

— 0
and

PT’.“ oo
b F) = [ (10 (P () o

Proof: We need to verify for which v > 0 condition (2.10) is satisfied. We frequently
use the change-of-variable formula here (see Billingsley [I3, Theorem 16.13.]). Since
Cplﬁ x > 0, we only have to consider the second integral in lb

1. An application of Bernoulli’s inequality leads to W (y) < (1+7)y. For any v > 0,
we obtain

[ B oy < ) [T 1= Fey Gy
_ doby [ Ty
Tk

=B [T1-F e

k

— (BT [P - losuD)dy

J

< (1+ ’Y)Bg (Tjk)c’l / ! log(ny)dy
Kk
=+ NBTHE [ WD)y <,
Kk
where we used Lemima, with C1 >0and 1 <u; < M]k

2. Since it holds

Y(147)y) = (1 +7) 77 ()

U™ (y) = WU (y)) < ¢F
+7) ¥ (y),

<V
U™ (y) = wI(ET(y) < (1

we only need to check the condition for the distortion function W™V, In a similar
way as above, we get

u

& o U1 *©_wm
/0 \Ilrvnav(l o Fcple(y))dy < Bg(T]{C)CllJr’y (77?) T+v /f(k y T+ dy < 0

for every v satisfying 0 <~ < wu; — 1.
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3.3. Valuation Formulas with Application of the Two-Price Theory

3. Clearly, we have

k
MY

k
Fitk

(u) = EP;k [ exp (uFItﬁK) | <exp (uBg(TJk)IN(k) < 00
J

for every u € R. The claim follows through Proposition [2.1.2]

The pricing formulas immediately result from subsection (2.1.5)). |

It follows that

1. CpIﬁK is regular with respect to o™,

2. CijK is regular on the interval [0,u; — 1) with respect to o™V, o™ and a™™¥

and

3. FIt?K is regular with respect to o™, ™, ™™ and a™™.

The following Proposition states useful integral representations for ask and bid prices
of caplets and floorlets with reset date T}Zl, settlement date Tf = Tf,l + 01, and strike
rate K at a permitted level ~.

Proposition 3.3.3 Let ¥V = (V;),>0 be a proper family of distortion functions and
v > 0 be chosen such that condition is satisfied for the caplet and floorlet. Then,
the ask price of the caplet is given by

k

T & T
o (Colx) = BT [0 (PR~ log(aD}))do (3.49)

J
and the bid price of the caplet has the form
k

Tk & T
by’ (Cpl¥ i) = BY(TF) /Kk [1 — U (1 = F i (—log(xD}))) | da. (3.50)

The ask price of the floorlet is determined by

TF ek a i[5 T k
ay’ (FIt] ) = Bo(Ty) 0 Uy (1 = Fyi (= log(zD5)))d

J

and the bid price of the floorlet is represented by

k k

f(k
T T"
by (FIth ) = Bg(Tf)/o [1 — Uy (F (—log(xD}))) | da.
J

Proof: We mainly apply the change-of-variable formula here (see Billingsley [13, Theorem
16.13.]). Then, we get the prices as:
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

1. Ask price:

T]k k 0 TJk
@ o) = [T, (@)

—0o0

0 Tk B
:/_ Uy (1 - F(;]-“eXp(—X’?)—kk)+(_ng(71]k) YYdx
o0 Tk
— Bd(T* / U.(1—F Tj i d
0( J) 0 ( (nj exp(— Xjk)ka)_‘—(x)) X
_ pdpk > _ Tk
= By(T; )/0 v, (1 F(né‘ exp(—X]’?)fﬁ'k)(x))dw
> Tk .
:Bg(T]k)/o \117(1_anexp(—X]’?)(x—i_Kk))d.T

=BT [ B @)

=53 [ 0,0 F Gog(eD))ds

R’k
— BY(TH) /K (P (~log(@Dy))do

2. Bid price:

Tk i o0 Tk
by (o) = [ (1= 0y(F, (2))da
0 5K

k
Tj

_ /D b (1 U F oty sy @B 1))) da
=5 [T (1= gy o))
=58 [T (1 (@) ) o

= BY(TF) /OOO (1 - ‘I’W(Fs;fexp( Xk)(ar + f(’“))) dx
=) [ (10, (T Oon(en)) ) o

— BY(TH) /KO: <1 w1 FTJj( log(ka)))> dx
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. Asgk price:

Tk 0 Tk
ay’ (FIt ) = / \IIV(F_;It?K(x))dx

0 Tk
_ o J _ dmky—1
= [y BT
_ pdipky [ @
=BT [0 R e @
_ pdirky [ o
_BO(T])/O v, (1 F(f(k,n;;exp(,xf))(x))dx
— pdirky [ TF k
= BT [0 (RS )

d ok K Tf k
=B [ W ) (R =)o
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2. Bid price:
k

TJIV & o0 T}
b (P = [ (19 (P (@) ) do

Js

N T} d ok —1
Ty BT ) )

00 k
:Bdi/ <1—\1/ Fl )d
0( 7 ) B 'Y( (Kk—n;-g eXp(—X]’.“))+($)) X
=B [T (1 Wty d
0 Tk B
= BY(T}) /0 (1 ~ U, (1— anexp(ixf)(Kk — x))) dx
i* "
T ~
= Bg(Tf)/o 11— (1 - Fnjgexp(ij,?)(f(’“ - x))) dx

k

_ _Fpl
1—-W,(1 anexp(—X]’?)(x))>dx

(1= 7}, (og(oD})) ) do

I
o)
[eXa N
—~~
<3
o\
=t
ol
A/~ /:\ AN N
\
S
2

R )
= BY(TF) /0 1 \IJ,Y(F;}(— 1og(a;D§)))) dz.

[
In the one case where we consider the single-curve setting (i.e. m = 0), we obtain:
1. For every U = (W,),>0 € {¥MY, gmav ymmv ymamvi and v > 0, it holds
T K T,
o (Coll ) = BUT0R [ (P Go(on)))da (3.51)
J

and
[{71
T:_ ~ T
by’ (Cplf ) = Bg(le)K/O [1 — U, (1 - F " (log(xn))) | de. (3.52)
J

2. For every U = (¥,)y>0 € {¥™, ¥mav gmmv ymamvi and a permitted v > 0 for
which condition (2.10)) is valid, it holds

T - [ T
ay’ " (FItS ) = BY(Tj—1)K Uy (1 - FXJ? '(log(xn5)))dw

K-1
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and

[e.e]

T;— o T;_
VS ) = B0 [ 1 (g Qoo

K-1

Once again we use the fact that a caplet (floorlet) can be written as a put (call) option
on a bond.

On the basis of the analysis we just made above, it follows that we have to identify the
cumulative distribution function ng to determine the ask and bid prices. Unfortunately,

for a sophisticated driving process L and an advanced volatility function X¥ it is, in
general, not known. To handle this issue, we proceed as follows:

1. We first determine the characteristic function of X Jk under P:ﬂ.

2. Then, we apply the common inversion formula stated by Billingsley [13, Theorem
26.2] or Durrett [27] to approximate F):?,_C. More specifically, as an approximation

J
of the cumulative distribution function, we consider

M—oco T J

1 M efiu:p_efiuy
e A e O (3.53)
J 0

k k
for a suitable z € R satisfying x < y and P;’Xj ({z}) = P;’Xj ({y}) = 0, where

d, X7 o . .
P 7 denotes the distribution of X ]k with respect to P%. The expression (3.53
can be evaluated numerically with some effort.

Ask and Bid Price of Digital Options

The discounted payoff of a delayed digital option is

DD]%(UJ) = Bg (T)]l{w exp(X‘;-c)<wB;1 eXp(f}“)} ’

mav

One easily sees that DDl}(w) is regular with respect to o™, o™, o™

and amamv

Then, we state its ask and bid price.

Proposition 3.3.4 The ask price of the delayed digital option at level v > 0 is given by
af (DDf(w)) = BY(T)W, (Pf(we™s < wB " exp(e))))

and the bid price at level v > 0 can be expressed as

bz(DDé(u})) = B3(T) [1 -, (P%(weXJI'C > wB, ! exp(f]k)))} :
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3. The Multiple-Curve Lévy Forward Rate Model with Application of the Two-Price Theory

Proof: One verifies that the cumulative distribution functions of the random variables
—DD%(w) and DDA.(w) under P$ result in

1, y=>0
F_TDDg(w)(y) = Pi(wexp(X¥) <wBtexp(¢h)),  ye[-BJ(T),0)
0, y < —B§(T)
and
1, y > B{(T)
Flok iy () = { PRwexp(XF) > wB; exp(€l), v € [0, BY(T))
0, y < 0.

Then, by considering the ask and bid price formulas stated in subsection we im-
mediately get the statement. |

The discounted payoff of a delayed range digital option with barriers B and B is given
by

exp(gl’?) exp(gk) :
37 Xk —
7, <exp(X})< B, }

DRD% = BI(T)- 11{

mav mamyv

We can eagily verify that DRDIr} is regular with respect to o™, @™, ™™ and «

Proposition 3.3.5 The ask price of the delayed range digital option at level v > 0 is
given by

a’ (DRDY) = B§(T) ¥y (qu (expfgjk) < exp(Xf)> + P4 <exp(Xf) < eprgﬂk)»
By, Ek

and the bid price at level v > 0 can be expressed as

b7 (DRD}) =Bg(T)

1-v, (Pg<exp(){]’?) < eXp(gf)) + P%(exl{(ff) < exp(X]’-“)>> ] :
Bk Bk

X

Proof: Here, the cumulative distribution functions result in

L, y=0
T . d [ exp(€F) k d k exp(¢F) d
F,DRDI%((W = PT<§%RJ < eXP(Xj)) + PT<eXp(Xj) < Tk])’ y € [-B§(T1),0)
Oa y < _Bg (T>
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and
1, y > B§(T)
FL () = 4 P8 exp(axh) < S2E) 4 pa (228 < o xh)), g e [0, BI(T))
DRD’% Yy) = T €xp 3/ = ﬁk T Bk = exp j ) Yy s 20
0, y < 0.
Then, the claim follows by the formulas of subsection [2.1.5] [ |
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CHAPTER
FOUR

MODEL CALIBRATION

In this chapter, the two-price multiple-curve model of the previous chapter is calibrated
to market data for dates before and during the crisis. More specifically, we consider
quoted cap volatilities on 15 August 2006 and on 15™ September 2009. The calibration
procedure of section is applied. Before doing this, we have to convert the cap volatil-
ities in cap prices by using a multiple-curve extension of the standard market model. We
also illustrate the calibration results by means of the relative errors of the market and
model prices in the appendices.

4.1. Description and Processing of Cap and Floor Market
Data

The market quotes ask, mid and bid prices of (forward) caps and floors mainly in the form
of their implied volatilities (stated annualised and in percentages). This fact involves the
consideration of a standard market model. Otherwise it would clearly make no sense to
quote prices as a model parameter. The standard market model before the crisis is based
on the Black-Scholes-Merton framework (see the seminal papers of Bachelier [5], Osborne
[76], Samuelson [80], Black and Scholes [14] and Merton [72]). Generally speaking, this
approach considers a world that is forward risk neutral with respect to zero coupon bonds
(see Hull [55, chapter 28]).

We closely follow the approach of Mercurio [69] and adjust the classical standard
market model to the modern multiple-curve setting. The market model prices of caps
(caplets) and floors (floorlets) are then stated. To this end, let 7% = {T§,...,T;; } be an
arbitrary equidistant discrete tenor structure, where we have i € {0,...,m} and m € N.
As usual, we denote by &' = §(T}_,,T}) the year fraction (tenor) between date T} ,
and T} for every k € {1,...,n;}. The risk-neutral price of a caplet with strike rate K,
reset date Tli—l and settlement date Té for any k € {1,...,n;} that provides a payoff at
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4. Model Calibration
time T,f;, is given by

k-1

Colimn (Th-15 T K 0) = 8 BY(TO)Epo [(L (Thiy, T) — K)'].
k

We emphasise that we obtain the classical single-curve market formula by setting ¢ = 0
and using the fact that LE}k_l(Tk_l,Tk) is assumed to be log-normally distributed and
L4(Ty_1,Ty) is a martingale under P%k. Unfortunately, for every i € {1,...,m}, the
forward reference rate L*(T}_,,T}¢) is not a Pr}’é -martingale in general.

To solve this problem, we replace the forward rate with its conditional expected value

(the time-t (modified) FRA-rate; cf. subsection and the relations (2.15) and (2.16])),

that is a martingale under the underlying pricing measure. More specifically, we consider

Z,k - EP;i [Lle (Tlithli)‘gt]
k

k—1

as the key quantity to model (by definition, it is a PY,-martingale). Note that we have
k

k-1

o= Ly (0, T)).
Therefore, the caplet pricing formula can be written as

L — K)T (4.1)

k-1

Cplémm(Tli—l’ Tlia Ku O-.;Li‘) = 51‘88 (Tlg)EPd . [(K’L
Tk
The dynamics K* are assumed to be given by
i i i L. 2 i
ik = Kopexp | opWe = S(0p)7t |, for any ¢ € [0, T;_y],

where W = (Wt)te[o T ] is a standard Wiener process under P, ot > 0 is a constant
k= k

volatility and K& ;. 18 approximately given by

, o 1 (BT}
Kop =~ Lo(Ti-1, Th) = 5 <Bzo(T;3) —1].

Note that the initial curves Bg and B} are constructed by using the bootstrapping method

developed by Ametrano and Bianchetti [3]. Since KlTZ is log-normally distributed
k

,1’k
under P;,-, we conclude that the multiple-curve market model price () becomes
k

smm
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where ® denotes the standard Gaussian cumulative distribution function,

Kt . .
In ( 10<k> + %(02)2]}2_1

[

Lk = A ;
T 7
Jk\/jkfl

and

Analogously, the model price of the corresponding floorlet can be expressed as

, . . i\ i e , 4 4
Fltgmm (Te—1, Tk, K o)) = 0" BG(Ty) - (K - D(—dyy) — Ko @(—dy ) -

To sum up, the modern multiple-curve market model prices of caplets and floorlets are
again stated in a Black-Scholes-Merton framework. The differences with respect to the
classical formulas are given by the underlying rate, which is now the FRA-rate, and by
the discount factors that are extracted from the discount curve d.

The market formula for the price of the interest rate cap that is settled in arrears and
matures at Tgl with fixing and payment dates along .7 is given by

n;
Capy™™ (T K, 0y )= Cplin(Ti 1, T} K, 0l ). (4.2)
k= .
The corresponding formula of the floor is

n;
Floors™ (7, K, a;%i) =Y Flt (T, T K, gz%).
k=1

Observe that the same volatility o%, is used for all caplets (floorlets) of the cap (floor).
This volatility is called flat or forwarygl volatility. It is exactly the quoted implied volatility
of caps (floors) in the market. An alternative way is to use a different volatility for each
caplet (floorlet). These types of volatilities are referred to as spot or forward forward
volatilities.

The spot volatilities can be calculated from flat volatilities and vice versa under the
consistency conditions

g n;
Z Cplsmm (Tr—1, T, K, O-%F;l) = Z Cplsmm (Tr—1, T, K 0,)
k=1 " k=1
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and

n; U
Z Fltgmm (Ti—1, Tk, K, U%“TLLZ) = Z Fltgmm (Ti—1, Tk, K, o},).
k=1 k=1

We emphasise that we use spot volatilities on the right-hand side of these equations.
Without these conditions there is a kind of inconsistency in cap volatilities: The same
caplet could be linked to different (spot) volatilities when it is related to different caps
with separate flat volatility.

We briefly describe the bootstrapping technique to extract spot volatilities from the
flat volatilities and vice versa:

1. The computations of the flat volatilities from the spot volatilities are evident.

2. The spot volatilities ai, ..., 0t

n; are inductively determined by the relations

m
Capy™"({T5. - T} K07y ) = D Coligu (Ti 1, T, K, )
k=1
or

m
Floor§™™ ({T§, ..., Tiu }, K, 0y ) = Y Fltho (Ti_y, T, K, o),
k=1

where we start with m = 1 and proceed up to m = n;. In each step, we compute
the spot volatility as (unique) root of a function. They are calculated by applying
the method developed by Soetaert and Herman [85, examples from chapter 7| and
by using the R-package ‘rootSolve‘ (see Soetaert [91]).

Note that we can compute a caplet (floorlet) price by subtracting two consecutive cap
(floor) prices. For instance, the price of a caplet related to the six-month curve and a
maturity of three years is given by the difference between the three-year and the 2.5-year
cap price.

The quoted implied volatilities for caps and floors typically have maturities of 1,2,...,20
years and strike rates of 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00, . . ., 9.00, 10.00 percent.
We focus on most liquid caps and floors with maturities 1,2,...,10 in the European mar-
ket. Therefore, the reference rate is the Euribor. It is market convention that quotes
for caps with maturities up to two years are indexed on the three-month Euribor and
quotes with maturities greater than two years are indexed on the six-month Euribor.
The missing implied volatilities are obtained by cubic spline interpolation between the
quoted maturities and extrapolation. We use the method developed by Forsythe, Moler,
and Malcolm [47] for the interpolation. This method is implemented in the R-package
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‘Stats‘ created by the R Core Team [92]. The extrapolation is made with the help of the
R-package ‘Hmisc’ created by Harrell Jr [88].

We stress that we can use the single-curve approach for data sets before the crisis. But
when we consider data sets during the crisis, we have to apply our multiple-curve model.

4.2. Calibration of Caps in the Two-Price and Single-Curve
Setting

To illustrate the calibration procedure, we first consider the data set before the crisis.
The two-price theory and the single-curve approach are applied.

4.2.1. Data Sets

Figure presents a surface of the quoted implied mid volatilities for caps on 15t
August 2006. We extend the values to the missing maturities as described in the previous
section. The initial zero coupon bond prices are listed in table d.T] and £.2] The market
model prices of caps can be derived from valuation formula . Then, we apply the
bootstrapping method of section to extract the spot volatilities of the caplets. The
resulting spot volatilities are illustrated in figure The ask and bid spreads between
the implied (spot) volatilities of caplets for some special maturities and strike rates are

given in figure and [£.4]

Maturity Initial Bond Price

0.25 Year 0.992560
0.50 Year 0.984083
0.75 Year 0.975181
1.00 Year 0.966156
1.25 Year 0.957169
1.50 Year 0.948271
1.75 Year 0.939486
2.00 Year 0.930791

Table 4.1.: Discount bond prices BS(T') on 15" August 2006.

4.2.2. Calibration Procedure

We proceed as described in section [2.4] Specifically, we consider

H={(T,K): T €{0.5,0.75,1,1.25,1.5,1.75,2,2.5,3,3.5,...,9.5,10},
K € {0.0175,0.02,0.0225,0.025,0.03,0.04, ...,0.1}}
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4. Model Calibration

Cap volatility surface

Figure 4.1.: EUR cap market implied volatility surface on 15" August 2006.

and
Hp = {(T,K) : K € {0.0175,0.02,0.0225,0.025,0.03}} C H

for any T € {1.25,1.5,1.75,2}. Therefore, we have T* = 10. The corresponding ask, mid
and bid market prices of caplets are denoted by IT**(T, K), II™¢(T, K) and I1°¥(T, K).

Their model prices are stated in (3.51)), (3.46]) and (3.52). Obviously, it holds
T, T,
Cplo(Tj—1, 5, K) = ay’ " (CpIY &) = by’ (CplS k).
Since the model prices depend on parameters, we set

a(Tj—1,K,0,v) = agj_l(cpﬁ,}()
Cpl(](T‘j—hKv 9) = CplO(Tjj—lvT‘j?K)
b(Tj—1, K,0,7) = by~ (Cpld ),

where we denote by © the set of admissible model parameters and 6 € ©.
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

Maturity Initial Bond Price

0.50 Year 0.984083
1.00 Year 0.966156
1.50 Year 0.948271
2.00 Year 0.930791
2.50 Year 0.913680
3.00 Year 0.896793
3.50 Year 0.880104
4.00 Year 0.863501
4.50 Year 0.846966
5.00 Year 0.830523
5.50 Year 0.814167
6.00 Year 0.797894
6.50 Year 0.781750
7.00 Year 0.765742
7.50 Year 0.749930
8.00 Year (.734269
8.50 Year 0.718884
9.00 Year 0.703667
9.50 Year 0.688686
10.0 Year 0.673950

Table 4.2.: Discount bond prices B$(T') on 15™ August 2006.

In the first step of the calibration procedure, we solve the minimisation problem:

O1(6, H) = min (CpIU(T, K,8) — 1™ (T, K)>2 .
T,KEH

We obtain an admissible 6 by using the methods stated in section At this stage, this
situation corresponds to the classical no-arbitrage valuation theory with one price (cf.
Delbaen and Schachermayer [25]). Then, we proceed with the second step. Recall that the
(iDliquidity parameter depends on the maturity of the caplet and we therefore consider
the parameter v;, where we have j € {1,2,3,4}. Consequently, for every j € {1,2,3,4},
we continue to determine the parameter 4; by solving

O2(4;,0, Hr,) = min Oa(v;, 0, Hr),
;20

105



4. Model Calibration

Caplet implied volatility surface

Figure 4.2.: Extended EUR caplet implied spot volatility surface on 15% August 2006.

where the objective function is given by
L . 2
Or(vy, 0. l7) = > [ (lTyo, K, 0,75) = (T 1, K)
(TJ,K)EHT],

(651, 0, ~ 19913 1,50

and Tj € {1.25,1.5,1.75,2}.

4.2.3. Model Framework (1)

The variance gamma process is studied by Madan and Seneta [67] and Madan and Milne
[66]. Another interesting application of this process is given by Madan, Carr, and Chang
[68]. For practical purposes, we refer to Seneta [83] and the R-package "VarianceGamma’
created by Scott [90]. Note that the variance gamma distribution can be obtained as
limiting case of the generalised hyperbolic distribution (see Eberlein and Hammerstein
[31]). Thus, we are able to characterise the set of distribution parameters in two ways:
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

Caplet volatility spread

0.5+

0.4

Figure 4.3.: Spread between ask and bid (spot) volatilities of caplets on 15™ August
2006. We consider maturities of 1.25,1.5,1.75 and 2 years and strike rates
of 1.75,2,2.25,2.5, 3 percent.

(i) (o,v,0,c) € Ay == (0,00) x (0,00) x R x R.

(i) (A, a,B, 1) € Ay == {(Ao, 0, Bo, o) € A1 | |Bo| < o}

The relations between both parameter representations are given by

1 2 A% 0
A=, es r.ﬁ(ﬁ) P=p m=c
and
1, 2 23
v=N T aop Yt m e

We consider the following volatility structure and driving process (d = 1):
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4. Model Calibration

Caplet volatility spread

0.5,

0.4

Figure 4.4.: Spread between ask and bid (spot) volatilities of caplets on 15™ August
2006. We consider maturities of 2.5,3,3.5 and 4 years and strike rates of
1.75,2,2.25,2.5, 3 percent.

(Vol.l) Vasicek volatility structure
od(t,T) = 6 exp (—a(T —t))
with

2 (1—exp(—a(T —1t))), whent<T
0, when ¢t > T.

»4(t,T) = {

(DP.1) Variance-Gamma process L = (L¢).e[o,7+) defined on B.

The generating distribution of the Variance-Gamma process possesses a moment gen-
erating function of the form

o 0t—p N
R =
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

for every u € (—a — 8, — (3). Equivalently, we obtain

] 1/v
MVG(O',I/,H,C) (u) =e™ ( U2> .

2
1—u9u—%”

The characteristic function results in

uu o — 62 '
VG (B (1) = € (oﬂ—(ﬁJrzu)?> ’

where we exploit the relation wyg(xa,8,u) (1) = Myg(aa,8,.) (11). Analogously, we get

1/v
icu 1
PVG(o,v,0,c) (u) =e < ) .

. 2
1 — ivfu + Z52u?

Then, there is an analytic extension of the characteristic function to the strip R —i(—a —
B,a— ) C C (cf. Sato [81, Theorem 25.17]). From the simple form of the characteristic
function, we deduce that

Li ~ VG(\Vto, v/t 18, tc)

for every t € (0,T%].

It is more comfortable to work with parameter set (i7) due to the form of the charac-
teristic function. Let us define m(a, 8) = min{|—a — |, — [} and fix a p with 0 < p <
m(a, f). We choose € and M from condition (EM) such that (14 ¢)M = m(a, 5) — p.
Then, we specify M in such a way that it satisfies 0 < M < min{1, M}. Since the
parameter ¢ of the volatility structure can be eliminated without loss of generality (cf.
Eberlein and Kluge [33]), we choose 6 = |a|. The justification for this approach is that
a multiplicative constant of the volatility structure can be included in the distribution
parameters of L and it is therefore redundant. Then, it follows that

sd(¢,T) — sign(a) (1 —exp (—a(T' —t))), whent<T
0, when t > T.

Notice that, for every a # 0, it holds that X4(¢, T") > 0 for all (¢, T) € [0, T*] x [0, T*].
Further, we only consider parameters a # 0 which satisfy

sup {sign(a) (1 — exp(—a(T — 1)) } < N < M.
0<t<T<T*

_ ln(ligM) - ln(llz]]\/[) \{0}

Moreover, the mapping [0,7%*] 2 t — dexp(—a(T —t)) € R is obviously continuous for

It follows that any parameter a has to be restricted to the set
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4. Model Calibration

every T € [0,T*]. Consequently, condition (DET) is satisfied. As seen in section [3.3.1]
we have to choose R; € —%,0) in the caplet valuation formula. The extended

cumulant function 6, of L results in

_ 042 —ﬁ2
0s(z) = puz+ Aln (az—(ﬁ—i—z)Q>

for every z € C with |Re(z)| < M (cf. Sato [8I, Theorem 25.17]). Then, by using
expression lb the characteristic function of X;' under deﬂjil at point u — iR is
T .
¢q (u—iRy)
J
Tj71 . .
=exp (/ —pusign(a)(R1 + iu)[exp(—a(T; — s)) — exp(—a(Tj—1 — 9))]
0

o? — (B +sign(a) (1 — exp (—a(T;1 — )"
a? — (B +nj(s,u,a,Ry))? )d )’

+)\ln<

where we set

ni(s,u,a, Ry) ::sign(a)(l —exp(—a(Tj—1 — 9))
(B + i) exp(—a(Tj — s)) — exp(—a(Ty — 8))])-

The deterministic part D? can easily be calculated as

d/p. T 1
DY = By (T])) exp (/0 psign(a)[exp(—a(Tj — s)) — exp(—a(Tj-1 — s))]

7 BY(Tj)
a® — (B +sign(a)(1 — exp(—a(T} — 5))))* ) ds
a? — (B +sign(a)(1 — exp(—a(Tj—1 — 5))))?

+)\ln(

1

Ha- The caplet (mid) model price can be deter-
J

and we obtain §; = —In D? and 77? =

mined by

CplO(Tj—17 CTj? K)

Bd(T‘_1)K
:Ujf.]j()\gay/87aJR17K)’ (43)
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

where we define

Ij()\,OZ,B,CL,Rl,K) ::/ Re([
0 B

K —(1—-Ri—iu)
(—R1 — zu)(l — R1 —1 )

<on( [ am (a (P S 1 e el — 9P

Sa

X

— (B+nj(s,u,a, Ry))?
. . - B+ sugn(a)(l —exp(—a(Tj — s))))? . )
+ (Ry +iu)Al < — (B +sign(a)(1 — eXp(—a(Tj_1 _ S))))2> d ))d .

We observe that the parameter u (respectively ¢) does not appear in valuation formula
. Therefore, this parameter does not have an impact on the price and p (respectively
¢) can be set equal to zero (cf. Eberlein and Kluge [33]).

Finally, the ask and bid model prices of the caplet are obtained by valuation formulas
(3.51) and (3.52).

4.2.4. Calibration Results of Model Framework (1)

We present the calibration results of model framework (I). The calibrated distribution
parameters are illustrated in table and the calibrated volatility structure parameter
is given in table [d.4]

Parameter Type (i) Value Parameter Type (ii) Value
o 0.281652 A 0.580
v 1.724138 « 3.870
0 -0.047200 I3 -0.595

Table 4.3.: Calibrated parameters of variance gamma distribution.

Parameter Value

a 0.024

Table 4.4.: Calibrated parameter of Vasicek volatility structure.

The value of the objective function results in
01(0, H) = 2.956576- 107,

The market prices of caplets and caps are excellently fitted for strike rates up to six
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4. Model Calibration

percent as we can see in figures and We also illustrate the calibration results in
form of the relative errors between market and model prices, i.e. we consider

) model price — market price
relative error =

market price

They are presented in figures and in the appendix. We stress that the discrep-
ancies for short maturities and strike rates greater than six percent result from the very
small values of the related prices.

m caplet market price m caplet market price
0.004 - ® caplet model price 0.008 - ® caplet model price
0.003 0.006
0.002 0.004
0.001 0.002
0.000 - 0.000 -
Strike rate Strike rate
B caplet market price B caplet market price
i B caplet model price 0.008 B caplet model price
0.008
0.006 - 0.006
0.004 0.004
0.002 0.002
T T T T T T T T T T
2 3 4 5 6 2 3 4 5 6
Strike rate Strike rate

Figure 4.5.: Market and model (mid) prices of caplets with maturity of two years (top
left), five years (top right), eight years (bottom left) and ten years (bottom
right) for strike rates of 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00 and 6.00
percent on 15 August 2006.

Figure[d.7]shows the fit of the implied volatilities of the cap for a special maturity. It is a
well-known fact that an homogeneous Lévy process is not able to fit precisely the implied
volatilities along all maturities. To achieve this, we have to use time-inhomogeneous Lévy
processes (see Eberlein and Kluge [34]).

The calibrated parameters v with the corresponding values of the objective function
Oz are listed in table . We use the family (W7™),>o of MINMAXVAR distortion
functions for the calibration.

We visualise the nature of the underlying driving process by means of the density
function of the calibrated variance gamma distribution in figure 4.8 and four sample
paths in figure The R-package ‘VarianceGamma’ is applied.
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

, m cap market price 0.08 m cap market price
0.030 = cap model price = cap model price
0.025 0.06
0.020
0.015 0.04
0.010

0.02
0.005
0.000 0.00 -
Strike rate Strike rate
0.14 7 m cap market price W cap market price
0.12 - | cap model price 0.15 | cap model price
0.10
0.08 0.10
0.06
0.04 0.05
0.02
Strike rate Strike rate

Figure 4.6.: Market and model (mid) prices of caps with maturity of two years (top left),
five years (top right), eight years (bottom left) and ten years (bottom right)
for strike rates of 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00 and 6.00 percent
on 15" August 2006.

4.2.5. Model Framework (Il)

Barndorff-Nielsen and Halgreen [6] studied the class of generalised hyperbolic (GH) dis-
tributions. In particular, they showed their infinite divisibility. Hence, each type of this
distribution family with parameters (X, «, 3,0, 1) satisfying A € R,0 < || < a,0 < §
and p € R generates a Lévy process (cf. Sato [81]). This process is called generalised
hyperbolic Lévy motion with parameters (X, «, 3,6, ). A detailed discussion of this type
of processes and its application in finance is given by Eberlein [28]. We also refer to the
overview about jump-type Lévy processes given by Eberlein [29].

The normal inverse Gaussian (NIG) distribution is an important subclass of the GH
distribution. It is obtained by setting the parameter A = —%. The Lévy process that is
generated by this distribution is called normal inverse Gaussian Lévy motion (see Eberlein
[28, Section 5]). This type of process was first considered in finance by Barndorff-Nielsen

[7].

This model approach is specified by the following volatility structure and driving pro-
cess (d =1):
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24

22

20

18

16

®m implied market volatilities
B implied model volatilities

T T T

4 5 6

Strike rate

Figure 4.7.: Calibrated implied model volatilities and implied market volatilities for the
maturity of 3.5 years on 15™ August 2006.

Maturity

Parameter

Objective function

1.25 Year
1.50 Year
1.75 Year
2.00 Year

4.5-107%
0.00018
0.00024
0.00036

5.57-107%
3.96-10799
1.38-107%9
1.76-107 11

Table 4.5.: Calibrated parameter ~ for different maturities.

(Vol.Il) Vasicek volatility structure

od(t,T) = 6 exp (—a(T —t))

with

when t > T.

»4(t,T) = {Z (1 —exp(—a(T'—1))), whent<T

9

(DP.I) Normal inverse Gaussian Lévy motion L = (L)sc[o,r+] defined on B.

The moment generating function of the normal inverse Gaussian distribution is given
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

8 -
6
4 -
) L
0 -
\ T T T \
-1.0 -0.5 0.0 0.5 1.0

Figure 4.8.: Calibrated density of variance gamma distribution with parameter ¢ =
0.2816519, v = 1.724138 and 6 = —0.047200.

exp(pu + 0y/a? — 52)

exp(dy/0? — (B +u)?)

MNiG(a,8,5.0) (1) =

for every u € (—a — 8, — ). Consequently, we obtain the characteristic function as

exp(ipu + 04/ a? — 32)

PNIG(a,3,6,1) (u) - exp(ém) :

Note that we are able to extend the characteristic function on the set R—i(—a—3,a—f) C

C. It immediately follows from the explicit form of this function that
Ly ~ NIG(ev, 8,10, tp)
for all t € (0,7%].

We choose Ry,e, M and M and deal with X9 in an analogous way as in the previous
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Figure 4.9.: Four sample paths of a variance gamma process with calibrated parameter.

framework. The extended cumulant 65 of L is determined by

05(2) = pz + 6v/a?2 — 32 — 6v/a? — (B + 2)?

for every z € C with |[Re(z)| < M. From this term, we get the characteristic function of
X]‘-j under P%j_l at point u — iR as
T .
(PXJd f(u—iR)

Tj—l
—exp ( |7 [ msienta) By + w)fexp(~a(T; - 5) ~ exp(-a(Ty-1 ~ 5)
0

+6(y/a2 — (8 + sign(a) (1 — exp(~a(T; 1 ~ 5)))?

— \/a2 — (B+x;(s,u,a, Rl))Q)]ds>,
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4.2. Calibration of Caps in the Two-Price and Single-Curve Setting

where we set

X;j(s,u,a, Ry) =sign(a)(1l — exp(—a(Tj—1 — s))
+ (R1 + iu)[exp(—a(Tj—1 — 5)) — exp(—a(T; — s))]).

Observe that the deterministic part Dg results in

BY(T; T
%= (/0 psign(a)fexp(—a(Ty — 5)) — exp(—alTy-1 = 5))

+6(y/a? — (8 + sign(a) (1 — exp(~a(T; — 5))))?

— /o = (8 +sign(a) (1 - exp(—a(T 1 — s>>>>2)ds)

and we obtain £; = —In D?. Then, the caplet (mid) model price is given by

BY(T;_1)K

Cp|0<Tj—17Tj7K) = 'Ij(a’IB75’a’R1’K)’

where we define

00 Bd ;) Ritiu K —(—Ri—iu)
I' ) 757 7R 7K = R — i
8.0, 0, ) = e([B&(Tj_o] (B —iw)(1— R — )

Tj 1
cexp ([ 6(fo? = (84 sign()(1 —exp(—a(Ty-1 — 9))?
- \/052 - (/8 + Xj(Sau’ale))Z)

+ (Ry + i)3(yfa? — (8 + sign(@)(1 — exp(~a(T; — 5)))?

_ \/a2 — (B +sign(a)(1 — exp(—a(Tj—1 — 8))))2)ds)>du'

4.2.6. Calibration Results of Model Framework (II)

The calibrated distribution parameters are presented in table and the calibrated
volatility structure parameter is given in table
The value of the objective function is

O1(0,H) = 2.39577-107%.

The market prices of caplets and caps for strike rates up to six percent are greatly
calibrated as the figures and show. The relative errors of the market and model
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4. Model Calibration

Parameter Value

o 7.862
B -6.508
5 0.439909

Table 4.6.: Calibrated parameter of normal inverse Gaussian distribution.

Parameter Value

a 0.0119

Table 4.7.: Calibrated parameter of Vasicek volatility structure.

prices are presented in figures and in the appendix. As in the previous framework,
the divergences for short maturities and strike rates over six percent result from the very
small values of the prices. Figure illustrates the fit of the volatility smile for the
maturity of 3.5 years.

The density function is plotted in figure and four paths of the driving process are
illustrated in figure [4.14]

4.3. Calibration of Caps in the Two-Price and
Multiple-Curve Setting

Now we consider market cap volatilities quoted during the financial crisis on 15t Septem-
ber 2009. Therefore, we need to apply the multiple-curve approach. We proceed with
the given data sets as described in section Recall that quotes up to a maturity of
two years are indexed on the three-month Euribor and quotes larger than 2 years are
related to the six-month Euribor.

4.3.1. Data Sets

The initial discount bond prices are given in table and [£.9] The edited surfaces of
the quoted cap (mid) implied volatilities based on the three-month and six-month tenor

are plotted in figures and In figures and {.18| we present the ask and bid
spreads between the implied (spot) volatilities of caplets for the relevant maturities and

strike rates. As we can see the spreads are significantly larger than in the pre-crisis data

sets (cf. figures and [£.4).
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m caplet market price m caplet market price
0.004 - m caplet model price 0.008 - ® caplet model price
0.003 0.006
0.002 0.004
0.001 A 0.002

Strike rate Strike rate

m caplet market price | caplet market price
0.008 - B caplet model price 0.008 B caplet model price
0.006 - 0.006
0.004 0.004
0.002 0.002

Strike rate Strike rate

Figure 4.10.: Market and model (mid) prices of caplets with maturity of two years (top
left), five years (top right), eight years (bottom left) and ten years (bottom
right) for strike rates of 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00 and 6.00
percent on 15™ August 2006.

4.3.2. Calibration Procedure

We proceed as it is described in section where we consider

H={(T,H): Te{1,1.2515,2,2.5,...,55,6},
K € {0.0175,0.02,0.0225,0.025, 0.03, 0.035, 0.04, 0.05} }

and
Hr ={(T,K) : K €{0.0175,0.02,0.0225,0.025,0.03} }

for T'= 3. Here, we have T = 6.

4.3.3. Model Framework

We design the model in such a manner as it is stated in section This approach
guarantees the monotonicity of the curves. Note that we consider three term structures:
the discount curve, the three-month curve and the six-month curve.

The volatility function, the liquidity function and the driving process are specified as
follows (d =3, m =2 and [ = 1):
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0030 2 cop manetprice 008 ] 2 cop maretprice
0.025 0.06 |
0.020
0.015 0.04
0.010
0.02
0.005
0.000 - 0.00 -
Strike rate Strike rate
0.14 7 W cap market price W cap market price
0.12 - B cap model price 0.15 ® cap model price
0.10
0.08 0.10
0.06
0.04 0.05
0.02
0.00
Strike rate Strike rate

Figure 4.11.: Market and model (mid) prices of caps with maturity of two years (top

left), five years (top right), eight years (bottom left) and ten years (bottom
right) for strike rates of 1.75, 2.00, 2.25, 2.50, 3.00, 3.50, 4.00, 5.00 and 6.00
percent on 15% August 2006.

(Vol) Vasicek volatility structure:

120

e Discount curve

with

% (1 — exp (—ag(T 1)), when ¢ <T
0, when ¢t > T

»{(t,T) = {

and ¥4(t,T) = £4(t,T) = 0 for any ¢, T € [0, T*], where 64 > 0 and aq # 0.

e Spreads related to multiple term structures:



4.3. Calibration of Caps in the Two-Price and Multiple-Curve Setting
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o o m implied market volatilities
B implied model volatilities
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Strike rate

Figure 4.12.: Calibrated implied model volatilities and implied market volatilities for the
maturity of 3.5 years on 15™" August 2006.

(1) Spread between curve d and 1:

0
al’d(t, T) = | o1qaexp (—a1d(T —t))
0

with

2y, T) = 214 (1 — exp (—arg(T — 1)), whent <T
0, when t > T,

and £19(¢,T) = Eil;d (t,T) = 0 for every t,T € [0,T%], with 614 > 0 and
ag # 0.

(2) Spread between curve 1 and 2:
0

o t,T) = 0
5‘21 exp (—CL21(T — t))
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1.0

0.8

0.6

0.4

0.2

0.0

Figure 4.13.: Density function of normal inverse Gaussian distribution for the calibrated
parameter.

with

Eg’l(t,T) _ {Z; (1 —exp(—ag1 (T —1t))), whent<T

0, when t > T,

and ¥2! t,T) = y2! t,T) = 0 for all ¢t,T € [0,T*], where 91 > 0 and
1 2
asy 75 0.

(L) Liquidity function (see Brigo and Mercurio [I7]):
P, T) =0l - (T —t) exp(—b’ (T — t)),

where o7, > 0 for any j € {1,2}.
As in section [1.2] we can choose 64 = |aq|, 614 = |a1d|, and 21 = |ag|. For t,T €
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Figure 4.14.: Four sample paths of a normal inverse Gaussian process with calibrated
parameter.

[0, T*] with t < T, we therefore obtain

»(t,T)

and

»2(t,T)

sign(aq) (1 — exp (—ag(T —t)))
sign(aid) (1 — exp (—a14(T —t)))
0

=34, 7) + =9, T) =

=>4t T) + 219, T) + 221 (¢, T)

sign(aq) (1 — exp (—aq(T" —1)))
sign(aiqg) (1 — exp (—a14(T —t)))
sign(az1) (1 — exp (—a21(T —1)))

T

In accordance with assumption (M(C.DET), we require the parameter aq, a4 and ag; to

be restricted to values such that the volatility function 32 is bounded in each component

by a constant M satisfying 0 < M < M. More specifically, we claim the existence of the
cumulant function @ at %2(¢,T) for all t,T € [0,T*] with t < T. Then, it also exists at
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4. Model Calibration

Maturity Initial Bond Price

0.25 Year 0.9990052
0.50 Year 0.9979506
0.75 Year 0.9960934
1.00 Year 0.9932698
1.25 Year 0.9895302
1.50 Year 0.9849790
1.75 Year 0.9797332
2.00 Year 0.9739065

Table 4.8.: Discount bond prices B§(T) on 15*" September 2009.

»4(t,T) and X1 (t,T). Clearly, the parameters of the liquidity function can be restricted
to a set such that the liquidity function is bounded. Observe that the considered volatility
and liquidity functions satisfy assumption (VL). To ensure the drift condition (3.26[), we
have to choose the drift terms A% and A%*! as

AY@,T) =02, T)) — 0(24(t, T)) + 1L, T)
and
A2, T) = 0(2%(t, T)) — 02 (¢, 1)) + 12L(t, 7).

(DP) The driving process L = (L', L? L?)T defined on (Q,%,G, P9) is constructed as
follows:

(i) N is a normal inverse Gaussian Lévy motion with parameters «, 3, d, pu sat-
isfying 0 < |B] < @,0 > 0 and u € R and Z7 is a Gamma process with
parameters o, 3; > 0 for any j € {1,2,3}.

(ii) N, Z', Z% and Z? are assumed to be stochastically independent.
(iii) Y!'=L'= N + Z3.
(iv) Y2:= (L%, L3 = —(Z' + 23,22 + Z3)T.
Clearly, the components L', L? and L? are stochastically dependent. Further, the pro-
cesses N, Z', Z2, Z% do not possess a continuous local martingale part.
Let us define the vector process V := (N, Z', Z2, Z%)T. The following Lemma states

similar results as noted by Crépey, Grbac, and Nguyen [23, Example 3.6] and is analo-
gously proved.

Lemma 4.3.1 1. The Lévy measure FV of V is given by

FV(A) = FN(4)) + FZ' (Ay) + FZ°(43) + FZ° (Ay),
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4.3. Calibration of Caps in the Two-Price and Multiple-Curve Setting

Maturity Initial Bond Price

0.50 Year 0.9979506
1.00 Year 0.9932698
1.50 Year 0.9849790
2.00 Year 0.9739065
2.50 Year 0.9607654
3.00 Year 0.9460177
3.50 Year 0.9300146
4.00 Year 0.9130396
4.50 Year 0.8952878
5.00 Year 0.8769590
5.50 Year 0.8582155
6.00 Year 0.8392186
6.50 Year 0.8200582
7.00 Year 0.8009114
7.50 Year 0.7818049
8.00 Year (.7628484
8.50 Year 0.7441259
9.00 Year 0.7256300
9.50 Year 0.7074524
10.0 Year 0.6896507

Table 4.9.: Discount bond prices BS(T') on 15™" September 2009.

where A € B(R*) and we set Ay = {x € R | xzey € A} for any k € {1,2,3,4} with
unit vector ey, in R* that has the entry one in the k™-component and zero otherwise.

2. The Lévy measure F of L is given by

F(B)=FN({z €R | (2,0,0)T € B})
+F7 ({zeR | (0,-2,0)T € B}) + FZ({z € R | (0,0,—2)T € B})
+ FZS({x eR| (z,—z,—z)" € B}),

where B € B(R3\{0}). Moreover, the process —Y? is a subordinator.

Proof: Since N, Z', Z? and Z3 are independent, the first assertion is a consequence of
Sato [81, Exercise 12.10]: The components X', ..., XP of an RP-valued random variable
X = (X',...,XP)T with infinitely divisible distribution and generating triplet (A, v,~)
(see Sato [81] chapter 2, section 8|) are independent if and only if A is in diagonal form
and v is supported on the union of the coordinate axes. For the sake of completeness,
we prove the statement of the exercise for our situation (A =0 and p = 4):
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4. Model Calibration

Volatility surface

Figure 4.15.: (Mid) implied volatility surface based on the three-month tenor.

Let us suppose that F'V is supported by the union of the coordinate axes. This means
that we have

4
FY(A) = Fr(Ap),

k=1

where A € B(R*) and F}, is a measure for each k € {1,...,4}. One easily concludes from
Sato |81, Proposition 11.10] that F}, = FV* for every k € {1,...,4}. Then, we have

Eps[exp (i(u, V)] = ( i(b,u) + (ei<u»x> -1 —i(u,h(m)))FV(dx))>
4 k
= (t; (ibruk + /IR{ ek 1 — juyh* (21,))FY (d:vk))>

1:[ Epg exp (zukV} ) ]

for some truncation function h € 6;*. This shows the independence of the components of
the Lévy process V. For the converse statement let us define a measure F on (R*, B(R%))
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Volatility surface
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Figure 4.16.: (Mid) implied volatility surface based on the six-month tenor

4

FA) =Y FV(Ay).

k=1

Clearly, it holds F({0}) = 0 and

4
2 Z = ) VE (da 00.
/RAL(\QEI A1)F(dx) —g:l/R(\ RITADFY (day) <

Therefore, it follows that Fisa Lévy measure. By using the independence of the com-
ponents, we obtain

4
Epa [ exp (i{u, Vi) | = exp (tz (ibruy + /(ei“km’“ -1- zukhk(xk))FVk(da:k))>
k=1 R

= exp (t i(b,u) + /R4(6i<“’z> — 1 —i(u, h(g;)))ﬁ(dw)))

for some h € €;*. On the basis of the uniqueness of this representation, we conclude that
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4. Model Calibration

Caplet volatility spread

Figure 4.17.: Spread between ask and bid (spot) volatilities of caplets on 15t September
2009. We congider maturities of 1.25,1.5,1.75 and 2 years and strike rates
of 1.75,2,2.25,2.5, 3 percent.

F = FY. For the second claim, we define the matrix

0o 0 -1 -1
such that L = UV. Then, by Sato [81], Proposition 11.10], we conclude that
F(B)=FV({z ¢ R | Uz € B})
=FV({z € R* | (z1 + x4, —To — 24, —23 — 4) € B})
—FV({z € R | (2,0,0)7 € B})
+F7 ({zeR| (0,—2,0)T € B)+ FZ ({z €R | (0,0,—2)" € B})
+ FZ3({9U eR | (z,—z,—z)" € B}),
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4.3. Calibration of Caps in the Two-Price and Multiple-Curve Setting

Caplet volatility spread

Figure 4.18.: Spread between ask and bid (spot) volatilities of caplets on 15t September
2009. We consider maturities of 2.5,3,3.5 and 4 years and strike rates of
1.75,2,2.25,2.5, 3 percent.

where B € B(R3\{0}). [ ]

To ensure the positivity of the forward spreads, we get the following deterministic
restrictions on the model parameters (see Proposition and conditions (3.36]) and
(3.37))): For every T € [0, T*], we assume that

O(SL(t, T)) — 0(2(t, T)) + 11 (t, T) < sy°(T) + 6(31(0,T)) — 0(2%(0,T)) + 1*(0,T)
and
O(2%(t,T)) — (S (£, T)) + 121 (4, T) <s2'(T) 4+ 6(32(0,T)) — 0(£1(0,T)) + 121(0,T)

for all t € [0,7]. Then, we conclude that the desired monotonicity (3.27) is satisfied.

By using the stochastic independence of the processes N, Z', Z? and Z3, we can
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4. Model Calibration

express the cumulant function @ of L under measure P9 as
0(2) =0~ (21) + 07 (—22) + 07" (—23) + 6% (21 — 22 — 23)

=pz1 +0va? — 2 —0\/a? — (B + 21)? — Bilog <1+221>

a3 a3

for every z = (21, 22,23) € C3 such that all the terms are well-defined. More specifi-
cally, the existence of the cumulant process is guaranteed for any z = (21, 22, 23) € R3
satisfying:

(1) [z1] < min{|—a — B[, — B}
(ii) zx € (—ag, o) for each k € {2,3}.
(iii) 21 — 29 — 23 < (3.

Then, the characteristic functions of X Jk and ij under ijk can be computed by using

J
formulas 1} and 1D The deterministic term D;? is given by the relation (3.20))
from which we get 5]’? =—1In 17;?. Finally, the ask, mid and bid model prices of the caplet

are obtained by the valuation formulas (3.49)), (3.45) and (3.50).
4.3.4. Calibration Results

The calibrated distribution parameters are presented in table and We state
the calibrated parameters of the volatility and liquidity function in table and [4.13]
The value of the objective function is

01(0, H) = 6.597836-10~%.

Normal inverse Gaussian process Value

a 7.426472
3 -1.773825
5 6.334942

Table 4.10.: Calibrated parameters of normal inverse Gaussian distribution.

The market (mid) prices of caps for strike rates up to three percent are satisfactorily
fitted. Especially, the prices related to the six-month curve are well-adapted for these
strike rates. For instance, we present the results for some maturities in figures [4.19] and
The relative errors are illustrated in figures and in the appendix. As in the
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4.3. Calibration of Caps in the Two-Price and Multiple-Curve Setting

Gamma process Value

aq 0.002901911
b1 0.004451095
as 0.003706087
I6)) 0.001636382
as 0.000387000
B3 0.006897160

Table 4.11.: Calibrated parameters of the Gamma processes.

Volatility structure parameter Value

aqg 1.000- 10799
aig —1.929.107%
a9y 1.197-1079

Table 4.12.: Calibrated parameters of volatility structure.

single-curve setting, we emphasise that the discrepancies in the calibrations’ outcomes
result from the very small values of the related prices together with the high complexity
of the framework.

The calibrated parameter v with the corresponding value of the objective function O,
is listed in table The family (¥7'™),>0 of MINMAXVAR distortion functions is
used for the calibration.

The density functions are plotted in figures and [.22] Three paths of the process
L' are illustrated in figure The corresponding sample paths of the second and
third component of L are presented in figures and [£.25] We use the R-package
‘GeneralizedHyperbolic’ created by Scott [89].
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4. Model Calibration

Liquidity function parameter Value

b 0.0062280800
ol 0.0003903129
b2 0.0083791380
o2 0.0005892760

Table 4.13.: Calibrated parameters of liquidity function.

m cap market price
B cap model price

n

—
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o

o

—
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o

o

o
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2.0 2.5 3.0 3.5 4.0 4.5 5.0

Strike rate

Figure 4.19.: Calibration of (mid) cap prices for maturity of 3 years.

Maturity Parameter Objective function

3.00 Year 0.001 1.37-1077

Table 4.14.: Calibrated parameter v for maturity 7' = 3.
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4.3. Calibration of Caps in the Two-Price and Multiple-Curve Setting

® cap market price
© f
o o ® cap model price
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Figure 4.20.: Calibration of (mid) cap prices for maturity of 6 years.
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Figure 4.21.: Density function of normal inverse Gaussian distribution for the calibrated
parameters.
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Figure 4.22.: Density function of Gamma distribution with calibrated parameters: (e)
a; = 0.002901911, B; = 0.004451095 (e) oz = 0.003706087, B2 =
0.001636382 and (e) ag = 0.000387000, 53 = 0.006897160.
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Figure 4.23.: Sample paths of L' with calibrated parameters.
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Figure 4.24.: Sample paths of L? with calibrated parameters.
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Figure 4.25.: Sample paths of L? with calibrated parameters.
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APPENDIX
A

CALIBRATION RESULTS OF MODEL FRAMEWORK (I)

Relative errors of cap (3M) market and model prices

Figure A.1.: Relative errors of cap.
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A. Calibration Results of Model Framework (I)

Relative errors of cap (6M) market and model prices
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Figure A.2.: Relative errors of cap.
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APPENDIX
B

CALIBRATION RESULTS OF MODEL FRAMEWORK (II)

Relative errors of cap (3M) market and model prices
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Figure B.1.: Relative errors of cap.
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B. Calibration Results of Model Framework (II)

Relative errors of cap (6M) market and model prices
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Figure B.2.: Relative errors of cap.
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APPENDIX
C

CALIBRATION RESULTS IN THE MULTIPLE-CURVE SETTING

Relative errors of cap (3M) market and model prices

Figure C.1.: Relative errors of cap.
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C. Calibration Results in the Multiple-Curve Setting
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Relative errors of cap (6M) market and model prices

Figure C.2.: Relative errors of cap.
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